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1 Introduction

1.1 Statement of the main result

The tremendous literature on Gaussian bounds for fundamental solutions
of second order parabolic operators can be splitted into two classes: divergence
or non-divergence operators. In the first class we only quote the deep results
obtained by Aronson, following Nash’s ideas, and we refer to [7] for a comprehen-
sive treatment. The second class is more classical and can be found in the books
[8, 9] where a fundamental solution is constructed, via the parametrix method,
assuming Holder continuity of the coefficients. By construction the fundamental
solution satisfies precise upper bounds but, strangely enough, lower bounds are
not proved. In this note we show that the parametrix method produces also
lower bounds.
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Gaussian bounds for the fundamental solution of parabolic operators in non-
divergence form are known in more generality. We refer to [5, Theorem 1.2]
which, combined with [6, Remark 3.3], gives two sided gaussian bounds for time
independent parabolic operators with VMO coefficients and to [2], where the
authors prove two-sided gaussian estimates local in time even for operators with
a non-local part.

Nevertheless, we believe that the proof given below is worth mentioning,
since it fits to the classical theory.

Let P =R? x R; and set

Q= {(z,t,&,71); (z,1),(&,7) € P, 7 <t}

The space of continuous and bounded functions f : P — R is denoted by
CY(P).

Let f € CP(P). We say that f is Holder continuous with exponent a, 0 <
a<1,if

o =sup {HED IO 00, @0y € P o) # @0 <
where
(@ =/t =)o = (o — /P + [t — ).
We define

C(P) = {f € CY(P); [fla < oo}.
C?(P) is a Banach space when it is endowed with its natural norm

[flla = lIfllco + [f]a

and we also use the notation

{f}a =sup { |f($’;)__xjj|(f/’t)|; z, 2 €R", x # 2’ andt € R} .

We consider the second order parabolic operator

L= aj(x, )05+ bi(x,t)0 + q(x,t) — 0, (1.1)

ij=1 i=1
with the following assumptions on its coefficients.
(al) aij € Ca(P), 1 <45 <n.
(a2) The matrix a(x,t) = (a;j(x,t)), (z,t) € P, is symmetric, real-valued, and
there exist constants k, M > 0 so that

klnl? < (a(z,t)n,n) < Mn|*, (z,t) € P, n € R™.
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(a3) b, ¢ € CP(P), 1 <i <n.
(a4) There exists a constant N7 > 0 so that

n

Z [aijla < Ni.

,j=1

(a5) There exists a constant Ny > 0 so that

n
> lbilloc + llalloo < Na-
i=1
(a6) {bi}a < 00,1 <i<mn,and {g}, < 0.
Henceforth we use for notational convenience © for (n,«, N1, No, M, k).
In this paper, the fundamental solution constructed by the parametrix method
is denoted by E = E(x,t;€,7), (z,t,£,7) € Q. Recall that F is a fundamental
solution if £ € C?(Q), LE = 0 and

im | Bt f©de = f(@). f e OF®R).
Theorem 1.1. Let
41n [e23"(Mr=1)"2D(n/2 4+ 1
c:iandd: n[e (Mr™") (n/2+ )]
M K

Under assumptions (al) to (a6), there exist four constants N; = N;(D), i =
0,1,2,3, Ng >0, Xy >0, Ny > 0 and N3 > 0, such that

n |93*5\2

Roe M) (¢t — 7)"5e 4 < B(a €, 7) (1.2)

n =g
<Rt — 1) Ee T

for all (x,t,&,7) € Q.
Remark 1.1. By inspecting the proof of Theorem 1.1 we see that, in the

Gaussian upper bound, we can substitute ¢ by ¢ = 157, 0 < e < 1, and ¥N; by
NS, ¢ = 2,3, with an explicit dependence of X§ and N§ on e.

1.2 Consequences

Let ©Q be a Ch'-bounded domain of R™. We denote the parabolic Dirichlet-
Green (resp. Neumann-Green) function on by GE (resp. GY).

It is well known that, according to the maximum principle, 0 < Gg < E.
Therefore as a consequence of Theorem 1.1, we have
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Corollary 1.1. Let the coefficients of L satisfy assumptions (al) to (a6).
Then the Dirichlet-Green function G§ satisfies

n

0 < Gg(matafvT) < N26N3(t_7—)(t - 7')_56_0 ItiT 5 (I‘,t,é,T) € Qv

where the constants in this inequality are the same as in Theorem 1.1.

We say that () satisfies the chain condition if there exists a constant w > 0
such that for any two points z, y € 2 and for any positive integer m there exists
a sequence (x;)o<i<m of points in Q such that z¢ = z, z,,, =y and

w .
zip1 — il < o=yl i=0,...,m—1

The sequence (x;)o<i<m is named a chain connecting = and y.

Since any bounded Lipschitz domain has the chain condition (see [12, Propo-
sition A.1]), an adaptation of the proof of [3, Theorem 3.1] (see also [4]) and
the reproducing property enable us to get the following result.

Corollary 1.2. If the coefficients of L satisfy assumptions (al) to (a6) then
there exist five constants ¢y = co(®) and X; = X;(®D) > 0, 7 = 0,1,2,3, such
that

n lz—¢)2

Noe MUt — 1) 2e7 @ T < GY (2,46, 7)

<R (f — 1) "2

for all (x,t,&,7) € @, where ¢ is as in Theorem (1.1).
2 Preliminaries
In this section the coefficients of L satisfy assumptions (al) to (ab).

2.1 Basic properties of generalized Gaussian kernels

In the sequel we frequently use
/ e_dep = /7. (2.1)
R

The Gaussian heat kernel is defined as follows

G(z,t) = e i, xzeR" t>0. (2.2)
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We have, according to Fubini’s theorem,

1 2 \"
G(x,t)dx = / e 4td , t>0.
R (z.1) <R2\/7Tt y)

Then the change of variable p = 2%/7? yields

Gz, t)de =1, t>0, (2.3)
R’ﬂ

where we used the value of the Gauss integral (2.1).
If a = (a¥) is n x n symmetric positive definite matrix, we define the gen-
eralized Gaussian heat kernel by

x,x)
Ga(z,t) = e % , zeR" t>0. (2.4)

Let d = diag(dy,...,d,) be a diagonal matrix and u an orthogonal matrix,
that is u’u = I, so that uau’ = d. Then

(ax,z) = (dux,uz), deta= H d;

and

de, t>0.

\/d t duzuz)
Ga(z,t)dz —/ ¢ a
Rn n

47Tt

Since |det u| = 1, the change of variable y = ux gives

G (:L'tda:—/ deta ~ g
Rn n

Applying again Fubini’s theorem, we get

dr, t>0.

/ Ga(z,t)dr = Vdeta 0 (2.5)
vd taﬁ/ ! _%d
= (§] e
i eavam

- 1 0
= e wdp=1, t>0.
jl_[l/R 2/t
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It is straightforward to check that G, € C*°(R"™ x (0,00)) and, since

n
Ok(ax,z) = QZaijj =2(azr)g, x€R",
j=1

we have

1
—;Ga(x,t)(ar), =eR" t>0.

OkGal(z,t) = o

We easily derive from (2.6)

1 1
0%,Ga(z,t) = —Ga(x, t)(az)i(az)y — —Ga(z, t)a™, xR, t > 0.

4¢2 2t
Let a~! = (a;;). Inserting the identity

n

S age(az)i(ar), = (a~'az,z) = (az,2)
k=1

in (2.7) we obtain

- 2 1 n n

Z axe0ipGalx,t) = @<aac,x> ~ 5 Ga(z,t), xzeR", t>0.
kt=1

On the other hand, it is straightforward to check that

1
0:Ga(x,t) = <4t2(aaz,x) - ;) Ga(z,t), xzeR" t>0.

We define the parabolic operator L,-1 by
n
Lafl = Z aijé?fj — 8t.
ij=1
Comparing (2.8) and (2.9) we see that G, satisfies

Ly-1Ga(z,t) =0, ze€R" t>0.

2.2 The parametrix

(2.9)

(2.10)

Let a~!(x,t) = (a¥(x,t)), (z,t) € P, where (a”(x,t)) is the inverse of the

matrix (ai;(z,t)), and define

Z(x7t;§77—) - Gafl(gﬂ')(‘r - é-?t - T)u (x7t7€77—) € Q7
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that is

Vdeta=I(€,7) @ lene-o.e-o)
Z(x, t;€,7) = L@{)e A=) , (x,t,6,7) Q. (2.11)
(4m(t —7))2

This function is usually called the parametrix associated to the parabolic
operator L. According to the results of the previous subsection, for any (§,7) €
P, Z(-,& 1) € C®(P;) with P = {(z,t) € R™; t > 7}, and

n

> a6, T)0EZ( 6 7) — 0 Z(, €, 7) =0 in Py (2.12)

1,j=1

Let us define

1 noo
Gl BE7) =~y 2T )
j=1
dl]('xatvgaT) = _;Z(jt(f’ :; + dl(x,taévT)dj(xvta 577—)

From (2.6) and (2.7) we have

Therefore, taking into account (2.12), we have

LZ = | (ag(x,t) —ag(&, 7)) di+ Y _dibi+q| Z=VZ, (2.13)
i,j=1 i=1

where . .
U= (ai(,t) —ai(&,7) dij + Y dibi +q.
ij=1 i=1
We need a pointwise estimate for LZ. To this end, we start with the following
lemma

Lemma 2.1. We have

1
2™ (@, )l < —[nl,  (z,1) € P, n €RT, (2.14)
. 1
sup |[aY]|e0 < —. (2.15)
1<i,j<n K
and . )

4(t — 1) —AM t—T1
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Proof. From assumption (a2), we have
(a(e,t)yn,m) > wlnl?, (z.t) € P, n € R".
In this inequality we get by substituting n by a=!(x,t)n
la™ (&, )nllnl > (@~ (. t)n,n) > kla™ (=, O)nf*, (2,1) € P, n eR"

and (2.14) follows.

Since ¥ = (a~le;, e;), where (ey,...,e,) the canonical basis of R™, (2.15)
follows from (2.14).

Finally, (2.16) is equivalent to (a='(z,7)n,n) > 1|n|* or (a(z,7)n,n) <
M|n|?, which holds by assumption.

From (2.14), we get

|z — ¢ 0
d; < — d; < — 2.17
H Z||OO — Qﬁ(t—T) or H ’L”OO — 2/£\/m7 ( )
where
L lo-g
\/m.
It is easy to see that (2.15) and (2.17) entail
1 0? 1
d;; <|\—4+——= . 2.18
ldsle < (55 + 22) 12 (2.18)
Hence
n &
10\ (1+¢%)>
E (aij(z,t) — aij(§, 7)) dij| < N (2’% 4/<;2> m (2.19)

,j=1

On the other hand, we get from (2.17)

> bidi +q

i=1

0 1+ o
<Ny ———F—+41)<Np—2 - t—7<1. (220
=0 (Zk\/ﬁ ) - 2(t—7-)1*§ ’ (2:20)

In light of (2.19) and (2.20), we obtain

% m +N2 t—T S 1. (221)

1 Q2>(1+92)3 1+
(t—71)"% (t—r1)=3%’

\W@§M<
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Now (2.16) implies

Z(2,t)| € ——— e~ ma?, (2.22)

Recall that ¢ = SLM and let
1 1 A2 A 2
= Ny [ — T+ X2 4 Ny (Z41) e, (2.2
O = Gyt [ (5 i) e (T [ s
If ®; = LZ = VZ, then a combination of (2.21) and (2.22) gives

ILZ| = |WZ| < C(t — )2 el 7 <1, (2.24)

with =%

3 Two-sided Gaussian bounds

In this section the coefficients of L satisfy (al) to (a6). Let &1 = LZ,

t
(I)£+1(xat>£77-) = / / (I)l(ﬂf’t; 7770-)(1)2(771 U7§>T)d77d07 14 > 17

and define
=Y

Let E be the fundamental solutlon associated to L, constructed by the
parametrix method. According to [8, 9], E is given by

Bz, t;€,7) = Z(2,;£,7) / / (2, t;m,0)2(n,0:€,)dndo, (3.1
for all (x,t,&,7) € Q.
We refer to [8, Chapter 1] or to [9, Chapter IV] for more details.
3.1 Preliminary estimate

The following lemma will be useful in the sequel.

Lemma 3.1. ([8, Chapter 1, Section 4]) Let A > 0 and —oo < 7,0 < 1.
Then

t Mo—n? e
_n_,, Az=a” _n_g5 =g
(t—o) 27 0e o (0—1)"2 % o dndo
T n
Mz—g|?

4m\ 2 "
= (;) B(1—~,1=08)(t—7) 2t % "=

where B is the Euler beta function.
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Let C be the constant given by (2.23) and assume that t —7 < 1. We deduce
from (2.24)
01| < Ot — 1)~ 5 1P, (3.2)
Let C = (47) z, We have by applying Lemma 3.1

|Bs| < CC2B(B, B)(t — )3 " H+2e=ce’,

By induction in ¢, wo obtain

/-1
@ < OO ] B(B,3B)(t — 7) "3 H e 4> 2,
j=1

If ' is the Euler gamma function, we recall that

N A CINE)
Therefore o
- T
B(B,jB) =
11 o)
and hence Al
~—1 _ 31448 —co?
B, < C F(EB)(t ) Themee” 1> 2

where A = CCT(8). Since t — 7 < 1, we obtain

~ A¢ n
o] < O g 6= ) A e ez (3.3)
If C = C~, then (3.3) takes the form
— Ae n 2
(@] < Oyt —m)72 7P, £22 (3.4)

From Stirling’s formula for the I" function (see for instance [10, Chapter V,
Section 3]) we have

D(z+1) ~z%e *V2mz, = — 0.
Therefore, the series
AZ

SZCJF?ZF(%)

£>2

(3.5)

is convergent.
We get from (2.24) and (3.4)

B < S(t — )" 2 1B, (3.6)
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3.2 The upper bound
In light of (2.24) and (3.6), Lemma 3.1 yields

t B(1 n
/ / Z(x7t;7770-)(1)(7770-; §>7')d77d0 § M(t - 7—)—§+5e—092’ (37)
T n (/{0)5
for all (x,t,§,7) € Q and t — 7 < 1.
Let 1 SB(1
C= L SBLLA)

(4km)2 (kc)2
As an immediate consequence of (2.24) and (3.7), we have
B t:6n <Clt—1)" e, (2,67 €Q, t—7<1L. (3.8)

We recall that E possesses the so-called reproducing property
Bz, t;§,7) = | E(z,t;n,0)E(,0;¢,7)dy, 7<o<t (3.9)
R
Applying (3.8), we get
|z—n|? n In—¢|2

|E(z,t,6,7)| < C? / (t—0) 2e "= (0 —7)2¢ “U=ndpy,  (3.10)

n

for all t — 7 < 2, where 0 = H'TT

We introduce a variable z so that
e—nl | n—g? _ Jr—gf?

‘Ui—o) Uo—m " “at=m

Using the identity |z —n|? = |z — &?> + |€ —n|? + (x — &, € — 1), we get
LI (T o
t—o o—T t—1T1

_(o—1)z ¢ n t=7)n—¢&P  2(z—&&E—n)
(t—o)(t—T1) (t—o)(oc—r1) (t—0o)2

Therefore, we can for instance take

Z:(Ct—7>% n—¢ +(CU—T>% E-v
t—0) 20 —7)3 t—o) 2%t —7)z
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Passing to the variable z in (3.10), we deduce
|E(z,t,&,7)| < CC?(t—71) 3¢, t—r1<2.

Next assume that t — 7 > 2 and let m be the smallest integer so that
t — 7 < m. Define

t—T1 t—T1
yereyOm—1 =7+ (M —1) , o, =t
m

op=T, 01 =T+

Iterating the reproducing property (3.9), we get

E(x,t;é, T) = / cee E(x70m7 ., Um—l)E(nm7 Jm—1777m—170m—2)
n Rm
e E(nla Ula&)UO)dTll e d77m

Repeating inductively the case m = 2, we find
|E(xz,t,&,7)| < C™ O™ (t — 1) Fe .
This and the fact that m < ¢t — 7+ 1 entail
2

|E(£C, t,€, 7_)| < éflemax(o,ln(éa))emaX(O,ln(éé))(t—T) (t - 7_)7%6709 )

This is the expected Gaussian upper bound.

A more precise upper bound can be obtained by optimizing the constants
appearing in the previous computations. We do it in the special case b; = g = 0,
where the iteration procedure based on (3.9) is not needed.

Corollary 3.1. If b; = ¢ = 0, then

1

E(x,t;¢,7) < o)

2
(t—7) 3¢ im (1 +ei(t - T)%e”((t”)wv)) ;

for all (z,t,£,7) € Q, where g = % and v = égii <9

Proof. First we note that the restriction t — 7 < 1 is not needed in (2.21), since
it comes from (2.20) only. Then we define C. as in (2.23) with ¢ = 557, N2 = 0.
It is easy to see that C. < Ae=2~% with A > 0 and this leads to (2.24) with this
C. and ¢ = (}u_\/;)‘ Next we write (3.4) with ¢ instead of (3, since we no longer
assume that ¢t — 7 < 1.

Entering this estimate in the constants C, A defining S (see (3.5)), using [1,

Theorem 2, Section 15, Chapter V] and Stirling’s formula again, we deduce that

At — )8 9 &
av=r - _ \28 c2((t—T)+AF)
Z T S a(t—r1)"e

>2
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C(og 4
and S < ¢qec2((t=)+e ®*a)) . Then we use this estimate in (3.7) with ¢ = (hj)
to get

t
// Z(x,t;n,0)®(n, 05 &, n)dndo

—e _ 4
<c (t - 7')_%"'56_%92-&-626 C+3) e (t—T)

Optimizing over € and using (3.1), the corollary follows. QED

3.3 The lower bound

From the previous analysis, we easily get

1 n 2
Z(x,t; > =t —T7T) 2e =
(#6672 =) e
Hence,
-1
Z@ti6n) 2 opr = E Pt (1D
A combination of (3.7) and (3.11) yields
-1 n B(1
E(l‘,t;&,T) > 771(1:_7_)_5 - 5 ( 7nﬁ) (t _7-)_2+ﬁ)
(4w M)=2 (kc)z2

forall |z — &> <k(t—7)and t —7 < 1.
Fix 0 < 1 sufficiently small in such a way that

e ! B SB(LB)(;B S e !

(AnM)z (k)2 2(4wM)3
Then, with pu = el )
2047 M) 2
E(x, t;6,7) > pult—7)72, |o—EP<k(t—1), t—7<06. (3.12)

Let = and & be given so that 2|z — &| > /k(t — 7) and let m > 2 be the
smallest integer so that

dlz — €

—— < K(t—71). 3.13

<kt -7) (3.13)

Define the sequence (zx)o<k<m
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Set
LRt —1)
T Um
and

k
op=7+—({t—-7), 0<k<m.
m
Using (3.12), the positivity of E and the reproducing property, we get

E(x,t¢,7)
Z,um/ / (0'1—00)_
B(z1,r) B(zm—1,7)

where we used

0|3

c(om — Jm,l)_%dm e dnm—1,

1 =& _1+k(t—T1)
|:L‘l+1 m’L| \/TT’L m 2 \/m T,
and
Mit1 = il < Miv1 — Tiva| + [wip1 — 2| + |20 — 04
VE(E—T)
< 2r+ ]azi“ —x| <4dr = 7\/5 =V k(o1 — )
Whence
E(z, t;&,7) > k20" (t —7)" 2,

with

Noting that

we obtain

E([E,t;g,T) > K}igei“n’/'m(t _ T)ig

n n _ 4y |z—¢?

>rT2ze M@ —7)T2e R e t—7 <6

If Cy = min (,u,/@_%e*“n”') and d = 4“:”', then the last inequality and
(3.12) yield

n la—¢)2

E(z,t;&,71) > Co(t — T)_fe_d =, t—1<4.
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We now proceed similarly to the case of the upper bound to remove the
condition t — 7 < J. If m is the smallest integer so that t — 7 < md, we get

2

B, t:6,7) > O (CCo) " (t— ) %77,
from which we deduce

lH(C;CO) ) (t—)

E(x,t;¢,7) > 5’_16“‘1“(0’1“(500))emin(a (t — T)_ge_df.
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