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Introduction

Determining the subgroups of finite groups is one of the important problems
in finite group theory. In last century, the problem was completely solved for
finite abelian groups (see [2, 5]). In [3], Calhoun determined the subgroups of
ZM-groups (finite group with all Sylow subgroups are cyclic). Motivated by
the paper of Calhoun [3], M. Tarnauceanu determined the normal subgroups of
ZM-groups [9]. In [9], Tarnauceanu also proposed the following problem:

“Describe the normal subgroups of an arbitrary metacyclic group”.

In this paper, we partially answer the above problem by determining the
normal subgroups of finite non-abelian metacyclic p-groups of class two (p odd).
A group G is said to be metacyclic if it contains a normal cyclic subgroup C
with cyclic quotient group G/C. Throughout the paper groups will always be
finite and N denotes the set of positive integers.

1 Basic Results

In this section, we give some results that will be needed later. First, we state
a theorem that gives a presentation for a non-abelian metacyclic p-group of class
two, p odd.
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Theorem 1 ([1, Theorem 1.1)). Let M be a non-abelian metacyclic p-group
of class two, p > 2. Then M is isomorphic to the following group:

r—0

M= (z,y|a" =y =1,[z,y] =2" "),

where r,5,0 e N={1,2,...},r>20,s >0 > 1.
Lemma 1 ([8]). Let G be a p-group of class two, and let x,y,z € G. Then

(i) lry, ) = [z, 2]ly, 2],
(ii) [z™,y] = [x,y™] = [z, y|™, for any integer m.

Now, we state the Goursat’s Lemma related to the subgroups of the direct
product of two groups.

Proposition 1 ([4, Goursat’s Lemma|). Let X and Y be arbitrary groups.
Then there is a bijection between the set of all subgroups of X XY and the set
T of all 5-tuples (A, A’,B,B’,¢), where A < A< X, BB I B<Y and ¢ :
AJ/A" — B/B' is an isomorphism. More precisely, the subgroup corresponding
to (A,A', B, B, ¢) is

H={(z,y) € Ax B| $(zA) = yB'}. (1.1)

1.1 Subgroups of Z, x Z,s

In this subsection, we give a representation of subgroups of Z, x Z,s given
n [10]. With out loss of generality, let » > s > 1. With the notations used in
Proposition 1, let X = Z,r = (z) and Y = Z,s = (y). Let |A| = p*, |4/ =
P, |B‘ =pf, ’B/’ :pt~

Further, let A < X, A = (2P "), where 0 < u < 7r, A/ < A, and A’ =
(zP""), where 0 < v < u. Then A/A" = (zP" " A’). Similarly, let B < Y,B =
(y?""), where 0 < ¢ < s, B’ < B, and B’ = <yp57t>, where 0 < ¢t < ¢g. Then
B/B' = (y*" " B').

Again, for |A/A'| = |B/B’| that is, u —v = ¢ —t, the isomorphisms ¢ :
AJA" — B/B'’ are given by

ou(@™ A =y B,

where 1 <[ < p“~ with ged(l,p) = 1.

Using Proposition 1, one can deduce that the subgroups H of Z,r x Zy,s are
of the form H = {2 "y/P"™" € AxB | (il—5)p* 2= 0 mod p*~'} (for details
see [7]).
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Now, let

Sprops ={ (u,v,¢,t,1) |0<u<r,0<v<u0<¢g<s0<t<gq,
u—v=qg—1t1<1<p""" and ged(l,p) =1}.

For (u,v,q,t,1) € Spr ps, define

Hywgrr ={a® "y " | (il —j)p" =0 mod p* ', 1 <i<p“ and
1<j<pl} (1.2)

Theorem 2 ([10, Theorem 3.1]). The map (u,v,q,t,l) = Hyyqt1 i a
bijection between the set Spr s and the set of subgroups of Zyr X Zyps, where
r,s € N.

2 Representation of Normal Subgroups of Finite Non-
Abelian Metacyclic p-Groups

In this section, first we determine the subgroups of non-abelian metacyclic
p-groups M of class two (p odd). For this, we use Baer’s trick to construct an
abelian group M, corresponding to M. Then we show that there is a one-one
correspondence between subgroups of M and M,,.

Let G be a group. If we can define a binary operation o on G by

roy=w(x,y)

where w is some fixed word in x,y € G such that the set G forms a group
with operation o, then we say w to be a group-word for GG, and we write the
corresponding group by G, that is, as a set G, = G and operation of Gy, is o.

Now if G is a p-group of class two, p odd, then we can define a group-
word w for G as follows; for z,y € G, w(x,y) = xoy := xy[x,y]mT_l (where
[z,y] = 7'y~ 'zy and m is the exponent of v5(G), the commutator subgroup
of group G). Moreover, zoy = zy|z, y]mT_1 = y:n[x,y]mTH = yzly, x}mT_l =youmx.
Thus the corresponding group G, is abelian (for more details see [6, p. 142] and
[7]). Now onward by w, we mean the group word defined as above, M denotes
a non-abelian metacyclic p-group of class two (p odd), n = mTfl where m is the
exponent of (M), and M, is the corresponding abelian group of M defined

as above.

Proposition 2. The corresponding abelian group of M is given by

My, = (z,y | 2P = yps =1, zy = yx).
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Proof. Let K = (z,y | 2" = *" =1, xy = yx). As a set M,, = M. Now,
take an element g = 2y’ € M. So g = ' o9/ o [2%,9/] ™ = Zi=P N oy
Therefore, M,, = (z,y). Since powers of each element in M and M,, are same, S0
aP" = yP° = 1. Also, zoy = yox. Thus, the generators of M, satisfy the relations
of K, so by Von Dyck’s Theorem [8, p. 51], there is a surjective homomorphism
¢ : K — M, with z — x and y — y. Moreover, |M,| = |[M| = p"*5. So,
|My| = |K|. Thus, M,, = K. This completes the proof. QED

Note that to avoid ambiguity of operations, we write
My=(z,y|a” =¢y» =1, zoy=youz).

It is clear that My, = Zpr X Zps.

Lemma 2. A subset of M is a subgroup of M if and only if it is a subgroup
of M.

Proof. Tt is not hard to see that subgroups of M are subgroups of M,. For
converse, consider an arbitrary subgroup H of M,. Using equation (1.2), the
subgroup H is of the form

H={z? "oy " |il=j modp?t1<i<p* and1<j<p?},
where ¢ > t and for ¢ = t,
H={z? "oy’ " |1<i<p®and1<j<p?}.

Now, take g1,g2 € H, where g1 = 2" “ o y/?"* and go = 27" “ 0 ¢/ P . To
show that H is also a subgroup of M, it is sufficient to show that H is closed
with the operation of M, that is, g1g2 € H.

We have gi1g2 = g1 0 g2 © [g1,92]", where n = mT_l, m is the exponent
of yo(M). Further, [g1,g0] = [ " 0 4" 27P"™" o yJ'P" "] that is, in turn,
equivalent to

(91, go] = [,y @' =" (Lemma 1).
Now,
G192 = 2P yjps‘q 0P o yj’ps‘q o[z, y]—n(z‘j’—jz")p”s—u—q
U U IO R AN C A (lz,y] =27 ").

For g = t, it is evident that g1g2 € H. Now, assume that ¢ > t. Since g1,92 € H,
the following equations hold

il=3j mod p?t, (2.1)
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i'l =5 mod p?t. (2.2)

Using (2.1) & (2.2), we deduce that il +i'l = j+5" mod p?~t and (ij’ —ji')l = 0
mod p?~t. Since ged (1, p) = 1, we get (i5'—ji') =0 mod p?~t. Thus, we conclude
that

{i+i —n(j —ji")yp T =j+5 modp?t

Thus, g1g2 € H. This completes the proof. QED

Now, we determine the normal subgroups of non-abelian metacyclic group
M of class two (p odd).
By Theorem 1, we have

r—34

M= (zy|a” =y =1 [z,y] =" "), (%)

where r,5,0 € N,r > 24,8 > § > 1. By subsection 1.1 and Lemma 2, the
subgroups of M are of the form

Hy g1 =4 2P o yjps_q | (il —5)p* 9=0 mod p*t 1 <i<p“ and
1<j<p?},

where, (u,v,q,t,1) € Spr ps.

Lemma 3. For (u,v,q,t,1) € Spr ps, the subgroup Hy 4, g1 of M is a normal
subgroup if and only if u —6+s—q>qg—t andr—06 > q—t.

Proof. The subgroup Hy, ¢, is a normal subgroup if and only if g71hg €
Hy g, for every g € M and h € Hy, 4,4, Take an element g = :I:“yb € M and
h=a® " oy” " € Hy, 411 Now, we have g~1hg = h[h, g] = h o [h, g]. Thus

g 'hg = holh,g]

T T — U snS—q T — U mS—4a
=P oy o [P 0 yIP 7$ayb]

FA T — U

— P ibp" " —ajp® 1

o y/P" " o [z, (Lemma 1)
r—3

— " T (ibp" M —agps ) i ([, y] = 2P ).

Let H,, 44, be a normal subgroup of M. Now, if g 'hg € H,, y. 4.1, then

Y+ p“‘s(ibp’"*“ —ajp® 1) =0 modp Y,
and that is equivalent to ajp"%t~7 = 0 mod p"~*. The latter equation must
hold for every possible a,j. Thus p"* | p"9%579, So, r =5+ s — ¢ > r — w.
This implies u — d + s — ¢ > 0. Now, assume that u — § + s — g > 0, then
g thg = p(iFibp" =0 —ajpt =t a)pr—u 0y/?°"" Now, if g"'hg € H, then [(z’—i—ibp“a—
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ajp=0rs79) — j]p*=9 = 0 mod p*~t. For ¢ = t, the latter equation always
holds. Now, suppose ¢ > t, then (i4ibp" % —ajp*~0T*~9) = j mod p?~*. Since
h € H, so il = j mod p?~t. Thus we have that (ipr*‘s — ajp“*‘”s*q)l =0
mod p?~t. Since ged(l,p) = 1, (ibp" % — ajp* 059 =0 mod p?~*. The latter
equation must hold for every a,b and i, 7 such that h € H,g € M. This implies
pt=9ts=0 = (0 mod p?t and p" 0 =0 mod p?t. Thusu — 6 +s—q > q—t
and r —§ > g —t. It is not hard to see that converse part holds. This completes
the proof. QED

Now, for every r,s,d € N such that » > 24,5 > § > 1, let

J;ﬂvps ={(u,v,¢,t,1) | 0<u<r0<v<u,0<¢<s50<t<qu—v=gq—t,
1<I<p"? ged(l,p)=l,bu—6+s—qg>q—t,andr—9>q—t}.

For (u,v,q,t,1) € Jp s, define

F T — U

s S— s r—U+S— . . _ —
Nugt ={ 2 "y [z, y]™P "Il = j)p* =0 mod p*t,

1<i<p® and1<j<p?).

Theorem 3. The map (u,v,q,t,1) — Ny 95 a bijection between the set
JZ’)TJ)S and the set of normal subgroups of non-abelian metacyclic p-group M of
class two (p odd) as in (x).

Proof. This follows from Lemmas 2, 3 and Theorem 2. QED
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