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1 Motivation and preliminaries

Cohomology theories of various algebraic structures have been investigated

by several authors. The most noteworthy are due to Hochschild, MacLance and
Eckmann, Chevalley and Eilenberg, who developed the theory of cohomology
groups of associative algebras, abstract groups, and Lie algebras respectively
(see [3], [4], [5], and [10] for more information).
The theory of Lie algebras is one of the important parts of algebras. Many
papers in the literature make an attempt to generalize the results on finite p-
groups to the theory of Lie algebras. On the other hand there are same sporadic
results for the Lie algebra that does not coincide with the results for groups. In
fact, there are analogies between groups and Lie algebras, but the analogies are
not completely identical and most of them should be checked carefully (see [2]
and [6] for examples).

The theory of group extensions and their interpretation in terms of coho-
mology is well known ( see [7] and [9] for example).

Over the years there has been an interest in studying the second cohomology
of Lie algebras (see [2],[12]).

Let A and B be Lie algebras over a field F', where A is abelian. We say that
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A is a left B-module if there is a F-linear transformation B ® A — A, written
as b ® a — ba, such that

[b1, b2]a = by (baa) — ba(bra) for all by,bs € B and a € A.
Let Der(A) be the derivations of A equipped with the Lie bracket

(fog9l=fg—gf for all f,g € Der(A).

Then a left B-module structure on A is equivalent to the existence of a Lie
algebra homomorphism
B — Der(A).

Let A and B be Lie algebras. Then an extension of B by A is a short exact
sequence of Lie algebras

05A5L5 B—o,

where L is a Lie algebra. Without loss of generality, we may assume that ¢ is the
inclusion map, and we omit it from the notation. It follows from the exactness
that A is an ideal of L. If A is abelian, then such an extension is called an
abelian extension. This together with the Jacobi identity gives a left L-module
structure on A given by

za = [z, d] for z € L and a € A.

Let t : B — L be a section of 7; that is, ¢ is a F-linear map such that =t = 0.
If A is abelian, then this induces a left B-module structure on A given by

ba := [t(b),al for be B and a € A.
We denote the above B-module structure on A by
a: B — Der(A).

Our aim in this paper is to construct three exact sequences on derivation algebra
of abelian Lie algebra extensions which relate derivations with cohomology of
Lie algebras.
The sequences resemble well-known Wells exact sequence for group extensions
which relate automorphisms with group cohomology (see [11] and [17] for more
information).

Let Der(A), Der(L), and Der(B) denote the derivations of A, L, and B,
respectively.
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Let I and J be two ideals of L. We introduce below some further notation
to be used in this paper:

Der! (L) = {y € Der(L)|y(z) € I forall z € L}
Der;(L) = {y € Der(L)|y(z) =0 for all z € J}

) =
Der} (L) = Der! (L) N Der (L)
Der(L:I) ={vy € Der(L)|y(x) € I forall z € I}.

Various aspect of derivations of Lie algebras has been investigated in the liter-
ature (see, for example, [13, 14, 15]).

Let 0 - A — L 5 B — 0 be an abelian extension of Lie algebras over a field F,
and let t : B — L be a section of m; so that every element of L can be written
uniquely as t(b) + a for some b € B and a € A.

Observe that a derivation v € Der(L: A) induces derivations § € Der(A) and
¢ € Der(B), given by 0(a) = ’y‘A ) for all a € A and p(b) = 7(y(t(b))) for all
b € B. This gives a Lie homomorphism

7 : Der(L:A) — Der(A) @ Der(B)

by setting

() = (0, %)
We denote the restrictions of 7 to Der(L) and Der4(L) by 7 and 7o, respec-
tively.
Remark 1.1. To set notation, we briefly recall the definition of cohomology of
Lie algebras.
Let B be a Lie algebra, and let A be a left B-module. For each 0 < k < dimB,
define C*(B; A) = Hom(A*B, A) and 9% : C*(B; A) — Ck*1(B; A) by

k

8k(y)(b0,...,bk):Z(— Yobi (. by )

+ > (Db byl b b
0<i<y<k

for all v € CF(B; A). It is straightforward to verify, using the Jacobi Identity
and the B-action on A, that 9*+19% = 0. Let Z¥(B; A) = ker(9*) be the group
of k-cocycles, and let B¥(B; A) = image(0*~!) be the group of k-coboundaries.
Then H*(B; A) = Z*(B; A)/B*(B; A) is the kth Lie algebra cohomology group
of B with values in A.

Recently, Bardakov and Singh[l] gave an explicit description of a certain se-
quence for automorphisms of Lie algebras. We continue in the present work this
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line of investigation for derivations of Lie algebras. In Section 2 we establish our
exact sequences.

Theorem 1.2 (Main Theorem). Let 0 -+ A — L = B — 0 be an abelian
extension of Lie algebras. Then there exist the following three exact sequences

0 — Derd(L) — Der(L) ™ 1 %% H2(B; A), (1.1)
0 — Derd(L) = Dera(L) 2 Cy % H2(B; A), (1.2)
0 — Derd(L) — Der(L:A) 5 Co % H2(B; A). (1.3)

The maps A1, A2, A and notations C1, Cy and C, will be defined in the next
section.

2 Description of exact sequences

Let a : B — Der(A) be the B-module structure on A, and let Ext, (B, A)
denote the set of equivalence classes of extensions of B by A inducing a.
Let e:0—= A — L5 B — 0 be an abelian extension of Lie algebras inducing
.
We fix a section ¢t : B — L. For any two elements b1, bs € L, we have

7(t[b1, ba]) = [b1, ba] = [wt(by), wt(ba)] = 7[t(b1), t(ba)].

Thus there exists a unique element, say d(bi,by) € A, such that 0(by,bs) =
[t(b1), t(b2)] — t([b1, b2]).

Observe that 0 is a F-bilinear map from B & B to A such that §(b,b) = 0 for
all b € B.

Then it is easy to see that § is a two-cocycle and two-coycles corresponding to
different sections differ by a two-coboundary. Thus the map [¢] — [d] gives a
bijection Ext, (B, A) +» H?(B; A) (see [8, p. 238]).

In the following we present an important lemma used for proving theorems.

Lemma 2.1. Let 0 - A — L 5 B — 0 be an abelian extension of Lie
algebras over a field F. If 4 € Der(L : A), then there is a triplet (6,p,x) €
Der(A) & Der(B) @ Hom(B, A) such that

(@) (b, (b)) + (0 (b),0) — 0(5(b, ")) = [£(6"), x(b)] — [£(b), x ()] + x([b, b'])

(i) 6([t(b),a]) = [t(p(b)),a] + [t(b),0(a)] forall a€ A and bV € B.
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Conversely, if (0, ¢, x) € Der(A) @ Der(B) ® Hom(B, A) is a triplet satisfying
equations (i) and (é7), then, for all a € A and b € B, 7 defined by

V() + a) = t(p(b)) + x(b) + 0(a)

is a derivation of L lying in Der(L: A).

[Here ¢ is the two-cocycle corresponding to the extension 0 — A—L L B—
0,t: B — L is a section of w, and Hom(B, A) is the group of all F-linear maps
from B to A |.

Proof. Every derivation v € Der(L : A) determines a pair(d,p) € Der(A4) &
Der(B) such that ~y restricts to @ on A and induces ¢ on B. For any b € B, we
have ¢(b) = w(y(t(b))). Thus y(¢(b)) = t(¢(b))+x(b) for some element x(b) € A.
Since all the maps involved are F-linear, it follows that x € Hom(B, A).

To prove (i), let b, € B. We have

3(b,b') + t([b, b]) = [£(b), t(b")]-
By applying v and using the definition of y, we get

0(6(b, 1)) + x([0,]) + t(p([b,0])) = [v(£(D)), £(b))] + [£(), v (£(D))].

Since ¢ is a derivation, we have

0(3(b,0)) + x([b,0']) + ([ (b), b']) + £([b, £(¥)])
= [t(p(b)) + x (), t(b)] + [£(D), t(sp (b)) + X (V)]
= 0(p(0), V) + t([(0), ]) + [x(), t(D)]
+6(b, (b)) + t([b, o(B)]) + [£(0), x (V).

Thus we obtain condition (7).
To derive condition (i), we use the fact that ~y is a derivation. Let b € B, a € A.
Then we have

Conversely, let (0, ¢, x) € Der(A) & Der(B) @ Hom(B, A) be a triplet satisfying
equations of (i) and (i7). To see 7 is a derivation of L, first we note that every
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element of L can be uniquely written as [ = t(b) + a, where b = 7(l) and a € A.
Let 13 = t(b1) + a1 and Iy = t(b2) + ag, where by,bs € B and aj,as € A. Then
(1) A, L) = Y ([#(b1), £(b2)]) + v ([E(b1), az]) + v ([ar, £(b2)])
= 0(6(b1, b2)) + x([b1, ba]) + t(([b1, b2]))
+0([t(br), az]) — 0([t(b2), an])
= 0(b1,9(b2)) + 8(p(b1), ba) + [¢(b1), x(b2)]
= [t(b2), x(b1)] + [t((b1)), az] + [t(b1), 6(az)]
= [t(p(b2)), a1] = [£(b2), 6(a1)] + tp(b1), o]

+ t[b1, ¢ (b2)]
and
(2)  [y(h), lo] + [,y (I2)] = [t(e(b1)) + x(b1) + O(a1), t(b2) + az]
+ [t(b1) + a1, 1(p(b2)) + x(b2) + 0(az)]
= [t(p(b1)), £(b2)] + [t(p(b1)), a2] + [x(b1), t(b2)]
+ [0(ar), £(b2)] + [#(b1), t((b2))] + [t(b1), X (b))
+ [t(b1), 0(a2)] + [a1, t(p(b2))]
By comparing (1) and (2), we have v € Der(L), and clearly, y(a) = 6(a) for all

a € A. Therefore v € Der(L: A). QED

Remark 2.2. 0 -+ A — L ™ B — 0 is a central extension (that is A < Z(L)),
then the action B on A becomes trivial, and therefore Lemma 2.1 takes the
following simpler form which we will use in the proof of one of the next theorems.

Lemma 2.3. Let 0 - A —- L 5 B — 0 be a central extension of Lie al-
gebras over a field F. If v € Der(L : A), then there is a triplet (0,¢,x) €
Der(A) @ Der(B) @ Hom(B, A) such that, for all b,b" € B, the following condi-
tion is satisfied:

3(b, (b)) + 6(sp(b), ') = 0(5(b, 1)) = x([b, b'])
Conversely, if (0, ¢, x) € Der(A) @ Der(B) @ Hom(B, A) is a triplet satisfying

above equation, then ~ defined by v(t(b) + a) = t(p(b)) + x(b) + 0(a) is a
derivation of L lying in Der(L: A).

Remark 2.4. A pair (0, ¢) € Der(A) @ Der(B) is called compatible if ap(b) =
[0, a(b)] for all b € B. Equivalently, the following diagram commutes.

B i B

o

Der(A)f*> Der(A)
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Note that ap also gives a B-module structure on A. Then the compatibility
condition is equivalent to saying that 6 : A — A is a B-module homomorphism
from the B-module structure a to the B-module structure ap on A.

Let C, denote the Lie algebra of all compatible pairs; It is clear that C, is
a subalgebra of Der(A) @ Der(B). Let
C1 = {0 € Der(A)|(0,0) € ca}
and
Cy = { € Der(B)[(0,0) € ca}

For 6 € C1 and ¢ € Uy, we define maps kg, ko, ko, : B @ B — A by setting, for
b,V € B,

ko (b, V') = 0(5(b, 1)),
ko (b, 1) = 0((), 1) + 6(b, (b)),
koo (b,0) = 6(p(D), 1) + 6(b, (b)) — 0(3(b,1)).

Lemma 2.5. The maps kg, k,, and kg, are two-cocycles.

Proof. For by, b1,bs € B, by the fact that § € ¢; and 6§ € Z?(B; A), we have

[t(bo), ko (b1, b2)] — [t(b1), ko (bo, b2)] + [t(b2), ko(bo, b1)] — ko([bo, b1], b2)
+kg([bo, ba], b1) — kg([b1, b2, bo) = [t(bg), 8(b1,b2)] — [t(b1),05(bo, b2)]
+ [t(ba), 85 (bo, b1)] — 05([bo, b1], ba)
+ 05([bo, ba], b1) — 05([b1, ba], bo)
= 0([t(bo), (b1, b2)] — [t(b1),6(bo, b2)]
+ [t(ba), 8(bo, b1)] — d([bo, b1], b2)
5([bo,b2] b1) — d([b1, ba], bo))
=0(0) =

Hence kg is a two-cocycle.
We next show that k, is a two-cocycle. For by, by, b2 € B, we have

[t(bo), ki (b1, b2)] — [t(b1), kp(bo, b2)] + [t(b2), ke (bo, b1)] — Ky ([bo, b1, b2)
+ky([bo, ba], b1) — ki ([b1,b2], bo) = [t(bo), 5(¢(b1), b2) + 0(b1, ¢(b2))]
); 0(2(bo), b2) + 6(bo, p(b2))]

b2),6(p(bo), b1) + (o, p(b1))]
[bo, b1],

[bo, ba])

): k
)

bo, b1], b2) — 6([bo, b1], ¢(b2))
bo, b2]), b1)) + 6([bo, b2], ¢(b1))
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— 0(p([b1,b2]), bo) — 6([b1, b2], (o))
= [t(bo), 6(p(b1), b2)] + [t(bo), (b1, p(b2))]

— [t(b1), 6(¢(bo), ba2)] — [t(b1), 6 (bo, p(b2)]
+ [t(b2), 6(¢(bo), b1)] + [t(b2), d(bo, ¢ (b1)]
— 0([p(bo), b1, b2) — 6([bo, p(b1)], b2)

+ 6([bo, b1], p(b2)) + 6([¢(bo), ba], b1)

+ 6([bo, ¢(b2)], b1) + 6([bo, b2], ¢(b1))

— 0([p(b1), ba], bo) — 6([b1, p(b2)], bo)

— 0([b1,b2], ¢(bo)) = 0

Note that ¢ € co; therefore [t(p(b)),a] =0 for b € B and a € A.
Since kg, = kg + k,, we conclude that kg, € Z%(B; A). QED

Define \; : C; — H?(B; A) by setting for 6 € C,
A1(0) = ko], the cohomology class of kg
Similarly define Ao : Cy — H?(B; A) by setting, for ¢ € Cs,
Xao(¢) = k], the cohomology class of kg

and define A\.(0,¢) : Co — H?(B; A) by setting A\.(0, ) = [kg,,).
To justify these definitions, we need the following.

Lemma 2.6. The maps A, Ao, and A, are well defined.

Proof. To show that the maps A1 and A9 are well defined, we need to show that
these maps are independent of the choice of sections. Let ¢,¢ : B — L be two
sections. Then there exist maps 8,8 : B@® B — A such that, for by, by € B,

d(b1,b2) = [t(b1),t(b2)] — t([b1, b2]),
§' (b, ba) = [t (b1),t (ba)] — t ([by, b2)].

For b € B, since t(b) and t (b) satisfy m(t(b)) =
unique element k(b) € A such that ¢(b) = k(b) + t ( )

We thus have a map k : B — A by setting k(b) t(b) — t'(b) for b € B. For
bl,bg GB, k‘([bl,bg]) ([bl,bQ]) —t([bl,bg]) his glves

= 7(t (b)), there exists a

3(b1,b2) = & (br, ba) = [t(br), t(b2)] — t([br, ba]) — [ (b1), ¢ (B2)] + £ (b1, ba])
= [t(b1), t(b2)] — [t(b1) — k(b1), t(b2) — K(b2)] — k([b1, b2])
= [t(b1), k(b2)] — [t(b2), k(b1)] — Kk([b1, b2]) € B*(B; A).
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Therefore

0(3(b1,b2)) — 05 (b1, b2)) =[t(b1), Ok(b2)] — [¢(b2), Ok (b1)]
— 0k ([by, ba])[t(b1), & (b2)]
= [t(b2), K (b1)] — K ([b1, ba]) € B%(B; A),

where k' = 0k. This proves that Aq is independent of the choice of a section.
Next we prove that Ao is well defined. It is sufficient to show that

8((br), b2) + 0(b1, (b)) — 8’ (p(b1), ba) — 6’ (b, p(b2)) € B*(B; A).

Proceed just as above and note that ¢ € Cy and ¢ is derivation, we have

[t(b1), kp(b2)] — [t(b2), k(b1)] — k([b1, p(b2)]) + [tw(b1), k(b2)] — [t(ba), ke (b1)]
— k([p(b2), b1]) = [t(b1), b (b2)] — [t(b2), ke (b1)] — kep([b1, ba]).

Putting kp = K"

" " 1"

[t(b1), k (b2)] — [t(b2),k (b1)] — k ([b1,b2]) € B*(B; A).

This proves that As is also independent of the choice of a section.
Since A1 and Ay are well defined, A\, is well defined too, and the proof of the
lemma is complete. QED

Note that the maps A; and A9 are not homomorphisms of Lie algebra.
We are now in position to prove the main theorem.

Proof of Main Theorem. Let 0 - A — L 55 B — 0 be an abelian extension.
Clearly all the sequences (1.1), (1.2), and (1.3) are exact at the first two terms.
To complete the proof it only remains to show the exactness at the third term
of the respective sequences. First consider the sequence (1.1). We show that
Im7 = KerAy. Let v € DerA(L). Then 6 € C7, where 0 is the restriction of v to
A. Lemma 2.1 implies that, for by, by € B,

ko(b1,b2) = 0(5(b1,ba)) = [t(b1), x(b2)] — [t(b2), x(b1)] — x([b1, b2]) € B*(B; A).

Thus kg € B?(B; A), and hence \1() = 0. Conversely, if § € C is such that
A1(0) = 0, then ky € B%(B; A). Therefore there exists y € Hom(B; A) such that

0(6(b1,b2)) = [t(b1), x(b2)] — [t(b2), x(b1)] — x(b1, b2),

since # € C} and 7, defined by converse Lemma 2.1, is an element of Der”(L).
Hence the sequence (1.1) is exact.
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Next let us consider the sequence (1.2). We show that Imme = Kery. Let
v € Deryg(L). Then ¢ € Cy, where ¢ is induced by v on B. By Lemma 2.1,
for b1,bo € B we have,

ko (b, b2) = 0(p(b1), ba) +8(b1, 9 (b2)) = [t(b2), x(b1)]~[¢(b1), x(b2)]+x([bs, bo]) € B*(B; A).
Thus k, € B%(B; A), and hence A2(p) = 0. Conversely, if ¢ € Cy with Aa(p) =
0, then k, € B%(B; A). Therefore there exists x € Hom(B, A) such that

5(p(b1),b2) + 0(b1, p(b2) = [t(b1), x(b2)] — [t(b2), x(b1)] + x([b1, b2]),

since ¢ € Cy and 7, defined by converse Lemma 2.1, is an element of Der 4(L).
Hence the sequence (1.2) is exact. Similarly one can prove (1.3) . QED

We construct a more general exact sequence.

Theorem 2.7. If 0 = A—L = B — 0 is a central extension, then there exists
an exact sequence 0 — Der’4 (L) — Der(L: A) = Der(A) @ Der(B) A H?(B, A).

Proof. The sequence is clearly exact at Derﬁ(L) and Der(L: A). We construct
the map A and show the exactness at Der(A) @& Der(B). Consider (6,¢) €
Der(A) @ Der(B). Define kg, : B @® B — A by setting, for by, b € B,

kg.p(b1,02) = (b1, p(b2)) + d(p(b1), ba) — 0(5(b1,b2)).

It is clearly ko, € Z%(B, A). Define A(0,p) = [kq), the cohomology class of
kg, in H*(B,A). Similar to Lemma 2.6 one can prove that A is well defined.
If (6,¢) € Der(A) @ Der(B) is induced by some v € Der(L : A), then, by
Lemma 2.3, we have kg (b1, b2) = x([b1, b2]). Therefore kg, € B?(B, A). Hence
A0, ) = 0. Conversely, if (§,¢) € Der(A) ® Der(B) is such that [ky,] = 0,
then kg (b1, b2) = x([b1,b2]), for some x : B — A. By Lemma 2.3, there exists
v € Der(L : A) inducing 6 and . Thus the sequence is exact. QED

3 Splitting of sequences

Let0 - A — L = B — 0be an abelian extension. Let Cf = {0 € C1|\(6) = 0},
Cs5 ={p € Calha(p) =0}, and C) = {(0, ) € Cq|Ae(0, ) = 0}. Then it follows
from Theorem 1.2 that the sequences
0 — Der4(L) — Der} (L) & CF — 0, (3.1)
0 — Der4(L) — Dera(L) 2 C5 — 0, (3.2)

and
0 — Der’4 (L) — Der(L:A) 5 C = 0 (3.3)
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are exact similarly. Let 0 = A — L 5 B — 0 be a central extension, and let
C* = {(0,¢) € Der(A) & Der(B)|A(#, ») = 0}. Then it follows from Theorem
2.7 that the sequence

0 — Der(L) — Der(L:A) 5 C* = 0 (3.4)
is exact.

Theorem 3.1. Let L be a finite dimensional Lie algebra, and let A an abelian
ideal of L such that the sequence 0 - A — L 55 B — 0 splits. Then the se-
quences (3.1),(3.2), and (3.3) split. Furthermore, if A < Z(L), then the sequence
(3.4) also splits.

Proof. We prove that the sequence (3.3) is split. Let A x B = A® B be a vector
space, equipped with the Lie algebra structure given by [(a1,b1), (a2,b2)] =
(b1a2 — b2a1, [bl,bg]) for ai,as € A and bl,bg € B.

Then the split extension 0 - A — L — B — 0 is equivalent to the extension

a—>(a 0) (a b)—b

0— A AxB B =0,

and hence Der(A x B : A) = Der(L: A). Note that, for a split extension, the
corresponding two-cocycle is zero, and hence C = C,,. Now we define a section
B:C% — Der(Ax B: A) by 5(6,¢) =, where v(a,b) = (6(a),p(b)) fora € A
and b € B. So vy is F-linear. Furthermore, for a1,as € A and by, by € B, we have

v[(a1,b1), (a2, b2)] = v(braz — baax, [b1, b2])
= (0 (b1a2) 0(b2a1), p([b1, b2]))
( a2 —i—blé?(ag) (bg)al —bQQ(al),
[ (51)71)2] [b1,¢(b2)])
(by compatibility of (6, ¢))
= [(0(a1), ¢(b1)), (a2, b2)] + [(a1,b1), (B(az), p(b2))]
= [y(a1,b1), (a2, b2)] + [(a1,b1), v(az, b2)];

hence v € Der(A x B).

It is clear that § is a Lie homomorphism, and hence the sequence (3.3) splits.
QED

We show that the converse of Theorem 3.1 is not true, in general.
For this purpose we focus on derivation of Lie algebra of free two-step nilpo-
tent the Lie algebras. Let

Lpo=(x1, -, xn|[[wi, zj], 2] =0 for all 1 <4, 5,k <n)
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be the free two-step nilpotent Lie algebra of rank n > 2.
Let L\!) = ([zs,25]|1 < j <i < n) be the derived subalgebra of Ly, .

n,2
Set Z = {zjlzij = [xi,x;] for1<j<i<n}. We see that LW s a free

n,2
(n—1)
2

abelian Lie algebra with basis Z and rank n . If we take the lexicographic

order on the basis Z given by
221 < 231 <232 <:"<2Zpn—1,

n(n—1)

5 ,F). Let 0 € Der(L(l)) be given by

n,2

then Der(Lg’%) = gl(

21— ba1,21221 + 02131231+ + b2 10012001,

g : Zij Zl§l<k§n bi,j;k,lzk’,la

Znn—1 > bnn-1,21221 +bpn-131231 + "+ bpn—1mn-12nn-1-
Then the matrix [0] € g[(%,F). Similarly, Lffj2 = ng/L% (T1,++ , Tn)
is also a free abelian Lie algebra of rank n, and hence Der(Lffg) = gl(n, F). Let
pE Der(Lgf)z) be given by

T1 > a11%1 + -+ + a1 Th,

P Ti—> a;1T1 + -+ + AinTn,

Ty — Ap1T1 + -+ QpnTp-

Then the matrix [¢] € gl(n, F').

Let 0+ A — L 5 B — 0 be an abelian extension of Lie algebras over a field F.
A pair of derivation (6, ) € Der(A) @ Der(B) is called inducible if there exists
v € Der(L: A) such that 7(v) = (0, ¢).

We prove now the following theorem.

Theorem 3.2. Let (6, ¢) € Der(L\}) @ Der(L%). If [6] = (b ;1) and [¢] =
(aij) are the corresponding matrices, then the pair (6, ¢) is inducible if and only
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if
ai; + ajj, 1=k, =1,
as;t, i=k, j#I,
bigaa =4 " j=k £l (3.5)
ajk, i=1, j#k,
ik, J=1i#k,
0, otherwise.

\

Proof. For the free nilpotent Lie algebra L,2, we have the following central
21)2 — Lng — L% — 0.

Let ¢ : ngl,)2 — Ly, 2 be the section given by t(%;) = z; on the generators. Then
§(z;, @) = [x;,x;] for all 1 <4, j < n. Since Ly, 2 is two-step nilpotent, it follows
that RHS of Lemma 2.3 is zero. Hence, we have

extension 0 — L

0(0(w4, ;) = 6(Zi, (7)) + 6(p(Ti), 7).

In what follows, we show that this is precisely the condition (3.5).
L, 2 is generated as a Lie algebra by {z1,x2,...,z,}. Moreover, the set

{z1,22,.. ., 20,221,231, -+, Znn—1}

is an ordered basis for L, 2 as a vector space over F. Thus, if v € Der(Ly, 2),
then « is given by

!’ ! !’
T1 > QL1+ Qa2 + -+ a1, Tn + Pr;2,1221 + B1;3,123,10 + -+ Blinn—12n,n—1,

! ’ 7
Tn > Q11 + A od2 + -+ Qppn + 677.;2,122,1 + ﬁn;B,lZS,l +- 4+ 5n;n,nflzn,n71'

for some a;j, Bi:ky € F. Now, suppose that (6, ¢) is inducible by ~. Then
Ty — ayT1 4 a1oTo + - + ay, T,

= ! = I = I =
Ty > Ay T1 + Ay 9T2 + -+ + Ty

Since 4 = ¢, we obtain

/

aj; =a;  foralll<i,j<n. (3.6)

Next, we consider 7| ;) as follows:

n,2
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V(zi5) = ([wi, 75]) = [y(@i), 2] + [, ()]

= [aj @1 + agws + - + @it + Bizazon + o+ Bisnn— 1201, 5]
+ [z, Oé;lﬂﬁ + a;2$2 +- 4 a;n:cn + Bj1221 +  + Bimn—12nn—1]

= ajy [r1, 5] + ajglwe, T4] + - 4 @l [0, 5] + ay [zi, 21] + g [, 2]
4.+ a;n [, Tp] (since Ly, 2 is two-step nilpotent)

= —@1zj1 — QipZje = = G 1)Z-1) + 0+ G2 o+ Gz
a2+ ag'lzi,l + ajozig + -+ CL;'jZi,j +---+ a;‘(i_l)zi,(i—l)
+0— a;»(iﬂ)z(iﬂ),i — = @ (3.7)

By explicit computation and combining equations (3.7) and (3.6), we get (3.5).

Corollary 3.3. Let (6,¢) € Der(ng) @ Der(Lgf’Q) and (r,[p]) be the cor-
responding pair of matrices. Then the pair (r, ) is inducible if and only if
r = a1 + a2.

Proof. In this case, the derived subalgebra Lglg is a one-dimensional free abelian
algebra generated by [z2,z1] and the abelianization L%bQ is a two-dimensional
free abelian algebra with basis {#1,#2}. The proof now follows from (3.3).

We conclude with the following examples to show that the converse of The-
orem 3.1 is not true in general.

Recall that a Lie algebra L is called Heisenberg provided that L? = Z(L)
and dim L? = 1. A Lie algebra H is called generalized Heisenberg of rank n if
H? = Z(H) and dimH? = n.

1) Let 0 — Z(L) - L & L/Z(L) — 0 be an exact sequence, where L is
a non-abelian finite dimensional generalized Heisenberg Lie algebra. No-
tice that this sequence does not split under the natural action of L/Z(L)
on Z(L). If the sequence splits, then L is a direct sum of Z(L) and
L/Z(L). This implies that L is abelian, which is a contraction. In this

case, Der?(H)(L) = Derggg(L) = Der, (L), where Der,(L) is the set of all
central derivations of L (see [14, 16]). Thus, from the exactness of sequence

(3.1), C7 = 0 and the sequence splits.

2) For the free nilpotent Lie algebra L, 2, we consider the central of Lie
algebras
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0 LY) — Loy — Lg% — 0.
Since Lo is nonabelian, the sequence does not split. We show that the

associated short exact sequence

L) 1 .
0— DerLEiz (La,2) = Der(Lay : LS)) —"+ G — 0 (3.8)

splits. We define a section p : Cy — Der(Loy : Lélg), which is a Lie algebra
homomorphism, showing that the sequence (3.8) splits. Define u(6, ¢) = 7,

where
T — t(@(fl))7
v w2 t(p(72)),
(21, z] — O([x1, 22]).
Then

[y(@1), m2] + [w1, y(w2)] = [t(0(21)), w2] + [z1, t(p(72))]

= [t(a1171 + a1222), v2] + [21, t(a21T1 + ag272)]

= [anx1 + a122, 2] + [1, a2121 + a22x2)

= (a11 + ag2)[z1, 2]
0([z1,x2]) (by Corollary 3.3, since (6, ¢) is inducible)
= ([z1, 22])

It follows that v € Der(Lg o : Lglg) Since 7(y) = (0, ¢), i1 is a section. It
is easy to see that u is a Lie algebra homomorphism. This show that the
sequence (3.3) splits while 0 - A — L = B — 0 does not split. For the
sequence (3.2) is enough let # = 0 in the exact sequence of example (2)
above.
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