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Abstract.

Let T be a bounded linear operator on a complex Hilbert space H. In this paper we
introduce a new class of operators: (n,k)-quasi class @ operators, superclass of (n, k)-quasi
paranormal operators. An operator T is said to be (n, k)-quasi class @ if it satisfies

1
IT(@*2)|* < — (1T (@ )| +nlT*a]*)

for all + € H and for some nonnegative integers n and k. We prove the basic structural
properties of this class of operators. It will be proved that If 7' has a no non-trivial invariant
subspace, then the nonnegative operator

D — 7k (T*(1+n)T(1+n) _ LHT*T—F I) e
n

is a strongly stable contraction. In section 4, we give some examples which compare our class
with other known classes of operators and as a consequence we prove that (n, k)-quasi class Q
does not have SVEP property. In the last section we also characterize the (n, k)-quasi class Q
composition operators on Fock spaces.

Keywords: (n,k)-quasi class @, (n, k)-quasi paranormal operators, SVEP property, Fock
space, composition operators.
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Introduction

Throughout this paper, let H be a complex Hilbert space with inner product
(-,-). Let L(H) denote the C* algebra of all bounded operators on H. For T' €
L(H), we denote by ker(T') the null space and by T(H) the range of T. The
null operator and the identity on H will be denoted by O and I, respectively.
If T is an operator, then T™ is its adjoint, and ||T|| = ||7||.
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We shall denote the set of all complex numbers by C, the set of all positive
integers by N, the set of all nonnegative integers by Ny and the complex con-
jugate of a complex number A by A. The closure of a set M will be denoted by
M and we shall henceforth shorten T'— A to T — X\. An operator T' € L(H) is
a positive operator, T' > O, if (T'z,x) > 0 for all x € H.

We write o(T'), 0,(T), 04(T), and r(T') for the spectrum, point spectrum,
approximate point spectrum and spectral radius for operator T, respectively. It
is well known that r(T") < ||T||. The operator T is called normaloid if 7(T) =
Tl

An operator T € L(H), is said to be paranormal [8], if

1T < |72

for any unit vector x in H. An operator T € L(H), is said to be quasi—paranormal
operator if
3
T2 < 752172

for all € H. Mecheri, [11] introduced a new class of operators called k-quasi
paranormal operators. An operator T is called k—quasi paranormal if

k k k
1T | < T2 | T ],

for all x € H, where k € Nj.

J. T. Yuan and G. X. Ji [14] introduced a new class of operators called (n, k)-
quasi paranormal operators: An operator T' € L(H) is said to be (n, k)-quasi
paranormal operators if

IT(T )| < [T (T || o | Toa] 757,

for all x € H.

1 Main results

Now we introduce the class of (n, k)-quasi class @) operators defined as fol-
lows:
Definition 1 An operator T is said to be of the (n, k)-quasi class @ if

|7 ()2 < T (TR) |2 4 0 T )

n+1 (’

for all x € H and for some nonnegative integers n and k.
A (1,k)-quasi class @) operator is a k-quasi class @) operator:

1
|42 < 5 (1742 + | T*2)1?) ;
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(1, 1)-quasi class Q operator is a quasi class Q operator: | T%z||> < I (|T3z|*> + | Tz|?) ;
(1,0)-quasi class @ operator is a class () operator, Duggal, Kubrusly, Levan [5]:

|Tz)? < 3 (JIT%2]* + ||]|?) ; (n,0)-quasi class Q operator is a n-class @ oper-

ator

1
ITal? < — (IT"+")® + nla]]?).

Yuan and Ji [14, Lemma 2.2] prove that an operator T' € L(H) is of the
(n, k)-quasi paranormal if and only if

T+ (T*<1+">T(1+"> — (n+ DAMTT + nA”HI) TF > 0, for all A > 0.

Theorem 1. An operator T € L(H) is of the (n,k)-quasi class @, if and
only if

where k and n are nonnegative integer numbers.

Proof. Since T is of the (n, k)-quasi class @, then an application of the quadratic
inequality implies

(n+ DIT(T*2) |2 < (T (TF0)|? + | TH2]?)
for all x € H, where k,n € Ny. Then,
<T*k (T*(1+”>T(1+”> —(n+)I'T + nI) Tz, a:> >0
for all x € H. The last relation is equivalent to
T+ (T*<1+">T<1+n> — (n+ 1)T*T + nl> T* > 0.
QED
Lemma 1([4], page 17) For positive real numbers a > 0 and b > 0,
Aa + pb > a b*
holds for A > 0 and g > 0 such that A+ p = 1.

Lemma 2 If T is an (n, k) —quasi paranormal operator, then 7" is an (n, k)-
quasi class @, operator.
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Proof. Let T be an operator of (n,k)—quasi paranormal operator. Then, we
have

IT(T )|
< TR T
1 n
< T1+n Tk 2 Tk 2
< TR + Tl
so, T is an (n, k)-quasi class ) operator. QED

An operator T' € L(H), is said to belong to k—quasi class A,, operator if

for some nonnegative integer numbers n and k, [15].

From [15, Theorem 2.2] if T' is a k—quasi class A,, operator, then T is an
(n, k)—quasi paranormal operator, from the above theorem T is an (n, k)-quasi
class (Q operator.

If T is an (n, k)-quasi class @) operator, then T is an (n, k 4 1)-quasi class @
operator. The converse is not true, as it can be seen below.

Example 1 Consider the unilateral weighted shift operators as an infinite
dimensional Hilbert space operator. Recall that given a bounded sequence of a
positive numbers « : aj, ag, as, ay, ... (called weights) the unilateral weighted
shift W, associated with weight « is the operator on H = [y defined by W,e,,, =
amem+1 for all m > 1, where {e,, }>°_; is the canonical orthonormal basis on ls.

0 0 0 0 0

ap 0 0 0 0

0 as 0 0 0

Wo = 0 0 a3 0 0
0

0 0 0 o4

Let diag({am }o0_,) = diag(ai, a2, as, ...) denote an infinite diagonal matrix
on ly. Then,
ik (W;("“)ng) — (D)WW, + n) Wk
. 2 2 2 2 2 2 2 2
=diag({,Qni1 - k2 Qg k1 Vet ket 1+ * ko1 Vet letn Y m=1)
. 2 2 2 2 2
_(n + 1)d1ag({amam+1 Teee am+k—2am+k—1am+k}$r?:1)

—i—ndiag({ocznagwl T 043%1471}%?:1)
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Then,

2 2 2 2 2 2 2 2
O g1+ O —1 (am+kam+k+1 Cee O kn—1%mt k4 T (n + 1)am+k + TL) >0

Thus, W, is an (n, k)-quasi class @) operator, if and only if,

2 9 2 2 2
U kOt 17 O kb1 Ok — (0 + 105 + 1 >0,

for m > 1.

If ag =2 and ayy, = 1 for m > 3, then W, is a (2, 2)-quasi class @) operator
but it is not a (2, 1)-quasi class @ operator.

Since (n,k)—quasi paranormal is not a normaloid operator [14, Example
2.3], then (n, k)-quasi class @ is not a normaloid operator.

Theorem 2. Let T € L(H). If A2 T is an operator of the (n, k)-quasi class
Q, then T is of the (n, k)-quasi paranormal for all A > 0.

Proof. Let A"3T be an operator of (n, k)-quasi class @, then

AT F (ATBTP T — (- 1)(ATET) (ATET) 40l ) AR T)F 2 0

Ae T (A*<"+1>T*<"+1>T<"+1> — (n+ DA + nI) A2 T > 0,

ek <T*(n+1)T(n+1) ~ (n+ DAMTT + n)\(n+1)) T >0

for all A > 0.
By this it is proved that the operator T is an (n, k)—quasiparanormal oper-
ator.
Theorem 3. Let T be a Hilbert space operator. If | T'|| < /%5, (so T s

contraction) then T is an (n,k)-quasi class Q operator.

Proof. From ||T|| < we have ||T||? < 741 Then,

_n_
n+17
O <nl—(n+1)T*T < T+ TO+D) _ (n L 1)T*T + nl,

therefore
0<T* (T*<1+">T<"+1> — (n+ VTT + nI) T*

so T is of the (n, k)-quasi class @) operator. QED
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Corollary 1 Let T be a Hilbert space operator. If 7"t = O then T is
(n,0)-quasi class @ operator if and only if ||| <, /2.

Theorem 4. The following statements are equivalent:

(1) T is an (n,k)-quasi class Q, operator

(2)

A B —
— — Tk *k
T (O C) on H=TFH)® ker(T*),

where A*(1Hm) AQ+7) _(n 4 1) A*A+nl > O, and C* = O. Furthermore, o(T) =
o(A)U{0}.

Proof. The equivalence being evident in the case in which T has a dense range,
we consider the case in which T does not have a dense range.
(1) = (2) Consider the matrix representation of 7" with respect to the decom-

position H = T*(H) @ ker(T**):

T:<é g)

Let P be the projection onto T’“( ). Since T is an (n, k)-quasi class @, operator,
we have

p (T*<1+n>T(1+n> — (n+ D)T*T + nI) P>O0.

Therefore
A+ AGFn) (g L DYA*A 4+ nl > O.

Let x = <:C ) € H = TF(H) @ ker(T**). Then,
2

(Ck iy, xo) = <Tk(I P)a, (I — P)x> - <(I — P)a, T**(I — P)x> — 0,

thus C* = O.

By [10, Corollary 7], o(A) Uo(C) = o(T) U, where 9 is the union of the
holes in ¢(T"), which happen to be a subset of o(A) Na(C).

The operator C being nilpotent, o(A) U (C') has no interior points, and this
by [7, Corollary (state corollary number)] implies o(T") = o(A) U {0}.

(2) = (1) Suppose T = <g g) on H = Tk(H) @ ker(T**), where

A AQ40) (4 1)A*A+n > O and C* = O.

Since ‘ A
ok _ (AF ST AVBCH
-\ O O
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we have

Tk (T*<1+">T(1+”> — (n+ DT + nI) Tk

B Ak O\ (D E\ (Ak Y i=jAiBCk-1-
\(Chp aiBektiy o) \E* F)\ O 0]

B A*k D AR A*k D Zf;é A BOk—1-J
-\ (i AVBCRIy DAk (b2 AV BCRTIT) DY R ATBCR 1

where

D= A*(l—i—n)A(l—l—n) o (n+ 1)A*A+TL

C =AU N AIBC™ — (n+ 1)A"B
j=0

= (> _ABC™ )y (Y ABC )+ U — (n4-1)(B* B+ CC*) +n
Jj=0 =0

Let v = @y be a vector in H = T*(H) & ker(T**), where & € TF(H) and
y € ker(T*F). Then

<T*k (T*<1+“>T(1+n> — (n+1)T'T + nI) Tk, v>

k—1 k—1
- <A*kDAk:U, x> + <A*kD > AIBCH Ty, x> + <(Z AIBCH 10y D A, y>

j=0 j=0

_|_

7=0

k—1
<ZAJBC’“ DY ATBCH Ty, y>

k—1
D( Akx+ZAﬂBck 1= ),(Akx+ZAjBCk_1_jy)>
=0

Since D = A*1+M A0+ (n 4 1)A*A +1n > O we have

<T*k (T*(1+”>T(1+”> —(n+ )IT'T + nI) Tk, v> >0,

hence
T (T*<1+">T<1+"> — (n+1)T*T + nI> T* > 0.

Thus, T is an (n, k)-quasi class @, operator.

QED
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Corollary 2 If T'is an (n, k)-quasi class @, operator and T*(H) is not dense
range, then

(A B = ok
T—(O C) on H=TFH)® ker(T*),

where A is an n-class @ operator on T*(H), and C* = O.

Theorem 5. If T is an (n, k)-quasi class Q operator and M is an invariant
subspace for T, then the restriction T |y is also an (n, k)-quasi class Q operator.

Proof. Let P be the projection onto M. Then TP = PT P, so that T'|y; = PTP.
Hence, for x € M we have

(T Lar) (Tar) ) 12

I(PTP)(PTP)*a|* = | P(TT*2)|* < |T(T*x)|

1
—— (I (T ) |2 + nl| T2 |2)

+
— (11 (@ lan) @) P + 0l (Tan)a]?)

IN

1

QED

Theorem 6. If T is an invertible (n, k)-quasi class Q, operator, then the
point approrimate spectrum lies in the disc:

V1i+n
k-1 k(|2 k—1|2 <AL= T
IT=F=[\/IT™HF]2 + n| T*1]]

0q(T) C {)\ eC

Proof. Suppose T is an invertible (n, k)-quasi class @), operator. Then we have

)
— ||T_k_1Tk+1:E||2 < ||T_k_1H2||Tk+1$||2
< TR (I T ) 2 + el ?)
< TP (IR 4+ T P T ?)
Hence,
(Tal > (14 )

AT AT A | TR12)
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Suppose that A € 04(T). Then, there exists a sequence {x,,} such that
(T — X)zpm|| — 0 when m — co. We have

Tz — Az ||

> |[Tzm| = [[Azm | = [T — (Al
1
1 2
> SRl Y
[ TR (N T HF]2 + nf| TF1[2)2
So, when m — oo,
V1
A A

AT VAIT R 4 o T2

QED

2 (n,k)-Quasi Class ) Operators Which are Contrac-
tions

A contraction is an operator 7' such that | Tz| < ||z|| for all z € H. A proper
contraction is an operator 7' such that || Tz|| < ||z|| for every nonzero x € H.
A strict contraction is an operator such that ||T']| < 1 (i.e., sup,_zg % < 1).
Obviously, every strict contraction is a proper contraction and every proper
contraction is a contraction. An operator T is said to be completely non-unitary
(c.n.u) if T restricted to every reducing subspace of H has no unitary part.

An operator T on H is uniformly stable, if the power sequence {T"™}°°_,
converges uniformly to the null operator (i.e., [|[T™| — O). An operator T' on
H is strongly stable, if the power sequence {17 }>°_; converges strongly to the
null operator (i.e., |Tz|| — 0, for every x € H).

A contraction T is of class Cp. if T is strongly stable (i.e., ||[T™z| — 0
and ||Tz|| < ||z|| for every x € H). If T* is a strongly stable contraction, then
T is of class C. T is said to be of class Cy. if limy, o0 [|[T7™| > 0 (equiva-
lently, if 7™z /4 0 for every nonzero x in H). T is said to be of class C'; if
limy, o0 || 772 || > 0 (equivalently, if 7*™x /4 0 for every nonzero x in H). We
define the class Cng for o, 8 = 0,1 by Cp3 = C.NC 5. These are the Nagy-Foiag
classes of contractions [13, p.72]. All combinations are possible leading to classes
Coo, Co1, C10 and Cqy. In particular, T" and T™* are both strongly stable contrac-
tions if and only if T" is a Cyy contraction. Uniformly stable contractions are of
class Cpg. In the proof of the Theorems 3.1 and 3.2 are used similar techniques
as in the proof of Theorems given in paper [6].
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Theorem 7. IfT is a contraction of the (n,k)-quasi class Q operator, then
the nonnegative operator

D — T*k (T*(l—l-n)T(l—i—n) _ L_HT*T + I) Tk
n

is a contraction whose power sequence {D™}°_, converges strongly to a projec-
tion P and T**'P = O.

Proof. Suppose that T is a contraction of (n, k)-quasi class @) operator. Then

n

Let R = D2 be the unique nonnegative square root of D, then for every x in H
and any nonnegative integer m, we have

(D™ 2)
= [[R™Hz|?
= (DR™z,R™zx)
_ <T*(1+n+k‘)T(1+n+kz)Rmx7 Rmx>

|
_onrl <T*kT*TTkRm:c, Rmx> + <T*kaRmx, Rma:>

n
2 1 2 2
- HTH"TkmeH e HTT’“RmacH +HT’“R%H
n

1 2
< = HTTkRmxH +||R™z|)?

n
< || R
= (D"z,x).

Thus R (and so D) is a contraction (set m = 0), and {D"}>°_, is a decreasing
sequence of nonnegative contractions. Then {D™}°_, converges strongly to a
projection P. Moreover

l
Z ||Tk+1RmCE||2
m=0

S

l

> (IR™|* —|[R™*z|?)

m=0
= |l2l® = [R™ a2 < %,

IN
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for all nonnegative integers I and for every x € H. Therefore ||T** 1 R™z| — 0
as m — oo. Then we have

TF1 Py = T lim D™z = lim TFFIR?>Mz =0,
m—00 m—r00

for every x € H. So that TF*1P = O. QED

A subspace M of space H is said to be non-trivial invariant(alternatively,
T—invariant) under 7" if {0} # M # H and T (M) C M. A closed subspace
M C H is said to be a non-trivial hyperinvariant subspace for T'if {0} # M # H
and is invariant under every operator S € L(H ), which fulfills 'S = ST.

Theorem 8. Let T be a contraction of the (n, k)-quasi class Q operator. If
T has a no non-trivial invariant subspace, then the nonnegative operator

n
s a strongly stable contraction.

Proof. We may assume that T is a non zero operator. Let T be a contraction
of the (n, k)-quasi class @ operator. By the above theorem, we see that D is a
contraction, {D™}°_; converges strongly to a projection P, and TP = 0.
So, PT*(+1) = O. Suppose T has no non-trivial invariant subspaces. Since ker P
is a nonzero invariant subspace for 7' whenever PT**+1) = O and T # O, it
follows that kerP = H. Hence P = O, and we see that {D™}>°_, converges
strongly to the null operator O, so D is a strongly stable contraction. Since D
is self-adjoint, D € Cyg. QED

Corollary 3 Let 7" be a contraction of the (n,k)-quasi class @) operator.
If T" has no non-trivial invariant subspace, then both 7" and the nonnegative
operators

n

are proper contractions.

Proof. A self-adjoint operator T is a proper contraction if and only if T is a Cyg
contraction. QED

Definition 2 If the contraction T is a direct sum of the unitary and C.
(c.n.u) contractions, then we say that 7' has a Wold-type decomposition.

Definition 3 [7] An operator T' € L(H) is said to have the Putnam-Fuglede
commutativity property (PF property for short) if 7*X = XJ for any X €
L(K, H) and any isometry J € L(K) such that TX = X J*.
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Lemma 3[6, 12] Let T be a contraction. The following conditions are equiv-
alent:

(1) For any bounded sequence {xy, }menuqoy C H such that Twy, 1 = p, the
sequence { ||z || }menuioy is constant,

(2) T has a Wold-type decomposition,
(3) T has the PF property.

Theorem 9. Let T be a contraction and the (n,k)-quasi class @ operator.
Then T has a Wold-type decomposition.

Proof. In proof of the theorem we use similar techniques as in Theorems given in
paper [12]. Since T is a contraction operator, the decreasing sequence {T'T*1}2°,
converges strongly to a nonnegative contraction. We denote by

1
2
S = <lim T’T*l> .
l—00

The operators T' and S are related by T*S?T = S?, O < S < I and S is
self-adjoint operator. By [9] there exists an isometry V : S(H) — S(H) such
that V.S = ST*, and thus SV* = T'S, and ||SV'z|| — ||z|| for every x € S(H).
The isometry V' can be extended to an isometry on H, which we still denote by
V.

For an 2 € S(H), we can define x,,, = SV™z for m € NU {0}. Then for all
nonnegative integers [ we have

Ty = TSVHEM e = SV IEme — gyme = o,

and for all [ < m we have
Tl.%'m = Tm—I-

Since T is an (n, k)-quasi class ) operator and the nontrivial =z € S(H) we
have

lzm = N7 @ |

1
— (1T e |2+l T )

IN

(lzoll* + nllzm+11%)

n+1

SO

1
[E nal (||330H2 + ”HiUerlHQ) .
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Then
(zmll® = lzm-1l?) + (lzm-all® = lzm-2ll®) + . + (z2]* = [zol?)
< n(l|lzmil® = llzml?)
Put
bm = |2m* = llzm—1ll?,
and we have
nbm+1 >by+bm—1+ ...+ 01 (2.1)
Since xy, = Txmpmy1, We have
@mll = T2 ]| < 2]l for every m € N,

then the sequence {[|2| }menuqoy is increasing. From
SV™ = svrymtt = pgymtt

we have
[Zm | = |SV™z| = TSV | < [|SV™ | < ||z,

for every x € S(H) and m € NU {0}. Then {|[z}menuqoy is bounded. From
this we have b,, > 0 and b,,, — 0 as m — oc.

It remains to check that all b,, equal zero. Suppose that there exists an
integer ¢ > 1 such that b; > 0. Using inequality (2.1) we get b;y1 > % > 0, and
it follows from an induction argument that b, > % > 0 for all m > 4. This is
contradictory with that b,, — 0 as m — oo. So b,, = 0 for all m € N and thus
|Zm—1]] = |zm]| for all m > 1. Thus the sequence {||zm||}menuoy is constant.

From Lemma 2, T" has a Wold-type decomposition.

QED

3 Examples

In this section we will compare our class of operators with other known
classes of operators. We will start from
Example 2 Let us consider the weighted shift operator T': lo(N1) — I5(NT),
defined as follows:

T(.fCl,CCQ, o ) = (0,0KlQZl,O[Q(I}'Q, o ‘)7

where oy, = 2%, for every n > 1. This operator is (n, k)-quasi class @, quasi-

nilpotent but not quasi-hyponormal.
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Proof. From the weighted shift operator definition we have that:

T(x) = (0,121, agwa, -+ ),

and

T*(z1, 22,23, ) = (T2, w3, - - - ).

Respectively, after some calculations we get that

T"(z) = (0,0, ,0,a100 - - - 1, Q2003 - U412, + ),
N———
n-times
and
T (z) = (0102 -+ QpTpi1, QA3 - -+ Q1 Tpg2, - - ).

Now we obtain

(T*(n+k+1)T(n+k+1) . (’I’l + 1)T*(k+1)T(k+1) —+ nT*ka)(gj) =

2 2 2 2 2 2 2 2 2
(oo - Clntk+1) — (n+1)ajay - "Qpyr) tROJOG aglz,

2 2
[a3aZ--- oz%n+k+2) —(n+1)ada2--- a%k+2) +nadal - Ay, )

On the other hand

(Tt k) g )yprtDpetl) oy rekpky g 2y =

[afas - - a%n—l—k—l—l) —(n+1)aja3--- a?k+1) +najaj---aj]|la |+

2

[azag e a2

2 2 2
(n+k+2) (n+1)ajas- - Oé%k+2) +najaj - O‘(k+1)]HfU2H 4=

2 2
ajag- - O‘%[O‘%k—i-l) e O‘%n+k+1) — (n+ 1)y + nll |21+

ajas - a%k+1)[a%k+2) - 'a%n+k+2) —(n+ 1)04%“2) +n]lla P+ > 0.

Because, from the definition of the weighted shift operator, we have

n+1 1 >0,

2 2 2 _
Qk41) " X ntk+1) — (n+ 1)0‘(k+1) tn=n- 92k +2 + 92k+2+2nk+n(n+3) =

for every k,n € NT.
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Hence, it is proved that T is (n, k)-quasi class Q. After some calculations we
get that

from which it follows that T— is quasi nilpotent. And finally it is not quasi-
hyponormal, and this fact follows from the relation:

Qn ﬁ Qn41

and Proposition 3.4 in [2]. QED

Example 3 The (n, k)-quasi class @, is significantly larger than the class of
paranormal operators and does not have SVEP.

Proof. To prove the above assertion, we will take into consideration the operator

T defined in the Example 1, with sequence weight (a,) = (O /1 % 2/1 4, ) .

The operator T is (n, k)-quasi class @, if and only if(Example 1)

2 2 2 2 2
Otk Cmtk+1 " " ¥t k4n—1%m+k4n — (n+ 1)am+k +n >0,

for m > 1. If we substitute the weighted sequence (ay,), in the last relation we
obtain:

1 1 1 L 1 L ot
m+k+1 m+k-+2 m+k+n+1 " m+k+1

B n(n+1) -0
S (mAk+D)(m+k+n+1) T

T has its adjoint 7™ which is a Fredholm operator. T" has the SVEP at 0 if
and only if

K(T*) = {x € H/there exists a sequence (y,) C H and ¢ >0,

for which = yo, T (Yn+1) = Yn, ||[yn|] < 0"||z||,n € N},

is finite codimensional, (from Theorem 2.10 in [1]). But K (7™) does not contain
any e,. Hence, T' does not have SVEP. On the other hand, we know that an
(n, k)—quasi paranormal operator has SVEP, [14, Theorem 4.1]. Consequently,
we have proved that T' which is (n,k)-quasi class @, is not an (n, k)—quasi
paranormal operator. QED
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4 On (n,k)-quasi class () composition on Fock-spaces

Let z = (21,22, ..., 2m) and w = (w1, wa, ..., wy,) be point in C™, (z,w) =
S 2wy and |z] = 4/(z,2). The Fock space F7, is the Hilbert space of all
holomorphic functions on C™ (entire functions) with inner product

S 2)g(z)e 2 dA(z
1) = g [, 1) 3 aaco),

here dA(z) denotes Lebesgue measure on C™, and We_%mzdfl(z) is called

Gaussian measure on C™. The sequence {e,, = #zm}meN forms an orthonor-

mal basis for F2,.

Since each point evaluation is a bounded linear functional on F2, for each
w € C™ there exists a unique function u,, € F2 such that (f,u,) = f(w) for
all f € F2,. The reproducing kernel functions for the Fock space are given by

(z,w) |w|?
Uy(z) =e 2 N

and ||uy| =€ .

For a given holomorphic mapping ¢ : C™ — C™, the composition operator
Cy: F2, + F2, is given by Cy(f) = fo ¢, f € F2,s0 (Cyf)(2) = f(4(z). The
multiplication operator M, induced by an entire function v on F2, is defined as
M, f(z) = u(z2)f(z) for an entire function f.

Lemma 4[3, Lemma 2]If f(z) = Az + B, where A is an m X m matrix with
|A|]| <1 and B is an m x 1 vector and if (A&, B) = 0 whenever |A¢| = €| then
C;; = M,,C;, where 7(z) = A*z and M, is the multiplication by the kernel
function uy,.

Theorem 10. A composition operator Cy is an (n, k)-quasi class Q operator
on F2, if and only if
My, ok My, orntk Cgnibtigrntits — (n+ I)MubOTk Cortiorktr + nCgkork > 0

Proof. A composition operator Cy is an (n, k)-quasi class @ operator on F2, if
and only if

* n+k 1+n+k *(k+1 *
C¢(1+ + )Cé +ntk) (n+ 1)C’¢( + )Cf;“ +n0¢kcv£ > 0. (4.1)

By Lemma 4 we have

*(n+k * n+k *(n+k n+k
C I (Ca0p) 08 = O (M, OO O,

Since CyC; = Crop We have

Ci (O30 O = ) (M, Cgor ) C

? ! (n+k) — C;(n-i-k?) (Mub C¢n+k+lo7-)-

¢
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Again by using Lemma 4, therefore
C;(n+k)(c(;c¢)oén+k) _ C;(nJrkil)MubCT(MubC¢n+k+lo7-)~

Since
CTMUb = MUbOTCT

then
C;(n+k)(C;C¢)C(§)n+k) _ C;(n+k_1)Mub MubOTC¢n+k+1o7—2~
Continuing this way we obtain

U

Oy NI = Moy Myyoree. Moy orntkCgninsigmensr. (4.2)

From relations (4.1) and (4.2) we have: Cy is an (n, k)-quasi class @) operator
on F2, if and only if

Mub MubOT' ..MubOTn—Hc C¢n+k+107n+k+1 -
(n 4+ 1) My, Myyor .- My, ok Cortrorirs + nMy, Myyor... My, ork—1Cppork > 0,

hence

MubOTk...MUbOTn+kC¢n+k+1o7.n+k+1 — (n + 1)Mubo7_k0¢k+lo7_k+1 + nC¢ko7.k >0
QED
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