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Abstract. Evolutes and pedals of plane curves have been well investigated since the begin-
ning of the history of differential geometry. However, there might be no direct relationships
between the pedal and the evolute of a curve. We introduce families of relatives of pedals
and evolutes and investigate some relationships between these families curves. Moreover, we
generalize these notions to the category of frontal curves. Then the relation can be completely
described in this category.
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1 Introduction

The notions of pedals and evolutes of regular curves in the Euclidean plane
are classical subjects, whose singular points characterize the inflection points
and the vertices of curves (cf. [2, 6]). In this paper we introduce relatives of
pedals of plane curves and investigate some relationships between these curves.

Let γ : I −→ R2 be a unit speed plane curve, where R2 is the Euclidean
plane with the canonical scaler product 〈a, b〉 = a1b1 +a2b2 for a = (a1, a2), b =
(b1, b2) ∈ R2. The norm of a is defined to be ‖a‖ =

√
〈a,a〉 =

√
a2

1 + a2
2. Then

we have the Frenet formulae:{
t′(s) = κ(s)n(s),
n′(s) = −κ(s)t(s),

where t(s) = γ ′(s) is the unit tangent vector, n(s) = J(t(s)) is the unit normal
vector, J is the anti-clockwise rotation by π/2 on R2 and κ(s) = x′1(s)x′′2(s) −
x′′1(s)x′2(s) is the curvature of γ(s) = (x1(s), x2(s)). Although the notion of
pedals is defined for an arbitrary chosen point in R2, we choose the origin. A
pedal of γ (with respect to 0 ∈ R2 ) is defined to be Peγ(s) = 〈γ(s),n(s)〉n(s)
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(cf. [2, Page 36]). The pedal of a curve is know to be the locus of the projection
image of the origin to the tangent line along the normal direction at each point of
the curve. Since Pe′γ(s) = −κ(s)(〈γ(s), t(s)〉n(s)+〈γ(s),n(s)〉t(s)), the singular
points of the pedal of γ is the point s0 where γ(s0) = 0 or κ(s0) = 0 (i.e. the
inflection point of γ). If we assume that γ does not pass through the origin, the
singular points of the pedal Peγ are the inflection points of γ. It is known that
the pedal is given as the envelope of a family of circles as follows (cf. [2, Page
166]): Let G : I × R2 −→ R be a function defined by

G(s,x) =

∥∥∥∥x− 1

2
γ(s)

∥∥∥∥2

− 1

4
‖γ(s)‖2 = 〈x,x− γ(s)〉.

If we fix s0 ∈ I, G(s0,x) = 0 is the equation of the circle with the center
1
2γ(s0) which passes through the origin. We have the following calculation:
(∂G/∂s)(s,x) = 〈x,−t(s)〉. Since {t(s),n(s)} is an orthonormal basis of R2,
we write x = λt(s) + µn(s). Then G(s,x) = (∂G/∂s)(s,x) = 0 if and only if
λ = 0 and µ(µ − 〈n(s),γ(s)〉) = 0. The last condition is equivalent to µ = 0
or x = 〈γ(s),n(s)〉n(s). This means that the pedal Peγ(s) is the envelope of
the above family of the circles. As an application of the unfolding theory of
functions of one-variable, we have the following proposition (cf. [2, Page 166]).

Proposition 1.1. The pedal Peγ of a curve γ around Peγ(s0) is locally
diffeomorphic to the ordinary cusp C = { (x, y) ∈ R | x = t2, y = t3 } if and
only if κ(s0) = 0 and κ′(s0) 6= 0.

On the other hand, we define an evolute of γ by

Evγ(s) = γ(s) +
1

κ(s)
n(s),

for κ(s) 6= 0. The evolute is known to be the locus of the center of osculating
circles. Since we have Ev′γ(s) = −(κ′/κ2)(s)n(s), s0 ∈ I is a singular point of
Evγ if and only if κ′(s0) = 0 (i.e. the vertex of γ). There might be no good
relationships between the evolute and the pedal of a curve.

It is classically known that the evolute is the envelope of the family of normal
lines along the curve γ (cf. [2, 6]). Moreover, the envelope of the family of tangent
lines along γ is the original curve, together the tangent line at each inflection
point of γ. In [5] Giblin and Warder introduced the notion of evolutoids as a
one-parameter family of associated curves of γ, which fills in the gap between
the evolute and the original curve. Each member of the evolutoids is defined as
the envelope the family of lines such that each line has a constant angle with the
tangent line at the same point of the original curve. Analogous to the evolutoids,
we define the notion of pedaloids in this paper, which are a family of relatives
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of the pedal of a curve. By using these notions, we can clarify a relationship
between the pedaloids and the evolutoids of a regular curve (cf. §2). Finally,
we consider these notions for frontal curves and categorically complete those
relationships (cf. §3).

We assume that all maps are class C∞ throughout the whole paper unless
the contrary is explicitly stated.

2 Evolutoids and pedaloids

In [5] the notion of evolutoids was defined as follows: For φ ∈ [0, 2π), define

Ev[φ]γ(s) = γ(s) +
sinφ

κ(s)
(cosφt(s) + sinφn(s)),

where κ(s) 6= 0, which is called an evolutoid for each φ. In this paper we call
it a φ-evolutoid of γ. If we define a family of functions F : I × R2 −→ R by
F (s,x) = 〈x − γ(s), sinφt(s) − cosφn(s)〉. Then f−1

s (0) for fs(x) = F (s,x)
is a line through γ(s) such that the angle of f−1

s (0) with t(s) is φ. We can
calculate that the envelope of the family { f−1

s (0) }s∈I is the φ-evolutoid (cf. [5]).
If φ = π/2, 3π/2, then Ev[φ]γ(s) = Evγ(s). If φ = 0, π, then Ev[φ]γ(s) = γ(s).
For any φ, we can calculate that

Ev[φ]′γ(s) =

(
cosφ− κ′

κ2
(s) sinφ

)
(cosφt(s) + sinφn(s)),

so that s0 ∈ I is a singular point of Ev[φ]γ if and only if κ2(s0) cosφ −
κ′(s0) sinφ = 0.

On the other hand, we introduce the notion of pedaloids. For ψ ∈ [0, 2π),
define

Pe[ψ]γ(s) = 〈γ(s), cosψt(s) + sinψn(s)〉(cosψt(s) + sinψn(s))

We call it a ψ-pedaloid of γ. If ψ = π/2, 3π/2, then Pe[ψ]γ(s) = Peγ(s). If
ψ = 0, π, then Pe[ψ]γ(s) = 〈γ(s), t(s)〉t(s), which is known as a contrapedal (i.e.
a C-pedal for short) (cf. [8]). We write the C-pedal by CPeγ(s). We calculate
that

Pe[ψ]′γ(s) = {cos2 ψ + κ(s)(cos 2ψ〈γ(s),n(s)〉 − sin 2ψ〈γ(s), t(s)〉)}t(s)
+ {cosψ sinψ + κ(s)(sin 2ψ〈γ(s),n(s)〉+ cos 2ψ〈γ(s), t(s)〉)}n(s).

We can show that s0 ∈ I is a singular point of Pe[ψ]γ if and only if

κ(s0)〈γ(s0), t(s0)〉 = cosψ sinψ, κ(s0)〈γ(s0),n(s0)〉 = − cos2 ψ.

Then we have the following beautiful relation between evolutoids and pedaloids.
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Theorem 2.1. Suppose that κ(s) 6= 0, κ2(s) sinψ−κ′(s) cosψ 6= 0 (i.e. the
(ψ + π/2)-evolutoid is non-singular). Then we have

PeEv[ψ+π/2]γ (s) = Pe[ψ]γ(s).

Proof. We define a family of functions G[ψ] : I × R2 −→ R by

G[ψ](s,x) =

∥∥∥∥x− 1

2
Ev[ψ + π/2]γ(s)

∥∥∥∥2

− 1

4
‖Ev[ψ + π/2]γ(s)‖2

= 〈x,x− Ev[ψ + π/2]γ(s)〉.

By the assumption, Ev[ψ + π/2]γ(s) is a regular curve, so that the envelope
given by the family G[ψ](s,x) = 0 is the pedal PeEv[ψ+π/2]γ of Ev[ψ+π/2]γ(s).
For any φ, since

Ev[φ]′γ(s) =

(
cosφ− κ′

κ2
(s) sinφ

)
(cosφt(s) + sinφn(s)),

we have

∂G[ψ]

∂s
(s,x) =

(
cosφ− κ′

κ2
(s) sinφ

)
〈x, cosφt(s) + sinφn(s)〉,

where φ = ψ+π/2. Since {t(s),n(s)} is a orthonormal frame, there exist λ, µ ∈
R such that x = λt(s)+µn(s). By the assumption, ∂G[ψ]

∂s (s,x) = 0 if and only if
λ cos(ψ+π/2) +µ sin(ψ+π/2) = 0, which is equivalent to λ sinψ−µ cosψ = 0.
For φ = ψ + π/2, we have

G[φ](s,x) = λ2 + µ2 − λ〈t(s),γ(s)〉 − µ〈n(s),γ(s)〉+
sinφ

κ(s)
(λ cosφ+ µ sinφ)

= λ2 + µ2 − λ〈t(s),γ(s)〉 − µ〈n(s),γ(s)〉.

Suppose that ψ 6= 0, π (i.e. sinψ = cosφ 6= 0). Then G[φ](s,x) = 0 if and
only if µ2 +µ cosφ(sinφ〈t,γ〉−cosφ〈n,γ〉) = 0. The last condition is equivalent
to λ = µ = 0 or µ 6= 0. Suppose that µ 6= 0. Then

µ = cos2 φ〈n,γ〉 − cosφ sinφ〈t,γ〉, λ = − sinφ cosφ〈n,γ〉+ sin2 φ〈t,γ〉.

It follows that

x = −(cosφ〈n(s),γ(s)〉+ sinφ〈t(s),γ(s)〉) sinφt(s)

+(cosφ〈n(s),γ(s)〉 − sinφ〈t(s),γ(s)〉) cosφn(s)

= 〈cosψt(s) + sinψn(s),γ(s)〉(cosψt(s) + sinψn(s)) = Pe[ψ]γ(s).
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If λ = µ = 0, then x = 0, so that x satisfies the condition G[φ](s0,x) =
∂G[φ]
∂s (s0,x) = 0. Moreover, we have

〈sinφt(s0)− cosφn(s0),γ(s0)〉 = sinφ〈t(s0),γ(s0)〉 − cosφ〈n(s0),γ(s0)〉 = 0.

Therefore, we have Pe[ψ]γ(s0) = 0 = x. This means that the envelope of the
family defined by the family G[ψ](s,x) = 0 is the ψ-pedaloid Pe[ψ]γ(s). For
ψ = 0, π/2, it is a trivial equality. �

We have the following simple corollary ([8, pp. 151]).

Corollary 2.2. Suppose that κ(s) 6= 0, κ′(s) 6= 0 and the evolute of γ does
not pass through the origin of R2. Then the C-pedal of γ is the pedal of the
evolute of γ :

CPeγ(s) = PeEvγ (s).

3 Pedaloids and evolutoids of frontals

In the previous sections we investigated the pedaloids and the evolutoids
of regular curves. However, the pedaloids and the evolutoids generally have
singularities even for regular curves. In the last section we consider the pedal of
the evolutoid of a curve. Therefore, we need to generalize the notions of pedals
of certain singular curves. One of the natural singular curves in the Euclidean
plane for which we can develop the differential geometry is the notion of frontals
[3, 4].

We say that (γ,ν) : I −→ R2 × S1 is a Legendrian curve if (γ,ν)∗θ = 0,
where θ is the canonical contact 1-form on the unit tangent bundle T1R2 =
R2 × S1 (cf. [1]). The last condition is equivalent to 〈γ̇(t),ν(t)〉 = 0 for any
t ∈ I. We say that γ : I −→ R2 is a frontal if there exists ν : I −→ S1 such that
(γ,ν) is a Legendrian curve. If (γ,ν) is an immersion, γ is said to be a front. A
differential geometry on frontals was constructed in [4]. For a Legendrian curve
(γ,ν) : I −→ R2 × S1, we define a unit vector field µ(t) = J(ν(t)) along γ.
Then we have the following Frenet type formulae [4]:{

ν̇(t) = `(t)µ(t),
µ̇(t) = −`(t)ν(t),

where `(t) = 〈ν̇(t),µ(t)〉. Moreover, there exists β(t) such that γ̇(t) = β(t)µ(t)
for any t ∈ I. The pair (`, β) is called a curvature of the Legendrian curve (γ,ν).
By definition, t0 ∈ I is a singular point of γ if and only if β(t0) = 0. Moreover,
for a regular curve γ, µ(t) = t(t) and `(t) = ‖γ̇(t)‖κ(t). The Legendrian curve
(γ,ν) is immersive (i.e. γ is a front) if and only if (`(t), β(t)) 6= (0, 0) for any
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t ∈ I. So the inflection point t0 ∈ I of the frontal γ is a point `(t0) = 0. For
more detailed properties of Legendrian curves, see [3, 4].

In [4], the evolute of a frontal γ is defined by

Evγ(t) = γ(t)− α(t)ν(t),

with the assumption that there exists α(t) such that β(t) = α(t)`(t) for any
t ∈ I. Moreover, Evγ(t) is a frontal and it is a front if γ is a front [3, 4].

Let (γ,ν) be a Legendrian curve. We assume that there exists α(t) such
that β(t) = α(t)`(t) for any t ∈ I. Then we define a φ-evolutoid of γ by

Evγ [φ](t) = γ(t)− α(t) sinφ(cosφµ(t) + sinφν(t)).

We have Evγ [0](t) = Evγ [π](t) = γ(t) and Evγ [π/2](t) = Evγ [3π/2](t) = Evγ(t).
Then we have the following proposition.

Proposition 3.1. Let (γ,ν) be a Legendrian curve with the curvatue (`, β).
Suppose that there exists α(t) such that β(t) = α(t)`(t) for any t ∈ I. Then
the φ-evolutoid Evγ [φ] is a frontal with the curvature (`, `). If `(t) 6= 0 for any
t ∈ I, then the φ-evolutoid Evγ [φ] is a front.

Proof. By a straightforward calculation, we have

d

dt
Evγ [φ](t) = (β(t) cosφ− α̇(t) sinφ)(cosφµ(t) + sinφν(t)).

Then we define

ν[φ](t) = J(cosφµ(t) + sinφν(t)) = − cosφν(t) + sinφµ(t).

If we consider (Evγ [φ],ν[φ]) : I −→ R2 × S1, then we have〈
d

dt
Evγ [φ](t),ν[φ](t)

〉
= 0,

so that (Evγ [φ],ν[φ]) is a Legendrian curve. This means that Evγ [φ] is a frontal.
On the other hand, we have

µ[φ](t) = Jν[φ](t) = −(sinφν(t) + cosφµ(t)).

Moreover, we have

d

dt
ν[φ](t) = −`(t)(cosφµ(t) + sinφν(t)),

so that

`[φ](t) =

〈
d

dt
ν[φ](t),µ[φ](t)

〉
= `(t),

d

dt
ν[φ](t) = `(t)µ[φ](t).
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Thus, the curvature of Evγ [φ] is (`, `). If `(t) 6= 0, then (Evγ [φ],ν[φ]) is immer-
sive. This competes the proof. �

We also define a ψ-pedaloid of a frontal γ by

Pe[ψ]γ(t) = 〈γ(t), cosψµ(t) + sinψν(t)〉(cosψµ(t) + sinψν(t)).

Here, we can define the ψ-pedaloid for a Legendrian curve (γ,ν) without any
assumptions. We denote that

Peγ(t) = Pe[π/2]γ(t) = Pe[3π/2]γ(t), CPeγ(t) = Pe[0]γ(t) = Pe[π]γ(t).

We call Peγ(t) a pedal of γ and CPeγ(t) a contrapedal of γ. It is rather hard
to show that the ψ-pedaloid for a Legendrian curve is a frontal. Here, we only
show the following proposition, (see also [7]).

Proposition 3.2. Let (γ,ν) be a Legendrian curve with the curvatue (`, β).
Suppose that there exist δ(t) and σ : I −→ S1such that γ(t) = δ(t)σ(t) for any
t ∈ I. Then the pedal Peγ(t) of γ is a frontal.

Proof. By a straightforward calculation, we have

d

dt
Peγ(t) = `(t)(〈γ(t),ν(t)〉µ(t) + 〈γ(t),µ(t)〉ν(t))

= `(t)δ(t)(〈σ(t),ν(t)〉µ(t) + 〈σ(t),µ(t)〉ν(t)).

We define a unit vector field ν(t) along γ by

ν(t) =
1√

〈σ(t),µ(t)〉2 + 〈σ(t),ν(t)〉2
(〈σ(t),µ(t)〉µ(t)− 〈σ(t),ν(t)〉ν(t)).

We have 〈 ddtPeγ(t),ν(t)〉 = 0 for any t ∈ I. This completes the proof. �

We remark that the assumption of the above proposition is satisfied if γ(t) 6=
0. The curvature of Peγ(t) is rather complicated even for regular curve γ. Then
we have the following generalization of Theorem 2.1.

Theorem 3.3. Let (γ,ν) be a Legendrian curve with the curvature (`, β).
Suppose that there exists α(t) such that β(t) = α(t)`(t) for any t ∈ I. Then we
have

Pe[ψ]γ(t) = PeEvγ [ψ+π/2](t).

Proof. By definition and a straightforward calculation, we have

PeEvγ [φ](t) = 〈Evγ [φ](t),ν[φ](t)〉ν[φ](t)

= 〈γ(t),− cosφν(t) + sinφµ(t)〉(− cosφν(t) + sinφµ(t)).
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Here, we substitute ψ + π/2 for φ. Then we have

PeEvγ [ψ+π/2](t) = 〈γ(t),− sinψν(t)− cosψµ(t)〉(− sinψν(t)− cosψµ(t))

= Pe[ψ]γ(t).

This completes the proof. �

We have the following corollary of Proposition 3.2 and Theorem 3.3.

Corollary 3.4. Let (γ,ν) be a Legendrian curve with the curvatue (`, β).
Suppose that there exist α(t), δ(t) and σ : I −→ S1 such that β(t) = α(t)`(t)
and Evγ [ψ + π/2](t) = δ(t)σ(t) for any t ∈ I. Then the ψ-pedaloid Pe[ψ]γ is a
frontal.

Example 3.5. We consider a curve γ1 : [−π, π] −→ R2 defined by γ1(t) =(
cos3 t

2 , sin3 t√
2

)
. We can easily show that γ is a front. We can draw the picture of

the image of γ1 as Fig. 1. The 0-pedaloid Pe[0]γ1 is also depicted in Fig. 2.
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Fig. 1 : γ1(t) =
(

cos3 t
2 , sin3 t√

2

)
. Fig. 2 : The 0-pedaloid of γ1.

We draw the π/2-pedaloid Pe[π/2]γ1 in Fig. 3. Moreover, the π/4-pedaloid
Pe[π/4]γ1 is drawn in Fig. 4. Finally, we draw the pictures of pedaloids alto-
gether in Fig. 5.
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Fig. 3 : The π/2-pedaloid of γ1. Fig. 4 : The π/4-pedaloid of γ1.
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Fig. 5 : γ1 and pedaloids.

On the other hand, we draw the pictures of π/2-evolutoid Evγ1 [π/2] in Fig.
6 and π/2 + π/2-evolutoid Evγ1 [π/2 + π/2] in Fig. 7, respectively
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Fig. 6 : The π/2-evolutoid of γ1. Fig. 7 : The π/2 + π/2-evolutoid of γ1.

Moreover, the π/4 + π/2-evolutoid Evγ1 [π/4 + π/2] is drawn in Fig. 8. Finally,
we draw the pictures of evolutoids altogether in Fig. 9.
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Fig. 8 : The π/4 + π/2-evolutoid of γ1. Fig. 9 : Evolutoids.
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Example 3.6. We consider a curve γ2 : [−π, π] −→ R2 defined by γ2(t) =(
cos3 t sin3 t√

2
, cos3 t cos 2t sin3 t√

2

)
. We can easily show that γ2 is a frontal and not a

front. We can draw the picture of the image of γ2 as Fig. 10. The 0-pedaloid
Pe[0]γ2 is also depicted in Fig. 11.

!0.05 0.05

!0.03

!0.02

!0.01

0.01

0.02

0.03

! "Π $ Π $ % & 

!0.06 !0.04 !0.02 0.02 0.04 0.06

!0.03

!0.02

!0.01

0.01

0.02

0.03

Fig. 10 : γ2(t) =
(

cos3 t sin3 t√
2

, cos3 t cos 2t sin3 t√
2

)
. Fig. 11 : The 0-pedaloid of γ2.

We draw the π/2-pedaloid Pe[π/2]γ2 in Fig. 12. Moreover, the π/4-pedaloid
Pe[π/4]γ2 is drawn in Fig. 13. Finally, we draw the pictures of pedaloids alto-
gether in Fig. 14.
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Fig. 12 : The π/2-pedaloid of γ2. Fig. 13 : The π/4-pedaloid of γ2.
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Fig. 14 : γ2 and pedaloids.

On the other hand, we draw the pictures of π/2-evolutoid Evγ2 [π/2] in Fig.
15 and π/2 + π/2-evolutoid Evγ2 [π/2 + π/2] in Fig. 16, respectively



Evolutoids and pedaloids 23

!0.10 !0.05 0.05 0.10

!0.10

!0.05

0.05

0.10

! "Π $ Π $ %
縦横比

&
自動



Out[103]=

!0.05 0.05

!0.03

!0.02

!0.01

0.01

0.02

0.03

Fig. 15 : The π/2-evolutoid of γ2. Fig. 16 : The π/2 + π/2-evolutoid of γ2.

Moreover, the π/4 +π/2-evolutoid Evγ2 [π/4 +π/2] is drawn in Fig. 17. Finally,
we draw the pictures of evolutoids altogether in Fig. 18.
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Fig. 17 : The π/4 + π/2-evolutoid of γ2. Fig. 18 : Evolutoids.
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