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Abstract. Evolutes and pedals of plane curves have been well investigated since the begin-
ning of the history of differential geometry. However, there might be no direct relationships
between the pedal and the evolute of a curve. We introduce families of relatives of pedals
and evolutes and investigate some relationships between these families curves. Moreover, we
generalize these notions to the category of frontal curves. Then the relation can be completely
described in this category.
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1 Introduction

The notions of pedals and evolutes of regular curves in the Fuclidean plane
are classical subjects, whose singular points characterize the inflection points
and the vertices of curves (cf. [2, 6]). In this paper we introduce relatives of
pedals of plane curves and investigate some relationships between these curves.

Let v : I — R? be a unit speed plane curve, where R? is the Euclidean
plane with the canonical scaler product (a,b) = a1b; + agbs for a = (a1, a2),b =
(b1,b2) € R2. The norm of a is defined to be ||la|| = \/{a, a) = \/a? + a2. Then
we have the Frenet formulae:

{ "(s) = (S)n(S),
n/(s) = —r(s)t(s),

where t(s) = v/(s) is the unit tangent vector, n(s) = J(t(s)) is the unit normal
vector, J is the anti-clockwise rotation by 7/2 on R? and k(s) = 2/ (s)z}(s) —
zf(s)zh(s) is the curvature of v(s) = (z1(s),z2(s)). Although the notion of
pedals is defined for an arbitrary chosen point in R?, we choose the origin. A
pedal of vy (with respect to 0 € R? ) is defined to be Pe,(s) = (v(s), n(s))n(s)
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(cf. [2, Page 36]). The pedal of a curve is know to be the locus of the projection
image of the origin to the tangent line along the normal direction at each point of
the curve. Since Pel, (s) = —r(s)((v(s),t(s))n(s)+(v(s), n(s))t(s)), the singular
points of the pedal of « is the point so where (sg) = 0 or x(sg) = 0 (i.e. the
inflection point of ). If we assume that v does not pass through the origin, the
singular points of the pedal Pe, are the inflection points of ~. It is known that
the pedal is given as the envelope of a family of circles as follows (cf. [2, Page
166]): Let G : I x R? — R be a function defined by

1 2

x — ()

G(s,x) = 5

~ 1N = (@@~ (s)).

If we fix so € I, G(sp,x) = 0 is the equation of the circle with the center
%’y(so) which passes through the origin. We have the following calculation:
(0G/9s)(s,x) = (xz, —t(s)). Since {t(s),n(s)} is an orthonormal basis of R?,
we write & = At(s) + un(s). Then G(s,x) = (0G/0s)(s,x) = 0 if and only if
A =0 and p(p — (n(s),~(s))) = 0. The last condition is equivalent to u = 0
or ¢ = (7(s),n(s))n(s). This means that the pedal Pey(s) is the envelope of
the above family of the circles. As an application of the unfolding theory of
functions of one-variable, we have the following proposition (cf. [2, Page 166]).

Proposition 1.1. The pedal Pey of a curve v around Pe,(sg) is locally
diffeomorphic to the ordinary cusp C = { (z,y) € R | z =ty =3} if and
only if k(sp) = 0 and £'(sg) # 0.

On the other hand, we define an evolute of v by

EV’Y(S) = 7(5) + I{(S)n(s)7

for k(s) # 0. The evolute is known to be the locus of the center of osculating
circles. Since we have Ev/ (s) = —(x'/k?)(s)n(s), so € I is a singular point of
Ev, if and only if /'(sg) = 0 (i.e. the vertex of ). There might be no good
relationships between the evolute and the pedal of a curve.

It is classically known that the evolute is the envelope of the family of normal
lines along the curve v (cf. [2, 6]). Moreover, the envelope of the family of tangent
lines along -~ is the original curve, together the tangent line at each inflection
point of . In [5] Giblin and Warder introduced the notion of evolutoids as a
one-parameter family of associated curves of ~, which fills in the gap between
the evolute and the original curve. Each member of the evolutoids is defined as
the envelope the family of lines such that each line has a constant angle with the
tangent line at the same point of the original curve. Analogous to the evolutoids,
we define the notion of pedaloids in this paper, which are a family of relatives
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of the pedal of a curve. By using these notions, we can clarify a relationship
between the pedaloids and the evolutoids of a regular curve (cf. §2). Finally,
we consider these notions for frontal curves and categorically complete those
relationships (cf. §3).

We assume that all maps are class C'° throughout the whole paper unless
the contrary is explicitly stated.

2 Evolutoids and pedaloids

In [5] the notion of evolutoids was defined as follows: For ¢ € [0, 27), define

sin ¢
k(s)
where k(s) # 0, which is called an evolutoid for each ¢. In this paper we call
it a ¢-evolutoid of ~. If we define a family of functions F' : I x R? — R by
F(s,z) = (x — ~(s),sin¢t(s) — cos ¢pn(s)). Then f;1(0) for fs(x) = F(s,x)
is a line through ~(s) such that the angle of f;(0) with ¢(s) is ¢. We can
calculate that the envelope of the family { f:1(0) }ses is the ¢-evolutoid (cf. [5]).
If ¢ =m/2,37/2, then Ev([$],(s) = Evy(s). If ¢ = 0, , then Ev[¢],(s) = v(s).
For any ¢, we can calculate that

Ev{¢ly(s) = v(s) + (cos ¢t(s) + sin pn(s)),

Ev[gf)]fy(s) = <cos ¢ — i/(s) sin gb) (cos ¢t(s) + sin pn(s)),

K2

so that sp € I is a singular point of Ev[¢] if and only if x%(sg)cos¢ —
K (s0) sin ¢ = 0.
On the other hand, we introduce the notion of pedaloids. For ¢ € [0,27),
define
Pel)]4(s) = (v(s),cost(s) + sinymn(s))(cosyt(s) + sinyn(s))

We call it a 1-pedaloid of ~. If ©p = 7/2,37/2, then Pe[t)]y(s) = Pey(s). If
Y = 0,7, then Pe[¢],(s) = (v(s),t(s))t(s), which is known as a contrapedal (i.e.
a C-pedal for short) (cf. [8]). We write the C-pedal by CPey(s). We calculate
that

Pelpl(s) = {cos? 1+ (s)(cos 20(v(s),(s)) — sin 26 (4(s), £(5)) }£(5)
+ {cosysiny + k(s)(sin 2¢0(y(s), n(s)) + cos 2¢(y(s),t(s))) }n(s).
We can show that so € I is a singular point of Pe[¢], if and only if
K(50)(7(50), t(s0)) = cospsine, r(s0)(v(s0),n(s0)) = — cos” .

Then we have the following beautiful relation between evolutoids and pedaloids.
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Theorem 2.1. Suppose that x(s) # 0, k%(s)sin — x’(s) cosyp # 0 (i.e. the
(1 + m/2)-evolutoid is non-singular). Then we have

Pegy(y1r/2), () = Pe[]4(s).
Proof. We define a family of functions G[¢] : I x R? — R by

2

Gll(s,@) = ||o— SEvly+m/2(s)| — 7 IV + /2 (o)

= (x,z — Ev[y +7/2],(s)).

By the assumption, Ev[y) + m/2],(s) is a regular curve, so that the envelope
given by the family G[¢](s,x) = 0 is the pedal Pegy[yyr /2., of Ev[t)+7/2],(s).
For any ¢, since

!/

Ev[],(s) = (cos ¢ — %(5) sin ¢> (cos ¢t (s) + sin ¢ (s)),

we have

8(;5/1} (s,) = (cos¢ - :;(8) sin ¢) {x, cos ¢t(s) + sin gn(s)),

where ¢ = 1)+ 7/2. Since {t(s),n(s)} is a orthonormal frame, there exist A\, u €

R such that = A(s)+ pun(s). By the assumption, 8%([;” (s,z) = 0if and only if

Acos(tp+m/2) + psin(yp + 7/2) = 0, which is equivalent to Asin ) — pcosy = 0.
For ¢ = ¢ + 7/2, we have

Glol(s@) = A%+ 4 = A(ee).(5) = (s). 7(s) +
= N+ u® = Mt(s),7(s)) — u(n(s),v(s)).

Suppose that ¢ # 0,7 (i.e. siny) = cos¢ # 0). Then G[¢](s,x) = 0 if and
only if %+ p cos ¢(sin ¢(t, ) —cos ¢(n,~)) = 0. The last condition is equivalent
to A =p =0 or u # 0. Suppose that p # 0. Then

(Acos ¢ + psin @)

1= cos® ¢p(n,y) — cos psind(t,v), A = —sin¢cos p(n,~) + sin® ¢(t, 7).
It follows that
z = —(cos{n(s),y(s)) +sin G{t(s),7(s))) sim ot (s)

Y (s)
+(cos g(n(s),(s)) — sin(t(s),7(s))) cos on(s)
= (cosyt(s) +sinymn(s),v(s))(cosyt(s) + sinyn(s)) = Pel)],(s).
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—

f A =pu =0, then * = 0, so that x satisfies the condition G[d](so,x) =

§£ ](So, x) = 0. Moreover, we have

Q

(sin ¢t (s0) — cos dn(so),¥(s0)) = sin ¢(t(s0),¥(s0)) — cos d(n(s0),¥(s0)) = 0.

Therefore, we have Pe[t)],(s9) = 0 = x. This means that the envelope of the
family defined by the family G[¢](s,z) = 0 is the 1-pedaloid Pe[¢)](s). For
¥ =0,7/2, it is a trivial equality. O

We have the following simple corollary ([8, pp. 151]).

Corollary 2.2. Suppose that x(s) # 0, £/(s) # 0 and the evolute of v does
not pass through the origin of R2. Then the C-pedal of 4 is the pedal of the
evolute of v :

CPe,(s) = Pegy, (s).

3 Pedaloids and evolutoids of frontals

In the previous sections we investigated the pedaloids and the evolutoids
of regular curves. However, the pedaloids and the evolutoids generally have
singularities even for regular curves. In the last section we consider the pedal of
the evolutoid of a curve. Therefore, we need to generalize the notions of pedals
of certain singular curves. One of the natural singular curves in the Euclidean
plane for which we can develop the differential geometry is the notion of frontals
(3, 4].

We say that (v,v) : I — R? x S! is a Legendrian curve if (v,v)*0 = 0,
where 6 is the canonical contact 1-form on the unit tangent bundle T{R? =
R? x S (cf. [1]). The last condition is equivalent to (¥(¢),v(t)) = 0 for any
t € I. We say that v : I — R? is a frontal if there exists v : I — S such that
(7,v) is a Legendrian curve. If (7, v) is an immersion, - is said to be a front. A
differential geometry on frontals was constructed in [4]. For a Legendrian curve
(v,v) : I — R? x St we define a unit vector field u(t) = J(v(t)) along ~.
Then we have the following Frenet type formulae [4]:

{ v(t) = L(t)p(t),
p(t) = =Lt (),

where ¢(t) = (©(t), u(t)). Moreover, there exists 5(t) such that ¥(t) = B(¢)u(t)
for any t € I. The pair (¢, 3) is called a curvature of the Legendrian curve (v,v).
By definition, ¢y € I is a singular point of ~ if and only if 3(tp) = 0. Moreover,
for a regular curve v, pu(t) = t(t) and £(t) = ||¥(t)||x(¢t). The Legendrian curve
(7,v) is immersive (i.e. v is a front) if and only if (¢(¢), 5(¢)) # (0,0) for any
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t € I. So the inflection point ¢ty € I of the frontal « is a point £(¢o) = 0. For
more detailed properties of Legendrian curves, see [3, 4].
In [4], the evolute of a frontal ~ is defined by

Evy(t) = 7(t) — a()v (D),

with the assumption that there exists a(t) such that §(t) = «(t)(t) for any
t € I. Moreover, £v4(t) is a frontal and it is a front if « is a front [3, 4].

Let (v,v) be a Legendrian curve. We assume that there exists «a(t) such
that B(t) = «a(t)¢(t) for any ¢ € I. Then we define a ¢-evolutoid of v by

Evy[9](t) = (1) — a(t) sin ¢(cos pu(t) + sin g (t)).
We have Evy[0](t) = Evy[7](t) = ~(t) and Evy[m/2](t) = Ev4[37/2](t) = Evy(2).
Then we have the following proposition.

Proposition 3.1. Let (v,v) be a Legendrian curve with the curvatue (¢, ).
Suppose that there exists «(t) such that 5(t) = «a(t)l(t) for any ¢ € I. Then
the ¢-evolutoid Evy[¢] is a frontal with the curvature (¢,¢). If £(t) # 0 for any
t € I, then the ¢-evolutoid Ev,[¢] is a front.

Proof. By a straightforward calculation, we have

d

80 [6)(t) = (B(t) cos & — (1) sin @) (cos dmu(t) + sin ow (1)),

Then we define
v[o)(t) = J(cos ppu(t) + sin ¢ (t)) = — cos ¢ (t) + sin pu(t).
If we consider (Evy[¢],v[¢]) : I — R? x S, then we have

(G020 =0,

so that (Evy[¢],v[¢]) is a Legendrian curve. This means that Evy[¢] is a frontal.
On the other hand, we have

uld](t) = Jv[)(t) = —(sin du(t) + cos ou(t)).

Moreover, we have

9 u16(t) = ~£(8) (cos Gp(t) + sim pw (1),
so that
d d
[l(t) = <dty[¢] (1), ulé) <t>> = 01), Lulo](t) = K0l
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Thus, the curvature of Ev,[¢] is (¢,¢). If £(t) # 0, then (Evy[¢], V[¢]) is immer-
sive. This competes the proof. O

We also define a i-pedaloid of a frontal v by

Pl () = (Y(t), cos hpa(t) + sin v () (cos p(t) + sin (1)),

Here, we can define the v-pedaloid for a Legendrian curve (v, v) without any
assumptions. We denote that

Pe(t) = Pe[r/2]4(t) = Pe[31/2]4(t),CPey(t) = Pe[0]4(t) = Pe[n](t).

We call Pe,(t) a pedal of v and CPe(t) a contrapedal of ~. It is rather hard
to show that the 1-pedaloid for a Legendrian curve is a frontal. Here, we only
show the following proposition, (see also [7]).

Proposition 3.2. Let (v,v) be a Legendrian curve with the curvatue (¢, 3).
Suppose that there exist §(¢) and o : I — S'such that v(t) = §(t)o(t) for any
t € I. Then the pedal Pey(t) of 7 is a frontal.

Proof. By a straightforward calculation, we have

D en(t) = ({0, ) (1) + (r(1), (D)D)

= LB)o(t)((a (), v(t))p(t) + (o (t), u(t))v(1)).

We define a unit vector field 7(¢) along v by

We have (£ Pe(t),D(t)) = 0 for any ¢ € I. This completes the proof. O

We remark that the assumption of the above proposition is satisfied if v(t) #
0. The curvature of Pe () is rather complicated even for regular curve . Then
we have the following generalization of Theorem 2.1.

Theorem 3.3. Let (v,v) be a Legendrian curve with the curvature (¢, 3).
Suppose that there exists a(t) such that 5(t) = a(t)¢(t) for any ¢ € I. Then we
have

Pe W’]v (t) = Pesv., [+7/2] (t).

Proof. By definition and a straightforward calculation, we have

Peeu,ig)(t) = (Evy[g](1), v[o](1))v[¢](t)
(y(t), — cos pv(t) + sin pu(t)) (— cos v (t) + sin dpu(t)).
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Here, we substitute ¢ + /2 for ¢. Then we have

P, pinzt) = (v(t), —singw(t) — cosp(t))(— sinw(t) — cos ()
= Pell,(1).

This completes the proof. O

We have the following corollary of Proposition 3.2 and Theorem 3.3.

Corollary 3.4. Let (v,v) be a Legendrian curve with the curvatue (¢, 3).
Suppose that there exist a(t), 6(t) and o : I — S' such that 5(t) = a(t){(t)
and Evy [+ m/2](t) = 0(t)o(t) for any t € I. Then the -pedaloid Pe[t], is a
frontal.

Example 3.5. We consider a curve ~; : [—7, 7] — R? defined by ~;(t) =
(cos‘"’t sin® ¢

2 0 /2
the image of «; as Fig. 1. The 0-pedaloid Pe[0], is also depicted in Fig. 2.

) . We can easily show that « is a front. We can draw the picture of

/ us\\

/ /
/ \ \\‘“ /
\\ ) // a
% K )
us/

Fig. 1: () = <C°33t, Si\%t). Fig. 2 : The 0-pedaloid of .
We draw the m/2-pedaloid Pe[n/2],, in Fig. 3. Moreover, the m/4-pedaloid
Pe[n /4], is drawn in Fig. 4. Finally, we draw the pictures of pedaloids alto-
gether in Fig. 5.

4 ’j
/ /
/

N
AN

Fig. 3 : The 7/2-pedaloid of ;. Fig. 4 : The 7/4-pedaloid of ;.
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Fig. 5 : 1 and pedaloids.

On the other hand, we draw the pictures of 7/2-evolutoid v, [7/2] in Fig.
6 and 7/2 + 7w /2-evolutoid Ev,[7/2 4 /2] in Fig. 7, respectively

Fig. 6 : The 7/2-evolutoid of ;.  Fig. 7 : The 7/2 + 7/2-evolutoid of ~;.

Moreover, the m/4 + 7/2-evolutoid Ev., [7/4 + 7/2] is drawn in Fig. 8. Finally,
we draw the pictures of evolutoids altogether in Fig. 9.

> o N\
~N— o
\ Y
/ .
ET) 4 I///) 0
. ( < 74
]

Fig. 8 : The 7/4 + 7/2-evolutoid of ;. Fig. 9 : Evolutoids.
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Example 3.6. We consider a curve 7o : [—7, 7] — R? defined by ~o(t) =

( cos3 tsin3t cos3 t cos 2t sin® ¢

R s ) . We can easily show that -y, is a frontal and not a

front. We can draw the picture of the image of 2 as Fig. 10. The 0-pedaloid
Pel0],, is also depicted in Fig. 11.

Fig. 10 : vo(t) = (COS"’ Lin't, Cosstcc%tsiﬂ3t). Fig. 11 : The 0-pedaloid of ~s.

We draw the 7/2-pedaloid Pe[n/2],, in Fig. 12. Moreover, the m/4-pedaloid
Pe[n /4], is drawn in Fig. 13. Finally, we draw the pictures of pedaloids alto-
gether in Fig. 14.

m
005 005
-00:

Fig. 12 : The 7/2-pedaloid of «2. Fig. 13 : The 7 /4-pedaloid of ~s.

Fig. 14 : ~v5 and pedaloids.

On the other hand, we draw the pictures of 7/2-evolutoid £v,,[7/2] in Fig.
15 and /2 + 7/2-evolutoid v, [7/2 + 7/2] in Fig. 16, respectively
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Fig. 15 : The 7/2-evolutoid of «2.  Fig. 16 : The 7/2 + 7 /2-evolutoid of ~s.

Moreover, the 7/4 + m/2-evolutoid Ev., [ /44 m/2] is drawn in Fig. 17. Finally,
we draw the pictures of evolutoids altogether in Fig. 18.

005 005 Fown
Fig. 17 : The /4 + 7/2-evolutoid of 7. Fig. 18 : Evolutoids.
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