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Abstract. In [13], Talamanca introduced a normalized height on M, (Q), which is an ana-
logue of the canonical height on elliptic curves. In this paper, we examine whether M, (F)
has a Bogomolov type property relative to this height if a subfield F' C Q has the Bogomolov

property.

Keywords: normalized height on M, (Q), Bogomolov property

MSC 2000 classification: Primary 11G50, Secondary 11C20

1 Introduction

Let K be an algebraic number field and Ok be the ring of integers of K.
We denote the set of all field homomorphisms from K to C by M%, the set of
all non-zero prime ideals of Og by M%, and M% U ./\/19( by Mg. For r € K,

we set an Archimedean absolute value |z|, := |o(z)| for each 0 € MP and a
non-Archimedean absolute value |z|, := #(Ok/ p)*ordp @) for each p € MY
For # = (xy, -+ ,m,) € K™, we set
1/[K:Q]

H(Z) := H max{|Z1|v, ..., |Tn|o}

VEM K

As usual, we set H(0) = 1. Since the value of H (&) is independent of the choice
of K, we can consider H as a function on Q". The function H is called the Weil
height on Q". To study the height function, the following property is of main
interest.

Definition 1 (“Bogomolov property,” [4], Section 1). We say that a subfield
F C Q has the Bogomolov property if there exists a positive constant C' > 1
such that for any € F', H(1,z) < C implies that H(1,z) = 1.
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It is known that any algebraic number field has the Bogomolov property
and that there are several interesting examples of infinite extensions of QQ which
have the Bogomolov property (e.g. [1], [2], [4], [9], [10], [11]).

Now for each v € Mg, we set a norm N, on K" with respect to | - [,:

Vs + el (v e M),
max{|z1]p, ..., |Tnlo} (v E MY).

Ny (%) := {

Let K, be the completion of K by the absolute value | - |,. We set
1/[K:Q]
H(A) = I 1Al ,

VEM K

where A € M, (K) and || - ||, is the operator norm on End(K}') induced by N,,.
Since the value of H(A) is also independent of the choice of K, we can consider
H as a function on M, (Q). In [13], Talamanca introduced the normalized height

Hs(A) = lim H(AR)VE,

As usual, we set Hs(A) = 1 if A is a nilpotent matrix. This limit exists by
submultiplicativity and is an analogue of the canonical height on elliptic curves.

When we know a height function £ on a set X, the following natural question
arises: is there an interesting subset S C X which has the Bogomolov property
relative to $H7 Here we say that a subset S C X has the Bogomolov property
relative to §) if there exists a positive constant C' > 1 such that for any x € S,
$H(z) < C implies that $H(z) = 1. Indeed, in [5], Breuillard considered Hs as a
function on GL,(Q) and found subsets with group-theoretic conditions which
have the Bogomolov property relative to Hs; see Theorem 1.2 in [5]. Whereas
Breuillard group-theoretically studied Hs in [5], our interest in this paper is
different: if a subfield F' C Q has the Bogomolov property, does M, (F) have
the Bogomolov property relative to Hs?

Theorem 1. Let Q" be the field of all totally real numbers. Then there
exists A, € My (Q') such that Hs(Ag) > 1 for any k € N and klim Hs(Ag) = 1.
—00

Note that Q! has the Bogomolov property; seeilO]. Therefore this theorem
especially states that there exists a subfield F' C Q which has the Bogomolov
property but M, (F") does not have the Bogomolov property relative to Hs.

2 Proof of Theorem 1

To prove Theorem 1, we should refer to the work of Talamanca in [13].
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Fact 1 ([13], Theorem 4.2). Let A € M, (Q). Then
Hs(A) = H(A1, .-, \n)s
where ‘(A1,..., ) is the n-tuple formed by the eigenvalues of A.

Owing to this fact, we can explicitly compute the value of Hs(A).

Proof of Theorem 1. Note that Q' (1/—1) does not have the Bogomolov prop-

erty. Explicitly, o := ((2—v=1)/(2+ \/—1))1/]C € Q" (v/—1) enjoys H(1, ay) >
1 and klim H(1,ay) = 1; see Theorem 5.3 in [1]. Let ax + b/ —1 := aj, where
—00

ax, by, € Q. We set

ar —br O 0
bk af 0o --- 0

Ag:i=| 0 0 0 - 0) e, (@)
0 o o0 --- 0

Then the eigenvalues of Ay are ag, ag and 0. Therefore, by Fact 1, we have
Hs(Ak) = H(O‘/maik) = H(Laik/ak) = H(Lail/al)l/k'

Thus we have klim H(1,a1/o1)"* = 1. On the other hand, H(1,ay /o) > 1
—00

since @7/aq is not a root of unity; see Theorem 1.5.9 in [3]. So Ay is what we
want. QED

3 A supplemental remark on Theorem 1

By Theorem 1, we know that even though a subfield F' C Q has the Bogo-
molov property, M, (F) does not always have the Bogomolov property relative
to Hs. Then it is a natural problem to find a subfield F' C Q such that M, (F)
has the Bogomolov property relative to Hs.

Definition 2 (“Northcott property,” [4], Section 1). We say that a subfield
F C Q has the Northcott property if {x € F | H(1,z) < C'} is a finite set for
any positive constant C' > 1.

We know that any subfield F C Q which has the Northcott property also
has the Bogomolov property. It is known that any algebraic number field has
the Northcott property and that there are some infinite extensions of QQ which
have the Northcott property (e.g. [4], [6], [7], [14]).
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Proposition 1. Let F be a subfield of Q with the Northcott property. Then
M, (F) has the Bogomolov property relative to Hs.

Proof. Tt is known that if a subfield F' C Q has the Northcott property, then
{z € Q| H(l,z) < Cand [F(z) : F] < d} is a finite set for any positive
constant C' > 1 and d € N; see Theorem 2.1 in [7]. Therefore we have the
proposition since the degree of each of eigenvalues of A € M, (F) over F is at
most n. QED
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