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Abstract. Suppose that M = (M, Au) is a graded manifold and consider a direct subsheaf
D of Der Ay and a graded vector field I on M, both satisfying certain conditions. D is used to
characterize the local expression of I'. Thus we review some of the basic definitions, properties,
and geometric structures related to the theory of adjoint symmetries on a graded manifold and
discuss some ideas from Lagrangian supermechanics in an informal fashion. In the special case
where M is the tangent supermanifold, we are able to find a generalization of the adjoint
symmetry method for time-dependent second-order equations to the graded case. Finally, the
relationship between adjoint symmetries of I' and Lagrangians is studied.
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1 Introduction

This paper is a continuation of the previous paper [1], dealing with adjoint
symmetries for super second order differential equations. Adjoint symmetries
are 1-forms that are the dual objects of the symmetry vector fields of a second
order differential equation field on T'M. A similar situation already arises for
adjoint symmetries of time-dependent second order equations, see for example
2), 7), 18], [13, 16].

Naturally, adjoint symmetry is a key concept for studying the geometry of
the systems of super second order differential equations. Thus it is interesting
to generalize this concept to the graded geometry and apply it to the study
of Lagrangian supermechanics. In this process, a geometrical object play an
important role, and that is the concept of a pseudo almost tangent structure.
It is essential in the Lagrangian description of analytical supermechanics.
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There are two approaches to provide supermechanics with a geometrical
base. The configuration of each case is a graded manifold M = (M, Aps) of di-
mension (m, n), but the difference in the approaches is related to a generalization
of the tangent bundle in the graded case. In the first approach, supermechanical
systems can be considered on the tangent supermanifold such that its dimension
is (2m, 2n), see [9]. In the second approach supermechanical systems considered
on the tangent superbundle with dimension (2m+n, 2n+m). Related references
are [3, 6]. Because each of the tangent superbundle or the tangent superman-
ifold is a supermanifold, we want to bring some geometric structures related
to the concept of adjoint symmetries to the configuration space M. To achieve
this, we first consider a graded vector field I' on a (m,n)—dimensional graded
manifold M = (M, Ay) and a direct subsheaf D of Der Ay, of rank (r, s), both
satisfying certain conditions. When we studied the the transformed dynamics
of I', we saw that the local representation of I' is similar to a superspray. Thus
we review some of the basic definitions, properties, and geometric structures re-
lated to the theory of adjoint symmetries on a graded manifold and discuss some
ideas from Lagrangian supermechanics in an informal fashion. This is intended
to give context to apply a similar discussion on tangential structures.

We associate to D, a pseudo almost tangent structure such that in cer-
tain manifolds like the tangent supermanifold, it is often called an almost tan-
gent structure. By using the Lie bracket of I' and graded vector fields of D,
we construct another direct subsheaf C := D + [I', D] of DerAjys such that
ranky,(C) = (r+rank[l', D]y, s+rank[l', D];). As shown in [1], if [I'| = 0, [I', D]y
and [I', D]; have maximal ranks respectively r and s, and if |I'| = 1, depending
on the dimension of the graded manifold M, there are several cases for intro-
ducing the maximal rank of [I', D]y and [I', D]; (which in this article, we only
consider one of them).

In this paper, we only consider the situation m = 2r +1 and n = 2s.
As shown in [1], for each p € M, there is a coordinate neighborhood U of p
and coordinates (¢, i, yi; My, Cu), for i =1,2,--- ,rand p = 1,2,--- , s such that
Dy = <8%1’ %), and the local expression of the graded vector field I' € Der Ay,
is

0 0 0 0 0
I'=—+yim— +Li(t, i, yis 0w Cu) 5— — + T (24, Yis s Cu) 5
ot Tlige T (t, iy yis N C“)ayi +<“an,4 + I, (@i, yis 1 Cp)agu

In section 3, we introduce a new graded tensor field J of type (1,1) on
M, defined using pseudo almost tangent structure J on C. J allows a useful
characterization of (DerAps)p. We show that if X € (DerAp)r and LrX €
(DerAps)r, then X is a pseudo-dynamical symmetry of T

In section 4, we associate to I' a subsheaf (DerAps)f of (DerAp)* which
consists of those 1-forms ¢ for which Lp(J*(1))) = 1 (see Section 3 page 12
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for the definition of .J *). We show that, for such a form v, Lr is a section of
(DerApy)t if and only if we have for i € {1,...,r} and p € {1,...,s}

. O or’ O or’
% J J v vy ] J v v
I'T(a") +T'(a 0 )+ T(b m ) —a o b oz, 0, (1.1)
O or’ O or’
TV —T(! =2L) + T =L) +a/ —L -0 —Y = 0. 1.2
() ( aCu) ( 8Cu) e oy, (12)

Such a 1- form is called a pseudo-adjoint symmetry of I'. Thus pseudo-adjoint
symmetries correspond to solutions a’ and b* of the equations (1.1) and (1.2).
We show that if ¢ is a pseudo-adjoint symmetry of I' such that ¢» = Lp(J*(dG))
for some superfunction G, then, I'(G) is a Lagrangian superfunction.

2 Preliminaries

In this section we give a brief introduction to involutive distributions, empha-
sizing aspects that apply to the study of Lagrangian supermechanics. This sec-
tion is an abbreviated version of [1]. Let M = (M, Ajr) be an (m, n)—dimensional
graded manifold, the sheaf of left .Ay;—modules of derivations of a graded man-
ifold M is the subsheaf of End.Aj; whose sections are linear graded derivations
and denoted by DerAp; the sheaf of graded derivations of Ays. Let D be a
locally free sheaf of Aj;—modules. D is a direct subsheaf of DerA; of rank
(r,s), if for each point p € M there is an open subset U over which any set of
generators {D;, Du|l <i <r,1 < pu < s} of the module D(U) can be enlarged
to a set

{CU’ Di? Dl“ Ca r+1<u<m an s+1<a<n |D;|=0 |Cal=1

1<i<r d 1<p<s |Cul=0 and |DM_1}

of free generators of DerAys. A direct subsheaf D of Der Ay is involutive if
[D,D] C D (see [12]).

Theorem 2.1. (Frobenius [12]). Let D C Der Ay be a direct subsheaf of
rank (r,s). Then, D is involutive, if and only if for each p € M there exist a
coordinate system {(y;;(u)|1 <4 < m,1 < p < n}, defined in a neighborhood
U = (U, Ap)of p, such that,

g 0
D=(—;—),1<1<r, 1< u<s.
<ayi a<u> :

Let D be an involutive direct subsheaf of DerAy; of rank (r,s) such that
2r < m, 2s < n and I' a homogeneous graded vector field on M such that
I' ¢ D. Set

C:=D+[I',D] ={Dy1+[I',Ds] : D1,Dy € D}.
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For each p € M, since D is involutive, according to Theorem 2.1, there is a coor-
dinate neighborhood U of p and coordinates (qu, ¥i; 0o, Cu), for u =1,2,--- ,m—
r, 1=12--,r, a=12,---,n—sand p=1,2,---,s such that D|y; =

<8%_; %). In this coordinate system, the local representation of I is
i w

0 0 0 0
My=Ty=—+Ti=— +T,— + T

qu dyi Y00, MIC, (2.1)

where 'y, T';, F;L, and I/, are smooth superfunctions on &. We want to find the

conditions under which two graded vector fields [I'|y, Biyi] and [y, %] are
linearly independent. The local representation of these graded vector fields are

o or, o or, o
s @] T Oy; 9qu  Oyi 00, (mod D),
0 or, o o) ARG |
[T, 8Cu] = —(-1) 3, 9an +(-1) o, 0. (mod D).

If the local coefficients of these graded vector fields are zero, then we have
[[',D] C D, and they are dependent vector fields. Therefore we suppose that
[, D] ND = {0}, ie., if D € D and [I', D] € D then D = 0, and in the next
theorem we show that they are linearly independent. Here a brief description of
the geometry of I' and D is given.

Theorem 2.2. Suppose that the graded vector field I' on M is such that
', D] ND = {0}.
(1) If T'| = 0, [I', D)o and [I', D]; have maximal ranks respectively r and s. Then
rank,(C) = (2r,2s).
(2) If |T'| = 1, then

o for m = 2r,n = 2s,

— if r < s, both [I', D]y and [I", D]; have the same maximal rank r,
— if r > s both [I', D] and [I', D]; have the same maximal rank s,

o for m =2r +1,n = 2s,

—if r < s, [I', D]p and [I', D]; have maximal ranks respectively r + 1
and 7,

— if r > s both [I', D]y and [I', D]; have the same maximal rank s,
e for m =2r,n =2s+1,

— if r < s, both [I', D]y and [[, D]; have the same maximal rank r,
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— if r > s, [I', D]p and [I', D]; have maximal ranks respectively s and
s+ 1,

e form=2r+1,n=2s+1,

— if r = s, both [I', D]y and [I', D]; have the same maximal rank r,

—if r < s, [, D]y and [I', D]; have maximal ranks respectively r + 1
and r,

— if r > s, [I', D]p and [[', D]; have maximal ranks respectively s and
s+ 1.
In each of these cases, rank,(C) = (r + rank([[’, D]y, s + rank[’, D];).

Proof. Let p € M and U a coordinate neighborhood of p with local coordinates

(qus Yi; ba- Cu), as above. Let D*(p)[L, z7-](p) + D*(p)[T, 52:](p) = 0. A simple

computation will shows that we have

I / or’ '
DZ&TJ; _ (_1)\Fa\Dﬂa—C<: =0 (mod D).

oy 9y
o Jy; y;
Jri= ( (=1)Ful 2w _(_1)|Fg|% ) :
aC, 3,

If |I'| = 0 we see that the matrices

<8Fu> <6F’a>
8yi 1<i<r,1<u<m—r ’ aCﬂ 1<p<s, 1<an—s ’

have maximal ranks respectively r and s. Let rank,Jr = (r,s). By permuting
the ',y and IV ,, we may therefore assume that the matrices

<aru,> <ar'a,>
8yi 1<i<r1<u/<r ’ 8CIJ' 1<p<s,1<a/<s 7

are invertible at p. Then from (2.2) we conclude that D(p) = 0 = DH(p).
This means that the graded vector fields [T, a%i] and [T, 8(2 ], (1<i<r and

Let

a’

1 < p < s) are linearly independent at p, thus rank,(C) = (2r,2s).
(2) Let |I'| = 1. We may choose m = 2r +1,n =2s+ 1, r < s. Then the

y‘ <Z‘<77 <a<n-—s ’ E CI.L <M<S, <u<m-—r ,
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are even and have maximal ranks respectively r and r+1. A computation similar
to part (1) shows that the odd graded vector fields [T", %] and the even graded

vector fields [T, %], (1<i<r,and 1 < p <r+1) are linearly independent
at p, so [I', D]y and [I', D]; have maximal ranks respectively r + 1 and r, and
rank,(C) = (2r+1, s+r). Similarly, one may choose m = 2r+1,n = 2s+1, >

s, etc. We will therefore have twelve types of possibilities for m,n,r and s. In
each of these cases, the matrices (%) , ( ?)EZ) are even and have maximal ranks

and we have a number of odd graded vector fields [T, Biyi} and a number of the

even graded vector fields [T, %] which are linearly independent at p. QED

Hereafter, unless otherwise stated, we will assume that the graded vec-
tor field I" satisfies the conditions of Theorem 2.2, and [C,C] C C. From the
above theorem, we see that if {D;,D,} is a local basis of D consisting of
coordinate fileds 0/0y; and 0/0¢, of a local coordinate system (qu,¥s; 0a, ()
and if we set C, = [I',D,] (for |Dy| = 0) and C, = [I', D] (for |Dy| = 1),
then {Cq, D;, D, Cy} is a local basis for C, where {Cq,Cp} are generators of
[[', D]. Thus C is a direct subsheaf of DerAys. Moreover, C, = [I', D,] and
Cy = [T, Dp] are respectively odd and even graded vector fields whenever T is
odd and |D,| =0, |Dy| = 1.

Now we consider a graded tensor field on C which can be extended to a
tensor field on M as a nonlinear connection similar to the classical case, see
[17, 19]. Consider the tensor field J : C — C of type (1,1) by

J(Xa) =0 and J(Y,) =-X, X,€{D;D,},Y,=[[,X,].  (2.3)

It is called pseudo almost tangent structure (see also [5, 9]). Clearly J2 = 0 and
|J| =|T|. If |II'| = 0 then Im J = Ker J =D.

Take a graded vector field I" such that [I,C] C C and consider the morphism
—LrJ. For any C € C and D € D, we have

(LrJ)(C) = [T, J(C)] = (=)L, ¢,
" (—LrJ)(D) = =0, J(D)] + (=1, D) = — (1) D,
thus (—LrJ)%(D) = D. Also,
(—£LeJ)([T, D)) = —[T,J(T, D))+ (=P, [, D)
= [, D]+ (=DM, 1, D).
Since J[I', I, D]] € D, we have (—£rJ)(J[T, [T, D]]) = —(—=D)YIITLJ[r, [T, D]],

and therefore

(—LFJ)2([P,D]) - ([F, D]+ ((—n)l7Irl - 1)J[F, [F,D]D.



Adjoint symmetries for graded vector fields 39

If |T| = 0, it is clear that (LrJ)? = Id.
Remark 2.3. Let D C Der Ay be an involutive direct subsheaf with even and
odd generators {D;,D,}, (1 <i<r, and 1 < p < s) such that [X,, X;] =
0,VX4, Xy € {D;, D, }. We want to find the conditions under which for all a, b,
[Xa,Ys] € D, where Y, = [I', X,,]. If we change basis to

D; = Ai;D; + BiyD,, D, = E,;D;+ F,,D,,

where A;;, B;,, E,,; and F),, are superfunctions and

Aij By

and if we again assume that Xa, X, € {f)“ Du}7 then the necessary and sufficient
conditions for [X,, X3] = 0, is that

Vda GacXc(de) = (_1)|GbCXCHGadXd|Gchc(Gad)7

(we use the Einstein convention, that is, repeated indices denotes summation
over their range). For example, [D;, D,] = 0 if and only if

{ Aiij(E#k) + BiVDV(Euk) = Euij(Aik) + FWD,,(AZ-k),
Aiij(FW) + BiuDV(Fuw) = Euij(Biw) + FMVDV(Biw)'
Also C; and C), change to

[(Aij)D; + T(By)D, + Ai;C; + (=) B;,C,,

Ci
C, = T(E.)D;+T(F.)D,+ (-)"E,;C;+ F.C,.

On the other hand, C is involutive, then there are superfunctions «of,, 35, € Ay
such that

(Xa, Yo = agy X+ 8o Ye, Xa, Xe€{D;,D,}, Y3, Y.€{C;,CL}.
Therefore [I', [X,, X3]] = 0. From the graded Jacobi identity, we have

0= [, [Xo, Xp] = —(=1) DX, ¥, 4 (—1) Tl vy,
and the superfunctions o, 8, are:

e symmetric for lower case Latin indexes,
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e symmetric up to (—1)I', i.e., BSy = (—1)|F|ﬂlfa, if one of the lower indices
is Greek,

e antisymmetric for lower case Greek indexes.

If we change the basis of D to )?a = G Xp, then we have
(X, Y] = [GabXba [(Geg)Xa + (—1)TIGdlG v,

{(—1)|F|ch|GabXb(ch) + (—1)|Xbchel+Flche'Gabaceﬁge}Yd (mod D).

Thus [X,, Y.] € D if and only if for cach d,
(—D)IMCeal G X (Grg) + (1) Cecl(THXD G, G B = 0.

Theorem 2.4. Let I' be an even graded vector field on M and let D and C
be involutive, as above. We can find local supercoordinates (t;, z;, Yi; Tp, s Cu)
onM,l=1,--- m—2r,i=1,--- ;r,p=1,--- n—2s, u=1,---,s, such that

0 0

Di: - P = — D7 2.4
o0 C oz, (mod D) (2.4)
0 0

D ———  (mod D). (2.5)

= — C, =

g, ’ Iy

Proof. By the Frobenius theorem, we take a coordinate neighborhood U of p €
M, with supercoordinates (qu,¥i;0a,Cu),u = 1,--- ,m —r, i =1,--- r,a =
1,---,n—s,p=1,---,s,such that D; = 9/0y; and D, = 0/9(,. Let U be the
image of a product of open subsets U; C R™ "5 and Uy € R"I*, where 0 € Uy
(c.f. [20]). Then y; = 0,(, = 0 define a graded submanifold ( in the sense of
3.2.1 of [10]) N = (N, An) of U of graded dimension (m — r,n — s). Denote by
pr : U — N the corresponding projection morphism, then pry(D;) = pry(D,) =
0. It is clear that the restrictions of C; and C), to U are pry-projectable to N.
We denote pr,-projections of C'; and C), by graded vector fields C_'j and C, on N/
respectively. Let us denote by C the graded direct subsheaf on N spanned by C;
and Cm ie., C = (C; C_'M>. Since C is involutive, C is an involutive direct subsheaf
of rank (r,s). Now again repeat the Theorem 2.2 for the graded manifold N,
the graded vector field I', and graded direct subsheaf C of rank (r,s), then we
may choose supercoordinates (t, zi; 7,,1,) on N, where l =1,--- ,m — 2r,p =
1,---,n — 2s, such that the rank of supermatrix Jr in this case is (r, s).Then
with respect to the supercoordinates (;, s, yi; 7y, Ny, ¢u) on U we have

0
D, = ——
1 82/17

0 0 0
D, = ac, Cu = Rw‘(%;ﬂu)a?j + Sy (5 77“)6771, (mod D),

0 0
C; = Pij(xs; 77;)% + Qiv(xi; Uu)% (mod D),
] 12
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where the coefficients P;;, Q;y, R, and S, are the components of a nonsingular
supermatrix. Let
< Aij By )
By Fu

be its inverse. If we set

then
Ci = i, ﬁz] =TI'(A;;)D; + (-)"I0(By,) D, + A;;C; + B, Cy,
au = [T, ﬁu] = (_1)‘F|F(EHJ)DJ' + T (Fw)Dy + E4iCj + FuCy.

A simple computation shows that

~ 0 0 ~ 0
Di = Aij5—+ Biv o, i = dD),
]ayj + ac, C oz, (mod D)

~ 0 0 N 0
Dy = E, i 4 Fo-2 c, =2 mod D).
H ﬂ]ayj H 8@/ I anu ( )

Therefore, a new change of the coordinates
t=t, U= Py + Qu(xinC, T =—z,
7/:p = Tp, C,u = Rﬂj(xz‘i Up)yj + Syu(l’i;nu)Cua 7/7\;1 = Ny,

may be performed to bring the local basis of DerA,s into the form

0 0 0 0 0 0 0
—_ = d D — = — dD, 721417 Ez‘uia
ot o (mod D), oz; ox; (mod D) 0y; ! 0y, - ¢y
0 0 0 0 0 0 0
— = mod D), — =—— mod D), —— =Bui— +F,—,
0T, 0r, ( ) oy M ( ) I " dy; "¢,
and this completes the proof. QED

Theorem 2.5. Let D and C be involutive and assume that |I'| = 1. We

can find local supercoordinates (t;, zq,vi; Tp, M, Cu) on M, 1 = 1,--- 1, a =
]-a"' 7a177;: 1, y 'y p = ]-a » P1, b:17 7b1’ M:]-v y 5y such that

0 0 0

D=2 o=r-2L1=-2" (mdD), 2.6

o0, b= 8yb] om ( ) (2.6)
0 0 0

D,=-2. c,=[-2]= 4 D), 2.7

=g e ) 2.1

and l1,a1,b; and p; are given as in the following table (Table 1):
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dimM = (m,n) r=s r<s r>s
l1 =0,a1 =, l1 =0,a1 =, lih=r—sa =s,
(2r,2s) b11:s7p11:0 bllzr,pllzs—r lblzs,pllzo
erat2g | GRS TE L TN T | T e "
(27,7 25 + 1) %1::(1’,6;11 2251’ bl :llr,:p?,zalsjq —T 211 2221(917,0;)11 ::SO
ey | BZbe Ty b e T TR e

Table 1. The range of indices 1, a1, b1 and p;

Proof. We consider the result in Theorem 2.4 and apply it to the case that
IT'| = 1. There is a coordinate neighborhood U of p € M, with supercoordinates
(QusYi3 00, Cu), u =1, m—r,i=1, ,ra=1-- ,n—s p=1--s,
a graded submanifold N' = (N, Ay) of U of graded dimension (m — r,n — s)
and the corresponding projection morphism pr : U — N, such that pr.(D;) =
pr«(D,) = 0.

As we have seen in Theorem 2.2, we have twelve types of possibilities for
m,n,r and s. We may choose m = 2r +1,n = 2s+ 1, r < s to prove the
theorem and a similar proof can also be performed in other cases.

Since rank,(C) = (2r + 1, s + ), we assume that

Ca=[,52]
_ . a=1,r+1 "9¢a |Ca|=0
" <Ca,Dz’D#,Cb b=ty 0N Chp= [F,sz} and |Gl =1

Then C = (Cy; Cy) is an involutive direct subsheaf of Der.Ay; and TankpC_ =
(r+1,7), where C, and C} are pry-projections of C, and Cj, on N respectively.
We can continue the method discussed in Theorem 2.2, but there is another
way to find the local generators of C. By the Frobenius theorem, we take a local
coordinate (24;7,,n,),p = 1,...,5 + 1 —r, on N of pr(p), such that

_ o0 = 0
Co=3u O = oy

a

Then there exists a coordinate neighborhood U’ of p € M, with local coordinates

7

{pT xaayzapr ,pT Uba(a) ai ! T+1 and i = 1 X and Z‘_l” 775"‘1 7"}

C, Ch = 52— gpry (mod D). We shall

such that D y" Da = ag/ y~ra = Bpr !’ Opr

write these coordinates as {4, Yi; 7p, Wb, (o }. Thus, a new change of the coordi-
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nates {Zq, Yi; Tp, M, Cat — {Tas Vi Tps My (o} may be performed to complete the
proof. QED

Proposition 2.6. If both D and C are involutive, then there is a graded
commuting basis {X,} of D such that for all a,b we have [X,,Y}] € D, where
Xo €{D;,D,} and Y, = [I', X,].

Proof. This is an immediate consequence of Theorems 2.4 and 2.5. QED

Now we want to write the local form of I in a local supercoordinate system.
There are two cases to consider, I' € C and I' ¢ C.

Theorem 2.7. Let D and C be involutive and ' € C. Assume that the set
N={ze M :T(z) € D(z)} C M, is nonempty.

(1) If |I'| = 0, then we may choose supercoordinates (t;,xi, ¥i; Tp, Ny, Cu), 1 =
1L,.,r,l=1...m-2ru=1,..s,p=1,...,n — 2s, with respect to which
0 0 0 0
P: Ai—"_r'tvxa YT, 1, — + 7_‘_1_‘/ tvxa YTy, a -
Yig i(t,z,y;7,m C)ayi C“f?nu u(tT YT Oc?(u
(2) If |I'| = 1, then we may choose supercoordinates (t;,Zq,¥s; Tp, M, Cu), as

described in Theorem 2.5, with respect to which

0 0 0 0
= Com— +Ti(t, 2, y; gy 4T (L 2, y; —
C“a:z:a + Ti( ,x7y,7,77,C)ayi g T u( ,x,ymn,é)a@
Proof. Since I' € C, with respect to the basis {C;, D;; Dy, C,,} for C (see Propo-
sition 2.6), we have
I'= f;D; + fuD, + 9iCi + 3,0, (2.8)

where f;, f/u gi, and g, are superfunctions on M. Then from

C; = [I,Di]=-Di(9;)Cj — Di(gu)Cy  (mod D),
Cu = [I\D] = _(_1)|F|Du(gi)ci - (_1)‘F‘Du(§u)cu (mod D),

we conclude that D;(g;) = —537 D;i(gu) = 0= D,(gi), and D,(g,) = —(—1)|F|5Z,

o
( Di(g;)  Di(gv) >
Dyu(g5) Dp(gv)
is nonsingular. Note that in this computation we use [X,, Y] € D, where X, €
{D;,D,} and Y, = [I', X,]. We sketch the proof of the theorem for the case (1).
By the Frobenius theorem we take a coordinate neighborhood U in M, with
supercoordinates (qy,¥i; 0o, () such that D; = 0/0y; and D, = 0/9(,, (see
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Theorem 2.4). Now consider the Jacobian matrix of the superfunctions g; and
gu with respect to D; and D,, it is nonsingular of rank (r,s). Then for each
p € N, TI'(p) € D if and only if g;(p) = 0 and g,(p) = 0. Thus we have a
closed embedded supermanifold N as a subsupermanifold of M with the base
manifold given by {§;1(0)|i =1, ...,r}ﬂ{f]ljl(())ﬁ =1,...,s}. From Theorem 2.4
we can take supercoordinates (7, z;, yi; 7y, 1y, ¢) such that

0 0
C; = ~3 (mod D), C,= ~ 5 (mod D).

T um
Then {{%, a%#, 8?/,~7 %} evaluated at p, is another basis for C, and in this su-
percoordinates

0 0 0
[=~— 4 T+ T —
77‘81’2_'_7”877#_‘_ 18y2+ u8<#7
where 7;, 7, I, and T, are superfunctions of (¢,z,y; 7,7, (). Note that I' € C,
so in the local form of I, the coefficients of 8% and % are zero. We will find the

coefficients ~; and +;, by using C; = [T, aiyi] and C), = [T, %]. Thus we have

oy 0 Ov, 0

dyi 0 0y, 0
9C,, 0, + o, 877V> (mod D).

YT oy oz; Oy oy

(mod D), C,=— <

For each p € N, ;(p) = 0 and ~,,(p) = 0, then from

N _g M _ % O _g

y; o Oy B 6Cu’ 8C,u o

we have 71(t7 z,Y;T,1, C) = Yi, ’Y;,L(t7 Z,Y;T,1, C) = CN‘

(2) Let |I'| = 1, we consider again I" as a linear combination of {C;, D;; D,,, C\ }
as (2.8). Then |g;| = 0 and |g,| = 1 and the Jacobian matrix of the super-
functions g; and g, with respect to D; and D, is nonsingular of rank (r,s).
Repeat the above analysis for this case and using Theorem 2.5, then there ex-

ist a coordinate system (7, Za, ¥i; Tps M, Cu) o0 M, Il =1,--- [ l1, a =1, ,ay,
izlv"'7T7p:17"'7p17b:17"'7b17,u:17"'7878uChthat
0 0 0
D;=—, =T, —|=- d D), 2.9
0 [ aya] an, (mod D) (2.9)
0 0 0
D,=— C,=I')—/—|=— d D 2.10
mge Ge=lgel= g (modD), (2.10)

and [y, a1,b; and pp are given in the Table 1. According to this table, we have
twelve types of possibilities for m,n,r, s. In each of these cases we may write I'
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in the form

0 0 o)
+ g +lin— + T,
r}/banb

F:’ya a ‘ #acﬂ

drq

and it is a straightforward matter to verify that

9 0 Oy O
=08, S2=0=0, —2=0
acu " aC,u aya aya

For each p € N, 74(p) = 0 and v, (p) = 0, then v, = {, and v, = y; and this
completes the proof. QED

Theorem 2.8. Let D and C be involutive. Let I' be everywhere independent
of C and [I',C] C C.
(1) If |T'| = 0, then we may choose supercoordinates (t1,x;, ¥s; 71, My, Cu)st =
1,...,7, uw=1,...s, such that

. .(a) = é% + yia%i + I‘ia%i + Cuan FL&? , if the coefficient of 8%1 inT
is zero,

e (b)T = Tlain + yia%i + Flay + Cuan + Fuac , if the coefficient of 8%1 in
I is zero,

e (¢)I'= at1 + T 2= aﬁ + i 2 ax + 1.2 3 T (M on. T Fuaé , if the coefficients of

aitl and 8%1 in I' are nonzero, where I'; and I’L are superfunctions on M.

(2) If |I'| = 1, then we may choose supercoordinates (t;,Zq,¥s; Tp, M, Cu), as
described in Theorem 2.5, with respect to which

0 0 0 0 0
I'= ¢l +Ca T4 F(tﬂ?y,T?]C) +@pa +yb%+r (txyaTnaC)aCM

where ¢; and ¢, are independent of z,y,n and ¢ and I'; and FL are superfunc-
tions on M.

Proof. Using the same arguments we used in the proof of Theorem 2.4 we can
take supercoordinates (7, z;, yi; 7y, 1y, ¢,) such that

r

0 0
¢(txy,TnC) +¢p(txy,TnC)aT (mod C).
P
0,000 0,0
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From [I',C] C C we conclude that the derivative of ¢ and ¢ with respect to
z,y,1n, and ¢ are zero, then ¢ and ¢ depend only on the ¢ and 7. According to
the procedure given in the previous theorem, we have

N _si Om_y_%u 3%_5V

ayi_ v yi 8@’ 6@1

Then

’Yi(twray; 7,1, C) =Y + hi(ta ZT, 77)) 7;/1(757 Z,Y;T,1, C) = C,u + k,u(ta ZT, 77)

Now if T # 0, since ¢ and ¢ are arbitrary, we may choose ¢ # 0 and ¢ =0
to finding the local expression for I'. Similarly, one may choose ¢ = O and ¢ # 0,
etc. So by a transformation of the coordinates ¢; we may take I' = 8t (mod C).
Consider the new change of supercoordinates

%\l:tla @:y2+hl(ta$a77n)a i‘\i:xi)
7/:1 = T1, C,u :Cu+ku(ta$;75n)a ﬁ,u = Nu-
Therefore
0 0 Oh; . Oh; Oh; 0
r = — AiT Fz
at1+y81:i+( T on i, C“an) 7,
~ 0 ok _ Ok, 0
— 4+ (T E 173 ” —.
+C“3ﬁu+<“+8t + Ui oz, Cﬁm)a@

Now let Ty = Iy + 3 4§58 4 (, 80 and Ty = T, + G + Giget + G, this

completes the proof.

(2) The proof of this part follows simply from the above discussion and
Theorems 2.5 and 2.7. QED

3 dynamical symmetry of super SODE

As mentioned in the previous section, for a given graded vector field I" on
M = (M, Ay) and a direct subsheaf D of DerAy; of rank (r,s), we have
another direct subsheaf C := D + [I', D] of DerAjs such that rank,(C) = (r +
rank[l, D]y, s +rank[l',D];). If T'| =0, [[', D] and [I', D]; have maximal ranks
respectively r and s, and if |I'| = 1, depending on the dimension of the graded
manifold M, there are several cases for introducing the maximal rank of [T, D]y
and [I', D]; (see Theorem 2.2).

Here, we will only consider the situation |I'| =0, m = 2r+1 and n = 2s. In
this case we showed that for each p € M, there is a coordinate neighborhood U
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of p and coordinates (¢, z;, yi; Ny, Cu), for i =1,2,--- ;rand p=1,2,--- ,s such

that Dy = <8iyi; %), the local expression of the graded vector field I' € Der. Ay,
is

0 0

=~ o
+yl8x,~

0 0
(975 +F (t xz:ylan[MC/L) +C}A8 F;L(xiayi;n[A?Cu)i?

0Cu

and we have
dt(I') =1,0;(T) =0 and 0,(C) =0 fori e {1,--- ,r}, pe {1,---,s},

where {dt, 0; = dx; — y;dt, ¢; = dy; — Fidt;gu =dn, — C#dtjau =dC, — F:Ldt} is
a local basis of the set of contact 1-forms.

First, we recall some basic relations from the graded tensor calculus necessary
to this paper.

Lemma 3.1. [11] Suppose X,Y € DerAy;. For each section ¢ of (DerApr)*
and (1, 1) tensor filed T'= Z ® w, we have

H(I(X)) = (—)TPHT@E)(X),

x@() = (Lx)(V)+ (=)"I¥lyp(Lxy),

x(T(Y) = (LxT)Y)+ (-)MTIT(LxY), (3.1)
Lixy] = [£x,Ly].

In local coordinate system (¢, ;,Y;; Ny, Cu), We may define a new graded
tensor field J of type (1,1) on M,

J=J-A®dt
0 0 . .
where A = y;— + (,=— and J is defined by (2.3). It is clear that
y; 8Cu
~ = 0 = 0
1) JIT)=J =J(=—) =0,
(1) J) = (5,0 = T50)
= 0

With respect to the above contact 1-forms, it reads

~ 0 15, _
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The dual operator of J, which is used for the action on 1-forms, will be denoted
0 0 = ~
by J* =0, ® — +0,® ——, i.e, (J*(a))(X) = a(J(X)). We have

dy; agu
J? =0, (3.2)
(Lr)(T) = (3.3)
LrJoJ=—JoLpJ =, (3.4)
(LrJ)=I-T®dt, (3.5)
LrJ* o J* = —J" o LpJ" = —J*, (3.6)
(LpJ)? =1-T @dt. (3.7)

In local coordinate system (t,x;, yi; 1y, Cu) on U, y; = 0 and ¢, = 0 define a
subsupermanifold N = (N, Ay) of U of graded dimension (r + 1,s)( in the
sense of 3.2.1 of [10]). Denote by pr : Y — N the corresponding projection
morphism, then pr,(D;) = pr«(D,) = 0.

0

0x; oy

unique graded vector field Z() on U, such that Z() projects onto Z, also £ 7 0;
and L Z(l)gu are linear combinations of the basic contact 1-forms 6; and éu. In
local coordinates (t,x;, yi; 1y, Cu), the local expression of such a graded vector
field is:

0 o, 0 . .0
1) _ Y i YR |Z|

For every graded vector field Z = f— BT + 4

Yi 8Cﬂ
L . ou
where the notation u, with v a superfunction of (t,z;,7,), means @ = =75 +
o o . _
yj—u + CM—U. A simple calculation shows that £,I' = —fI' + Z, where
"~ Oz o
Z eD.

We associate to I, a set of graded vector fields (DerAs)r defined by,
(DerAp)r = {X € DerAyy | J(LrX) =0 and dt(X) = 0}. (3.8)

The local expression for X € (DerAy)r is

0 0 0
a 7—’_11( )aguv

where f? and g are smooth superfunctions on M. We have

J(Lr(fX)) = J(O(N)X + fLrX) =T(f)J(X) + fJ(LrX) =T(f)J(X).

X= fl +T(f%)

o (3.9)
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This shows that if X € (DerAy)r and if f € Ajy is a superfunction satisfying
I'(f) =0, then fX € (DerAn)r.

Now let X € (DerAp)r and f € Ay, since J2 =0, JoLprJ = —J and
J(LrX) =0, we have

J(Lr(fX +T(£)J(X)) = JT(HX+ fLoX +T%(f)J(X) +T(f)Lr(J(X)))

= JIHX +T()Lr(J(X)) + fLrX) =0.

This shows that fX+I'(f)J(X) € (DerAps)r. Thus (DerAps)r can be endowed
with an Ajs-module structure by means of the product

fxX = fX+T(f)J(X), fe Ay, X € (DerAy)r.

Definition 3.2. A pseudo-dynamical symmetry of I' is a graded vector field
X € Der Ay such that [T', X] = 0.

Proposition 3.3. If X € (DerAy/)r and LrX € (DerAp)r, then X is a
pseudo-dynamical symmetry of T

Proof. Let X € (DerAy)r, then J(LrX) = 0 and we have 6;(LxT) = 0,
0,(LxT) = 0. Since LrX € (DerAp)r, so dt([I', X]) = 0 and

0:(Lipx1T) = 0u(Lip x)T) = 0.
Applying the Jacobi identity repeatedly gives

0 =0;(Lir x)T) = 0:(Lr([X,T])
=Lr(0:(LxD)) — (Lrb)(LxT) = —(Lrb;)(LxT)

=—¢i([X,T7),
and
0=0,(Lirx)T) = 0, (Lr([X, T])
:EF@M('CXF)) - (EFgu)(ﬁXr) = _(ﬁFgu)(ﬁXr)
=— ¢, ([X,T]).
All of the 1-forms dt, 91'7?,“ ¢u$u on [X,T'] are zero, so this vector field is zero.

QED

Now we restrict ourselves to a subset of (Der.Ays)* which consists of those

1-forms «a for which J*(Lra) = 0 and «(T") = 0. We denote this subset by M.
Thus

Mi = {a € (DerAy)* | J*(Lra) =0 and a(T') = 0}. (3.10)
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The local expression for o € My is

or o,

) /
a=a'p; + a'p, — (T(a) + o oy | 00

0,,
0Cu 0@)
(3.11)

where of and o are smooth superfunctions on M. For a € Mp~ and f € Ay,
since (J*)?2 =0, J* o LprJ* = J* and J*(Lra) = 0, (see (3.6)) we have

T (Lr(fa=T(f)T*())) = J*(T(fla+ fLra = T*(f)T* (@) = T(f)Lr(J*(@))) = 0.

Thus M. can be endowed with an Ajp;-module structure by means of the prod-
uct

fra=fa=T(f)J (@), [eAu, ac M.
The map pf. : (DerAn)* — (DerApr)*, given by
pi(a) = a— J*(Lra) — o(T)dt, (3.12)
is a morphisme of 4;/-modules that is a projection map onto M.

pr(fa) =fa — J*(Lr(fa)) — fa(T)dt
=(fa—T(f)J*(a)) = (fJ*(Lra) — T(f)(J*)*(Lra))
— (fa(T)dt — T(f)J* ((T)dt))

=[ % pr«(a).
Also
J*(Lr(pr () =J*(Lra — Lo(J*(Lra)) — Lr(a(T)dt))
:j*(ﬁpa) — (j* o £1"j*)(£1"a) =0,
and

pr(a)(I') = 0.

We associate to I' a subsheaf of graded 1-forms (DerAxr)f, such that each
section 1 of (DerApr)} has the property

Lr(J*(¥)) = 1. (3.13)
The local expression for ¢ is

¢ =d'¢; + T'(a")0; + b'o, + T(b")0,, (3.14)
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where, a’ and b* are smooth supgrfunctions on M~. Now let ¢ be a section of
(DerAp)r+ and f € Ay, since (J*)2 =0 and Lr(J*(1)) = 1, we have

Lo (fo+T(NT" @) = Le(fT* () +T(NT)* (@)
= JY+TNT ().

Thus (DerApr)f can be endowed with an Ap/-module structure by means of
the product

frv=fo+T(f)J* W), f€Aum, € (DerAn)t.

Lemma 3.4. If f € Ay and df is a section of (DerAp)f, then I'(f) =

of, _ of of of
0,T = dI'(z=—)=—.
Proof. 1t suffices to take into account the local expressions for I'. QED

Definition 3.5. The graded vector field I is called a pseudo-Lagrangian vector
field if there exists L € Ajs such that irwy = 0, where wy, = —dfy, and 60f, is
the Poincaré-cartan 1-form 6, = Ldt + J*(dL). L is called a pseudo-Lagrangian
superfunction for I'.

Equivalently, the graded vector field I' is called a pseudo-Lagrangian graded
vector field if there exists L € Ay such that

(@)_ ’L o °L LT &°L ve &°L L L 9L
oy’ ~ otoy, ¥ dx;0y; 7 Oy;0y; om0y VOC0y;  Oxy
(3.15)
OL 9L 0L 0L 0L 0L OL
()= +y; + T + ¢ + T, =—.
(agu) 0tdC, Y 0x;0¢, T 0y;00, G o, 0C,, 9,0, o,
(3.16)

Remark 3.6. If L is a pseudo-Lagrangian function for the pseudo-Lagrangian
graded vector field I', then irfy, = L, thus Lrf; = dL and vice versa.

~ Let I' be a pseudo-Lagrangian graded vector field. From Lrdé = 0 and
J*(dt) = 0, we conclude that

Lr(J*(dL — (LrL)dt)) — dL + Lr(L)dt =Lr(J*(dL)) — dL + Lr(Ldt)
=Lr(J*(dL) 4 Ldt) — dL
=Lrf;, —dL = 0.

Thus dL — (LrL)dt is a section of (DerApr)f. We summarize as follows:
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Lemma 3.7. If I" is a pseudo-Lagrangian graded vector field then dL —
(LrL)dt is a section of (DerAps);.

Given ¢ as a section of (DerAj)¥, let f be an arbitrary element of Ajps
such that ¥ 4 fdt is an exact 1-form. Then there exist a superfunction L € Ay,
such that ¢ 4+ fdt = dL. From (3.14), we have ipe) = 0 and then ipdL = f.
Since Lr(J*(¢))) = 1) we have

0 =Lp(J*(dL — fdt)) — dL + fdt

Lr(J*(dL)) — dL + (ipdL)dt

Lr(J*(dL)) — dL + (LrL)dt
(J*(

=Lr(J*(dL) + Ldt) — dL

therefore Lr8;, = dL and L is a pseudo-Lagrangian for I'. We summarize these
results in the following theorem.

Theorem 3.8. Let ¢ be a section of (DerAps)f. Let f be an arbitrary ele-
ment of Ay such that ¢+ fdt is an exact 1-form, then T is a pseudo-Lagrangian
vector field.

Theorem 3.9. The graded vector field I' is a pseudo-Lagrangian vector field
if and only if there exists a closed 1-form a on M such that Lr(pf(«)) = 0.

Proof. Let L be a pseudo-Lagrangian for I' and « a solution of the equation
ira = L. Then

0=dL — Lrby,
=d(ira) — Lr(a(D)dt + J*(Lra))
=Lr{a — a(D)dt — J*(Lra)}
=Lr(pr(a)),

so that p}-(«) is I'-invariant. Finally, let « be a closed 1-form such that Lr(pf(a)) =
0. If we take L = ip« then

pi(a) = a —o(D)dt — J*(Lra) = a — (Ldt + J*(dL)) = a — 0y,
and
Lr(pr(a)) = Lr(a —0p) = Lra — Lr0r, = dL — L0

then, the superfunction L is a Lagrangian for I'. QED
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Let I' be a Lagrangian sode vector field, that is, there exists L € A,s such

that irwr, = 0, or in equivalent way Lrf; = dL. Let X = fi(? + F(fi)a6 +
T Yi
0

0

g“a— + F(g“)% € (DerAp)r. If ixwy, is a member of the set My, then its
ym w

local representation in coordinates (¢, x;, ¥s; 7y, Cu), is similar to (3.11) such that

the coefficients of ¢; and ¢,, are given by

- 2L . 2L
of = (—)XNE 22 e ) IXILH D+ v, 317
(It~ (D) 5o (3.17)
and ) ;
0‘L . 0“L
att = —(—XIIL+D+IL] i (—1 |X||L] e 318
- R T 219

respectively. Also, if [X,T'] = 0, then ix oir = ir oix, and from irwy, = 0, we
have

ﬁp(inL) = ,Cx(ipr) =0.

This means that the map or, : (DerAy) — (DerApr)*, given by or(X) = ixwr,
maps (DerApr)r in M5 Also pr, maps symmetries of I' on I'-invariant 1-forms

9L 9L
in M} If L € Ay is regular, i.e. the matrix ( 8%3-28Lyi a%”zaLyi )is nonsingular,
8yj6<u 8(1/8{;/«

then gy, is a surjective map.

Proposition 3.10. Let X be a pseudo-dynamical symmetry of I". If o7, (X)
is an exact 1-form then Lxwy = 0.

Proof. Let F be a superfunction on M, such that o7 (X) = dF, then
L’XwL = —(’iX e} d—l— do ’Lx)(deL) = —ir o d(d@L) — d2F =0.
QED

Proposition 3.11. Let X be a pseudo-dynamical symmetry of I'. If there
exist a closed 1-form a such that o1, (X) = pf:(«), then ira is a pseudo-Lagrangian
superfunction and wy, = d(or (X)) = Lxwr.

Proof. Since X is a pseudo-dynamical symmetry of I', o7 (X) is I'-invariant
1-forms, then there exist a closed 1-form « such that

Lr(pr(a)) = Lr(or(X)) = 0.
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So, from Proposition 3.9, the superfunction ira is a Lagrangian for I'; also
d(or(X)) =d(a —0r) = wr,
and

d(or(X)) =d(ixwr) = (Lx —ix od)(wr) = LxwL.

QED

4 Pseudo-adjoint symmetry

Given the graded vector field T.

Definition 4.1. A 1-form ¢ as a section of (DerAj)f is a pseudo-adjoint
symmetry of I' if L) is a section of (DerAps)}.

It is instructive to look at the coordinate expression of the pseudo-adjoint
symmetry of I'. If ¢ = a’¢; +T'(a")0; + "¢, + T (b*)8,, is a section of (DerAy)*,
then we have

or; ,or or; or, _

_ i j v vy HY _ o v
Lo =(20") 09 G415 000+ (T — 0l 5+ 1 3,
- 0T or’ OI; or'
L JgZ_J V2TV, mwy _ L J203 vYly
+ (D) + @l Gl 0 )0 (T — L 40 5,

Therefore, L) is a section of (DerAj); if and only if we have for i € {1,...,r}
and p € {1,...,s}

A O or’ OT; or’
I'T(a") +D(a? —L) + T (b =—L) — ¢/ —L —pV —L = 4.1
@) e ) T ) " o Vo = O Y
O or’ O or’
T —T(dd =)+ T - +ad'—L —pV—L = 0. 4.2
() ~ D@/ 52) + T 52 ol gt = b 5t (4.2)

We see that this is a system of second-order differential equations for the
superfunctions a* and b*.

Definition 4.2. A 1-form 8 on M is a I-basic if ir3 = 0 and ipdf = 0.

Equivalently, 8 is I-basic if ir = 0 and LrS = 0.
Let 1 be a pseudo-adjoint symmetry of I'. Using the definition, straightfor-
ward computations show that

Lr(Lr(J*(¥)) = LrJ* () = Ly,
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and . .
Lr(LrJ () = Lr(Lr(J*(¢)) =) =0,
since Lr(J*(Lr1)) = Lry and ¢ € (DerAyr)i. Now, let 8 = LrJ*(1)), then

ir(8) = (LrJ*(¥))(T) = ¥ (LrJ*(I)) = 0,

so (3 is I'-basic. If ¢ and 17 are adjoint symmetries giving rise to the same f3,
we have LrJ*(¥1 — 19) = 0, which means that 11 = 5. On the other hand, if
B is a I'-basic form and ¢ := LpJ*(8), then we have

Lr(J* () = Lr(J* o (LrJ*)(B))
Lr(J*(B)) = LoJ*(B) + J*(LrB) = Lo J*(B) = ¥,

where in the above formula, we used (3.1) and (3.6). This shows that ¢ is a
section of (DerApr)f. Also, from (3.7), we have

B = (LoJ*)*(B) = LoJ* () = Lr(J* () — T*(Lrd) = ¢ — J*(Lry).

Then .
LrpB = Lry — Lr(J*(Lry)).
B is a I'-basic form, thus Lrv is a section of (DerAp)f and hence v is a

pseudo-adjoint symmetry of I'.
We summarize the conclusion drawn from this calculation as follows.

Proposition 4.3. The tensor field £r.J* determines a bijection between the
set of pseudo-adjoint symmetries and the set of I'-basic forms.

Remark 4.4. If ¢ is a pseudo-adjoint symmetry of I' and if there exists a
superfunction G on M such that £r.J*(1)) = dG then dG is a I-basic form and
I'(G) = 0. On the other hand, if we assume that for each G € Ay, T'(G) = 0,
then dG is a I'-basic form and from proposition 4.3, there is a pseudo-adjoint
symmetry v of I' such that Lr.J*(¢) = dG.

Proposition 4.5. Let i be a pseudo-adjoint symmetry of I' such that
Y = Lr(J*(d@)) for some superfunction G. Then, I'(G) is a Lagrangian su-
perfunction. Conversely, if T'(G) is a Lagrangian superfunction, Lr(J*(dQ@)) is
a pseudo-adjoint symmetry of I'.

Proof. From applying LrJ* to both sides ¥ = L1 (J*(dG)), we have
LrJ* () = Lo (LrJ*(dG)+JT*(Lr(dG))) = dG—J* (Lr(dG)) = dG—J*(dD(G)).
So

Lr(Lr(J* () = J*(Lry)) = Lr(dG — T*(dT(@))).
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If ¢ be an adjoint symmetry, then
Lr(J*(dT(@G))) = dT(G).

This means that dI'(G) is a section of (DerAj)}, and then I'(G) is a La-
grangian superfunction. Conversely, let I'(G) be a Lagrangian superfunction,
ie. Lp(J*(dI'(G))) = dI'(G). we have
Lr(J*(Lr(J*(dG)))) =Lr(J*(LrJ*(dG) + J*(LrdG)))
=Lr((J* o LrJ*)(d@))
j*

and
Lr(J*(Lr(Lr(J*(dG))))) =Lr(Lr(J* (Le(J*(dG)))) — LrJ*(Lr(J*(dG))))
=Lr(Lr(J*(dG)) — LrJ*(LrJ*(dG) + J*(LrdG)))
=Lr(Lr(J*(dG))) — Lr(dG) + Lr(J*(d[(G)))
=Lr(Lr(J*(d@))),

and therefore Lr(J*(d@)) is a pseudo-adjoint symmetry of T. QED

5 The tangent supermanifold and an inverse problem

An example of a graded manifold M that covers many of the concepts
described in the previous sections is the supermanifold (R0 x TM’, A RUOS T )
where (M’ Apyr) is a graded manifold of dimension (7, s). By choosing this,
we are able to find a generalization of the adjoint symmetry method for time-
dependent second-order equations to the graded case. In this geometrical setting,
the inverse problem is considered.

Let (t, 2, Yi; My, Cu), for i = 1,2,--- ,r and p = 1,2,---,s, be local co-
ordinates on (R'% x TM’ s Apiograr), where (z,m) are local coordinates on
(M', App) and t is referred to as the even coordinate of R19. Consider a graded
vector field

0 15) 0 0 0
I'= —+yim—+Ti(t,zi, v 00, Cu) 5— + (uai + T, (i, Y3 s Cu)ai,
ym Cu

ot ox; yi
which corresponds to a system of super second order ordinary differential equa-
tions on (R0 x TM’, Apioyrap)- Necessary and sufficient conditions for T' to
derive from a Lagrangian superfunction are investigated in the previous sec-
tions. As we have indicated, if « is a closed 1-form on (R x TM’, Apijoras),
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such that Lr(pj(c)) = 0, then L = ira is a Lagrangian superfunction for La-
grangian graded vector field I'. On the other hand if I' is a Lagrangian graded
vector field, then there exists a closed 1-form « such that Lr(pj(c)) = 0, see
Theorem 3.9.

Also, if 1 be a pseudo-adjoint symmetry of I' such that o) = Lp(J*(dG)) for
some superfunction G, then, I'(G) is a Lagrangian superfunction. Conversely,
if I'(G) is a Lagrangian superfunction, £r(J*(dG)) is a adjoint symmetry of T,
see Theorem 4.5.
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