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Introduction

Variational problems play central roles in geometry; Harmonic map is one of
important variational problems which is a critical point of the energy functional
E(p) = % [,;1dp|> vy for smooth maps ¢ of (M,g) into (N,h). The Euler-
Lagrange equations are given by the vanishing of the tension filed 7(¢). In 1983,
J. Eells and L. Lemaire [12] extended the notion of harmonic map to biharmonic
map, which are, by definition, critical points of the bienergy functional

Bae) =5 [ o) vy 01)

After G.Y. Jiang [20] studied the first and second variation formulas of Ej,
extensive studies in this area have been done (for instance, see [8], [24], [27], [37],
[38], [15], [16], [19], etc.). Notice that harmonic maps are always biharmonic by
definition. B.Y. Chen raised ([10]) so called B.Y. Chen’s conjecture and later,
R. Caddeo, S. Montaldo, P. Piu and C. Oniciuc raised ([8]) the generalized B.Y.
Chen’s conjecture.

B.Y. Chen’s conjecture:
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FEvery biharmonic submanifold of the Euclidean space R™ must be harmonic
(minimal).

The generalized B.Y. Chen’s conjecture:

FEvery biharmonic submanifold of a Riemannian manifold of non-positive
curvature must be harmonic (minimal).

For the generalized Chen’s conjecture, Ou and Tang gave ([36], [37]) a
counter example in a Riemannian manifold of negative curvature. For the Chen’s
conjecture, affirmative answers were known for the case of surfaces in the three
dimensional Euclidean space ([10]), and the case of hypersurfaces of the four
dimensional Euclidean space ([14], [11]). K. Akutagawa and S. Maeta gave ([1])
showed a supporting evidence to the Chen’s conjecture: Any complete regular
biharmonic submanifold of the Euclidean space R™ is harmonic (minimal). The
affirmative answers to the generalized B.Y. Chen’s conjecture were shown ([29],
[30], [31]) under the L2-condition and completeness of (M, g).

In [45], we treated with a principal G-bundle over a Riemannian manifold,
and showed the following two theorems:

Theorem A. Let w: (P,g) — (M,h) be a principal G-bundle over a Rie-
mannian manifold (M, h) with non-positive Ricci curvature. Assume P is com-
pact so that M is also compact. If the projection m is biharmonic, then it is
harmonic.

Theorem B. Let m: (P,g) — (M,h) be a principal G-bundle over a Rie-
mannian manifold with non-positive Ricci curvature. Assume that (P,g) is a
non-compact complete Riemannian manifold, and the projection m has both fi-
nite energy E(m) < oo and finite bienergy Eo(m) < oo. If w is biharmonic, then
it 1s harmonic.

We give two comments on the above theorems: For the generalized B.Y.
Chen’s conjecture, non-positivity of the sectional curvature of the ambient space
of biharmonic submanifolds is necessary. However, it should be emphasized that
for the principal G-bundles, we need not the assumption of non-positivity of the
sectional curvature. We only assume non-positivity of the Ricci curvature of the
domain manifolds in the proofs of Theorems A and B. Second, in Theorem B,
finiteness of the energy and bienergy is necessary. Otherwise, one can see the
following counter examples due to Loubeau and Ou ([25]):

Example C. (cf. [3], [25], p. 62) The inversion in the unit sphere ¢ :
R™\{o} 3 x — %5 € R" is biharmonic if n = 4. It is not harmonic since

x|
r(6) = .
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Example D. (cf. [25], p. 70) Let (M?, k) be a Riemannian surface, and let
B: M?xR — R* and A : R — R* be two positive C> functions. Consider
the projection m: (M2 x R*, g = A2 h + 8%2dt?) > (p,t) — p € (M?, h). Here,
we take 8 = cyel f@)dz f(z) = % with c1, c2 € R*, and (M2 h) =
(R?%, dz? + dy?). Then,

71 (R? x R*,dx? 4 dy?® + B2(x) dt?) = (z,y,t) — (z,y) € (R?, dx? 4 dy?)

gives a family of proper biharmonic (i.e., biharmonic but not harmonic) Rie-
mannian submersions.

In this paper, we treat with a more general setting of Riemannian submersion
7: (P,g) — (M, h) with a S* fiber over a compact Riemannian manifold (M, k).
We first derive the tension field 7(7) and the bitension field 72(7) (Theorem 1).
As a corollary of our main theorem, we show characterization theorems for a
Riemannian submersion 7 : (P,g) — (M,h) over a compact Kéhler-Einstein
manifold (M, h), to be biharmonic (Theorems 2, 3, 4 and 5).

1 Preliminaries

1.1 Harmonic maps and biharmonic maps

We first prepare the materials for the first and second variational formulas
for the bienergy functional and biharmonic maps. Let us recall the definition
of a harmonic map ¢ : (M,g) — (N,h), of a compact Riemannian manifold
(M, g) into another Riemannian manifold (V,h), which is an extremal of the
energy functional defined by

E(p) = /M e(¢) v,

where e(p) := 3|di|? is called the energy density of ¢. That is, for any variation
{iot} of ¢ with o = ¢,

4
dt

E(pr) = — / h(r (), Vg = 0, (1.1)
t=0 M

Where Vel(p _1T N ) is a variation vector field along ¢ which is given by
= %} _opt(®) € TyyN, (z € M), and the tension field is given by 7(p) =
ZZ 1 B(go) ei, el) ( ~ITN), where {e;}!"; is a locally defined orthonormal
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frame field on (M, g), and B(¢p) is the second fundamental form of ¢ defined by
B(p)(X,Y) = (Vdp)(X,Y)

= (Vxdp)(Y)
= Vx(dp(Y)) = dp(VxY), (1.2)

for all vector fields X,Y € X(M). Here, V, and V", are Levi-Civita connections
on TM, TN of (M,g), (N, h), respectively, and V, and V are the induced ones
on ¢ TN, and T*M ® o~ 'T N, respectively. By (2), ¢ is harmonic if and only
if 7(¢) =0.

The second variation formula is given as follows. Assume that ¢ is harmonic.

Then, )
d
dﬂwmwzﬁﬁwmmmv (1.3)

where J is an elliptic differential operator, called the Jacobi operator acting on
I'(¢~!TN) given by

J(V)=AV —R(V), (1.4)

where AV = V' VV = — St {Ve, Ve,V =Vy, ¢V} is the rough Laplacian and
R is a linear operator on I'(p~1TN) given by R(V) = Y7, RN (V, dyp(e;))dp(e;),
and RV is the curvature tensor of (N,h) given by RMU,V) = V'V —
Vi Vhy — Vi) for U, V e X(N).

J. Eells and L. Lemaire [12] proposed polyharmonic (k-harmonic) maps and
Jiang [20] studied the first and second variation formulas of biharmonic maps.
Let us consider the bienergy functional defined by

Bae) = 5 [ o), (1.5

where |V|?2 = h(V,V), V € (¢~ 'TN).
The first variation formula of the bienergy functional is given by

G| Ele0 == [ ) v, (1.6
Here, B
() = J(7(9) = Blr(e)) ~ R(r()), (1.7)

which is called the bitension field of ¢, and J is given in (5).

A smooth map ¢ of (M, g) into (N, h) is said to be biharmonic if T2(p) = 0.
By definition, every harmonic map is biharmonic. We say, for an immersion
v: (M,g) = (N, h) to be proper biharmonic if it is biharmonic but not harmonic
(minimal).
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1.2 Riemannian submersions

We prepare with several notions on the Riemannian submersions. A C*
mapping 7 of a C*° Riemannian manifold (P, g) into another C*° Riemannian
manifold (M, h) is called a Riemannia submersion if (0) 7 is surjective, (1) the
differential dr = 7. : Ty P — TryM (u € P) of m : P — M is surjective
for each u € P, and (2) each tangent space T, P at u € P has the direct
decomposition:

T.P=Vy®Hy,  (ueP),

which is orthogonal decomposition with respect to g such that V = Ker(m,,,) C
T, P and (3) the restriction of the differential m, = dm, to H, is a surjective
isometry, Ty : (Hu, gu) = (TrwyM, hr(y)) for each u € P (cf. [4]). A manifold
P is the total space of a Riemannian submersion over M with the projection 7 :
P — M onto M, where p = dim P = k +m, m = dim M, and k = dim 7~ !(x),
(r € M). A Riemannian metric g on P, called adapted metric on P which
satisfies

g=n"h+k (1.8)

where k is the Riemannian metric on each fiber 7=!(x), (x € M). Then, T, P
has the orthogonal direct decomposition of the tangent space T, P,

TP =V, & Ha, ueP, (1.9)

where the subspace V,, = Ker(m,,) at u € P, the vertical subspace, and the
subspace H,, of P, is called horizontal subspace at u € P which is the orthogonal
complement of V,, in T, P with respect to g.

In the following, we fix a locally defined orthonormal frame field, called
adapted local orthonormal frame field to the projection 7w : P — M, {e;}}_,
corresponding to (10) in such a way that

e {e;}", is a locally defined orthonormal basis of the horizontal

subspace H,, (u € P), and
e {e;}%_ | is a locally defined orthonormal basis of the vertical
subspace V,, (u € P).

Corresponding to the decomposition (10), the tangent vectors X, and Y,
in T, P can be defined by

X,=XY+x1 v, =vY+YvH (1.10)
XY, vy ev, X yvRewH, (1.11)

for u € P.
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Then, there exist a unique decomposition such that

(X, V) = h(m X, 7o) + k(XY YY), X, Y, €T,P, ucP.

Then, let us recall the following definitions for our question:

Definition 1. (1) The projection 7 : (P,g) — (M, h) is to be harmonic if
the tension field vanishes, 7(7) = 0, and

(2) the projection 7 : (P,g) — (M, h) is to be biharmonic if, the bitension
field vanishes, ma(7) = J(7(m)) = 0.

We define the Jacobi operator J for the projection 7 by

J(V):= AV - R(V), Vel (r'TM). (1.12)
Here,
— p — — —_ — —
AV:=-Y" {vei(veiV) - Vveieiv} = AV + AV (1.13)
=1
where
BV =-% {@@.V) fvveieiv}, (1.14)
=1
— k — — p—
AyV = — ; {Var . Va, V)= Ve, 4.V} (1.15)

for V € T'(m~'TM), respectively. Recall, {e;}}_; is a local orthonormal frame
field on (P,g), {ei}!", is a local orthonormal horizontal field on (M, h) and
{em+iu} | (u € P) is an orthonormal frame field on the vertical space V,
(u € P). We call Ay, the horizontal Laplacian, and Ay, the vertical Laplacian,
respectively.

2 The reduction of the biharmonic equation

2.1 Horizontal vector fields

Hereafter, we treat with the above problem more precisely in the case that
dim(7~Y(x)) = 1, (u € P, m(u) = z). Let {e1, e1, ..., en} be an adapted
local orthonormal frame field being e, = e, vertical. The frame fields {e; :
i = 1,2,...,n} are the basic orthonormal frame field on (P,g) corresponds
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to an orthonormal frame field {e1, €2, ..., €,} on (M,g). Here, a vector field
Z € X(P) is basic if Z is horizontal and m-related to a vector field X € X(M).

In this section, we determine the biharmonic equation precisely in the case
that p=m + 1 =dim P, m = dim M, and k = dim7~!(z) = 1 (z € M). Since
[V, Z] is a vertical field on P if Z is basic and V is vertical (cf. [33], p. 461).
Therefore, for each i = 1,...,n, [e;, e,+1] is vertical, so we can write as follows.

[€iyent1] = Kient1, =1, ..., n (2.1)

where k; € C®°(P) (i =1,...,n). For two vector fields X, Y on M, let X*, Y*,
be the horizontal vector fields on P. Then, [X*,Y™*] is a vector field on P which
is m-related to a vector field [X,Y] on M (for instance, [46], p. 143). Thus, for

i, j=1,...,n, [e;,¢€;] is m-related to [;, €], and we may write as
n+1
lei, 5] = Z ij €k, (2.2)
k=1

whereijECoo(P) (1<i,j<m1<k<n+1).

2.2 The tension field

In this subsection, we calculate the tension field 7(7). We show that
7(m) = —dm (v5n+16n+1) = - Z Ki €. (2.3)
i=1
Indeed, we have

7(m) =Y {VIdn(e;) — dr (Vee)}
i=1

= Z {VIdr(e;) —dm (Veei)} + Ve, dm(ent1) —dm (Venii€ns1)
=1
= —dr (ven+1€n+1)
= — Z KRi€;.
i=1

Because, fori, j =1,...,n,dn(Ve;) = Vgej, and VI dr(e;u) = Vgﬂ
V'¢;. Thus, we have

(ei)dﬂ-(ei) -

n

Z {VIdr(e;) —dm (Veei)} =0. (2.4)

=1
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Since e,41 = ey, is vertical, dm(e,q1) = 0, so that V7 +1d7r(en+1) =0.

Furthermore, we have, by definition of the Levi-Civita connection, we have,
fori=1,...,n,

2g(v€n+1en+17 ) - 2g(en+1> [627 €n+1]) = 2'%%

and 29(Ve, ., €nt1,ens1) = 0. Therefore, we have

6n+1 En+l = 5 Ri€q,

and then,
dm (V ( en+16n+l Z Ki€i. (2.5)

Thus, we obtain (19). QED

2.3 The bitension field

Let us recall first the bitension field m2() is given by

() = = 3 {VE (VEr()) - V5, 7))

i=1

— Z RMr(w), dr(e;))dm(e;). (2.6)

First, since dr(e;) = ¢;, i =1,...,n, we have
ZRh ), dm(e;))dm(e;) ZRh
= RlC (1(m)). (2.7)

On the other hand, we calculate the first term of (22) for (7).

(The first step) To calculate VI 7(7) (i =1, ..., m = n + 1), we want to
show

Virn ={ & el (2.8)

€



Harmonic maps and biharmonic Riemannian submersions 9

Because, if i = 1,...,n, by noticing k; € C*°(P), (j = 1,...,n)), we have
by (19),

Ve r(m)=Vg | — Z Kj€;
j=1
==Y {(eirj)e;+r; Vie}
j=1
= —Z{(ei /ij) € + K VZEJ‘} , (2.9)
j=1

: T, _ \h . _7h . S
since V{ €; = de(ei)fy = V¢ €;. Furthermore, for i = n + 1, we have

Ve (1) = Vi e () = 0. (2.10)
To show (26), recalling the definition of the parallel displacement of the connec-
tion, let Prog() 1 Tr(o(0))M — Tr(o(r))M be the parallel transport with respect
to (M, h) along a smooth curve in P. Then, since o(t) € P, ¢ < t < € with
o(0) =z € P and 6(0) = ep41 2 € TP, for every V € I'(x~'TM), and then,

™ _ d —1 _ d —1 _
VeV @ = G| PrVe®) =G| PgVe®) =0 (1)

since m(o(t)) = m(0(0)) = w(x) € P because ep41 is a vertical vector field of the
Riemannian submersion 7 : (P,g) — (M, h).

(The second step) To calculate 7661'61_7'(71) (t=1,..., m=n+1), we have

n

— Z {(Veiei /ﬁ;j)éj + Rj V%?ieiﬁj} (Z = 1, ves ,77,),

Jj=1

V3, eT(m) = B (2.12)
— Z {ch (erkj) € + Kykj Vgej} (t=n+1).
,5=1
Indeed, for a vector field V,e; on P (i = 1,...,n), we only have to see that

dr(Ve,e;) = Ve, (2.13)

which yields the first equation of (28). To see (29), we have to see the following
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equations:

veiei = V(veiei) + H(veiei)
= Ac,ei + H(Ve,ei)  (cf. the fourth of Lemma 3 in [33], p. 461)

1
= §V[ei,e7;} + H(Ve,ei) (cf. Lemma 2 in [33], p. 461)

= H(Veei). (2.14)

Here, since H(V,,e;) is a basic vector field corresponding to V?i €; (cf. the third
of Lemma 1 in [33], p. 460), we have dn(V,,e;) = dn(H(Ve,e)) = Vi, ie.,
(29). Then, we have

Vo rm =3 (=3 rey)
7j=1

Veiei

= — i {(Veiei "fj) € + va%eieiej}

j=1
n
= — Z {(Veiei Kj) € + Kj V@?ieiej} , (2.15)
j=1

which is the first equation of (28). To see the second equation of (28), recall (21)
dr(Ve, . ent1) = 21y Ki€; and also the first equation of (24). Then, we have

n
T — _h e
van+len+1 T(Tr) - V(ZZ‘ZI K/iei) Z K/J 6]
=1

= — " Ki€i(Kj) € + Kikj V?,ej , (2.16)
> z

ij=1
which implies the second equation of (28).

(The third step) We calculate V7, (VI 7(7)). Indeed, we have

VI (Vir(m) = VE | =Y {(en) e+ 15 Ve )

j=1
= — Z {ei(emj) € + (eilﬂj)vgq + (emj) Vgﬁj + /@jV’cfi (Vgﬁj)} , (2.17)
j=1

where

{ng = Vgﬂ(ei)ej = Ve, (2.18)

Vi (Vi) = Vien (Vi) = VE(VEe).
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Then we have, fori =1,...,n,
VI (VEIr(m)) Z {eZ eikj) € + 2(eik;) Vi e; + 1 VI (VE ej)}
7j=1
Ve (Ve 7(m) =0,
= 2.19
Vet = =3 {(Veern) e + 1, Vi 65 (249
=1 '
v%en+1€n+17—(ﬂ) = — Z {/ﬁ;i<6i,‘<&j) € + KiR;j VZEJ‘} .
ij=1
(The fourth step) Therefore, we have
ro(m) = A" 7(x) - Ric" (7(r))
-y {v; (VEr(r)) geve;(w)} — Rich(r(n))
i=1
= Z { (eij) € + 2(eir) V! €+ Ky vh (Vh €5)
i,7=1
— (Ve,€i kj)ej — K V — Ki(€ikj) €j — Kik; Vg_e]}
+ Ric" ( Z Hjﬁj)
j=1
:Z {e@'(emj) Ve emj}ej—l—QZV S (eany)en) €
j=1i=1 j=1
DD {VZVZEJ' - V%gﬂ} = V(i mie) D i
j=1 =1 o J=1
+ Rich(z K€}
j=1

n
= E : { — Akj — ent1(ent16) + Ve, i eni1 “j} €j

n
+2ZV<21 (i) Zﬂ] "6) = Vs, ) D i€
=1
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=+ RiCh(Z /ijej)
Z Ahﬁj
7j=1
n 7h n
+2 Z Vi (empen® — DA 6) = Visn mie D Fi€s
j=1 j=1 =1
+Ric" (Y k). (2.20)
Since
Zh(/ﬁje]) A Kj)€j — QZ eikj) V ej + nj(zhej), (2.21)
we obtain

) = —Ah(z Kj€j) — V?Z?:l kics) Z Kj€j + Rich( Z Kj€j). (2.22)
Jj=1 j=1 j=1

Thus, we obtain the following theorem:

Theorem 1. Let w7 : (P,g) — (M,h) be a Riemannian submersion over
(M, h). Then,
(1) The tension field T(m) of 7 is given by

n
=3 ke, (2.23)
=1

where k; € C*(P), (i=1,...,n).
(2) The bitension field To(m) of m is given by

~A" ( Z Kj€j) + V?Zln:l kie:) Z kje; + Rich ( Z Kj€j). (2.24)
j=1 j=1 j=1

Remark 1. The bitension field 7o(7) for m has been obtained in a different
way by Akyol and Ou [2] in which has referenced our paper.
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Proposition 1. Let 7 : (P,g) — (M,h) be a Riemannian submersion
whose base manifold (M, h) has non-positive Ricci curvature. Assume that m :
(P, g) — (M, h) is biharmonic. Then the tension field X := 7(x) is parallel, i.e.,
VX =0 if we assume div(X) = 0.

Proof  Assume that 7 : (P,g) — (M, h) is biharmonic, i.e.,
0 =m(r) = —A"X — VA X + Ric"(X).

Then, we have
0< / VX, X"X) v,
M
- [ n@&"x.x),
M

—— [ WX X+ [ B0, X) 0y
M M

__1 . v iCh (%

— 2/MX h(X,X) h+/Mh(R (X), X) vn

:/ (Ric"(X), X)vp < 0. (2.25)
M

The second equality from below holds, due to Gaffney’s theorem (cf. Theorem
2.2 in [35]), [, X fun =0 (f € CY(M)) if div(X) = 0. The last inequality holds
for non-positive Ricci curvature of (M, h). Therefore, we have

0 = A(Ric(X), X) vy = /M X", X" o,

Thus, we have vV'x =o0. QED

3 Einstein manifolds

3.1 Riemannian submersions over Einstein manifolds
Regarding the orthogonal direct decomposition:
X(M)={XeX(M)|div(X)=0}a{VfeX(M) feC®M)}, (3.1)
we obtain the following theorems:

Theorem 2. Letw: (P,g) — (M,h) be a compact Riemannian submersion
over a weakly stable Einstein manifold (M, g) whose Ricci tensor p" satisfies

p" = c1d for some constant c. Assume that 7 is biharmonic, i.e.,

m(m) = —A'X + VA X + Ric"(X) = 0, (3.2)
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where X = Z?:l ki€i. Assume that divX = 0. Then,

—~h
{ A"X = cX, 53)

Vi X =0.
Proof Let X = ZZ 1 X; where AHX,;, =\, X; satisfying that

fM (Xi, X;) vp, = 6;j. A corresponds to the Laplacian Al acting on the space
AY(M) of 1-forms on (M, h). By (42),

vhx =A"X — X
= i — 202 X; (3.4)
=1

s
I
—

since A = A" + p' = A + cId. Since div(X) = 0,
0:—/ X - h(X,X) vy
2 Jm
:—/ (VA% X, X) vy,
M

_/ h(D> (i —20) X5, > X;) v
M= j=1
i=1

If (M, h) is weakly stable, i.e., 2¢c < A (h) < \; (i = 1,2,...), then we have
N=2 (i=1,2...).

Therefore, we have

o0 o0
AXtex=AHX = ShiXi =2 Xi = 2eX.
=1 =1

Therefore,
{AhX = cX,
Vi X =0.
We have Theorem 2. QED

We have immediately the following theorem and corollary:
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Theorem 3. Let w: (P,g) — (M,h) be a compact Riemannian submer-
sion over an irreducible compact Hermitian symmetric space (M,h) = (K/H, h)
where K is a compact semi-simple Lie group, and H, a closed subgroup of K,
h, an invariant Riemannan metric on M = K/H, respectively. Let X € £ be an
mmwvariant vector field on M. Then, divX =0, and that

Al'x = ex,
(3.7)
Vi X =0.
Corollary 1. Let © : (P,g) — (M,h) be a principal S*- bundle over an
n-dimensional compact Hermitian symmetric space (M, h). Then,

7(m) == kG € T(x'TM). (3.8)
j=1

If X =371 | kj€j is a non-vanishing Killing vector field on (M, h), m: (P,g) —
(M, h) is biharmonic, but not harmonic.

3.2 Analytic vector fields and the first eigenvalue

Regarding (42), we now consider the case {V f € X(M)| f € C®(M)}.
Recall a theorem of M. Obata on a compact Kéhler-Einstein Riemannian man-
ifold (M, h) ([46], p. 181), the first non-zero positive eigenvalue A\ (h) of (M, h)
satisfies that

A1(h) > 2¢, (3.9)

and if the equality A;(h) = 2¢ holds, the corresponding eigenfunction f with the
eigenvalue 2c satisfies that V f is an analytic vector field on M ([46], p. 174)
and

Jiq(V f)=0, (3.10)

where J; is the Jacobi operator given by J;q := Ao Ric.

We apply the above to the our situation that 7 : (P,g) — (M, h) is a com-
pact Riemannian submersion over a compact Kéhler-Einstein manifold (M, h)
with Ric" = ¢Id, and assume that = : (P, g) — (M, h) is biharmonic, i.e.,

A'X 4+ Vi X - Ric"(X) = 0, (3.11)

where X = 7(7r) € D(7 1T M).
Thus, we can summarize the above as follows:
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Theorem 4. Assume that our X = 7(w) is of the form, X = V[, where
f is the eigenfunction of the Laplacian Ay, acting on C°°(M) with the first
eigenvalue A1(h) = 2c.

Then X is an analytic vector field on M ([46], p. 174) and

J:

id(X) =0, (3.12)

where J;q s the Jacobi operator given by Jiq = A" _ 2Ric.
Furthermore, we have

AgX =2cX, ie., A'X =cX, (3.13)
and also
VhixX =0. (3.14)

Here, Ap is the operator acting on X(M) corresponding to the standard Lapla-
cian A := d§ + §d on the space AL(M) of 1-forms on (M, h).

3.3 The divergence of an analytic vector field

In this part, we show

Proposition 2. Under the above situation, we have, at each point p € P,
div(X Z ei ki (p), (3.15)

where {e;}1'_, is an orthonormal frame field on a neighborhood of each point
peP satzsfymg that (Vye;)(p) =0,VY € T,P (i=1,...,n).

Proof. Let us recall X := 7(m) = =Y " | ki€ € P(ﬂ'_lTM), where k; €
C®(P), ¢ =1 e € I(n~'TM) defined by

-1

a(p) = (7T Ei)(p) = €in(p)> (p € P),

and {¢;}!"; is a locally defined orthonormal frame field on (M, h). Here, note
that, for p e P, n(p) =x € M,

n n

X(p):—z == ri(p)ei(x) € T M.
) =1
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Let V be the induced connection on I'(7~!T'M) from the Levi-Civita connection
V" of (M, h), and define div(X) € C>(P) by

div(X ng €ip, Nez ng € p, W*ez X)
= ng(ei P (ﬁeiX)(p)% (3.16)
=1

where m = n + 1 = dim(P). Because eenHX(p) = 0 since, for a C! curve o in
P with o(0) = p, 0/'(0) = (en+1)p € TpP, we have m 0 oy(s) =z, V0 < s < ¢t.
Therefore, we have

d

(v€n+1X)( ) V’ilr*en_‘_lX = 7

yr Pt “1X(o(t) =0,

T OOt
t=0

where Pl o0+ LepyM — Tr(o)M is the parallel displacement along a cl

curve m o oy with respect to V* on (M, h). Then, for the RHS of (57), we have
le(X)<p) = Z gp(ei P> (661X)(p))
i=1
= ng (ei 5,V Z”ﬂeﬂ

— ng e p,Z{ezﬁj +"€]( )(Velgj)(p)})

= > () (P) gplei p, () + D 55(p) gplei pr (Ver&5) (p))
i,7=1 ',j—l

n

= Z ez"‘fz —J9p ZV el)Z/{]
i=1
n

= Zemi+g(z Viei, X), (3.17)

i=1 i=1
since
gp(€ip, (Ve €5)(p) = €ipglei, €5) — gp(Vgieiagj) = _gp(v“giei?gj)

by means of ;,, g(e;, €;) = 0. By noticing that g(} ;- ; VZ,e;, X) = 0 at the point
p € P because of a choice of {e;}, we obtain (56). QED
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4 Kahler-Einstein flag manifolds

Let (M,h) = (K/T,h) be a Kihler-Einstein flag manifold with Ric" = ¢ Id
for some ¢ > 0, where T' be a maximal torus in K, and let F), the line bundle
over K /T associated to non-trivial homomorphism A : 7" — C*. Then, E) is the
totality of all equivalence classes [k, v] including (k,v) with k € K and v € C*
under the equivalence relation (k',v') ~ (k,v), i.e., ¥ = ka, v = Aa~!)v for
some a € T. Let S\ := {[k,u]|k € K, u € S'} = {(k,u)|k € K, u € S'}/ ~.
Then, Sy is the circle bundle over a flag manifold K /T associted to A : T — S,
where S! = {u € C| |u| = 1}. Note that m := dimS = n+1, with n = dim M =
dim K/T.

Example 1. Forr=1,2,..., let
627r\/jlél 0
K:SU(T+1)DT:{ |

O e2ﬁmer+1
0, ..., 97«+1 € R, 91+"'+9r+1 :0},
and for T = (a1, ...,ar11) € Z'L, let
6271'\/?191 O
A T3 - 2TVl (@bittas b)) ¢ gl
O 627T\/j197«+1
where S = {2z € C||z| = 1}, and a1, ..., ar41 € Z. The action of T on

K xS'=SU(r+1) x St by

(, e%ﬁa) -a = (za, A\z(a™h) 62”‘/?19), acT.
The orbit space

P=38\,=5SU(s+1) xS/~

= {(z,e*™V" 1|z € SU(r+1), § € R}/~

whose equivalence relation is given by (z/, e2™V 1) ~ (z, 2™V ~19) is equivalent
to that: 2’ = ot and e>™V=10" = 2710\ (+~1) We denote the equivalence
class including (:U,e%me) by [x,e%‘/jw]. Then, we have the principal S'-

bundle P = Sy over K/T associated to Az, which is the space of all T-orbits
through (x,eZ’“EG), x € SU(r+1), 6 € R, namely,

P =38, ={[z,e |z e SUr+1), 6 €R}.
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Example 2. In particular, let us consider the case r = 1. Let

e27r\/j19 0
K=SU@2)>T= 0 e-2mvTo |0 eRy,

dim(K/T) =2 and dim P = 3. For a1, as € Z, and £ = a1 — ag, let

e27r\/j10 0

)\I: T = 0 6—271'\/—719

] sy @27V -1 (a1—a2)0 _ e27r\/71Z9 € Sl

and T acts on SU(2) x S! by
(.’E,BZW\/TIE) Cq = (aja7€27r\/—71£0€27r\/—71§)’

627r\/jle 0
for a = 0 ConvT0| € T, x € SU(2), £ € R. Then, P is diffeo-
e

morphic with S, and M = K/T is diffeomorphic with PYC), and we have
m: P=8, »M=K/T =5U(2)/S' = P{C). Let

t=su(2) ={X €gl(2,0)]'X + X =0, Tr(X) =0},
t= o) <u) = { (VT 2 N 1oer),

m={<2 _Oz>\zec},

respectively. Let ( -, - ) be the inner product on ¢ defined by

1
(X.Y):=—3Tr(XY), X Yet

Then, for X = 0 -z , Y = 0 —w €m,
z 0 w 0

<X?Y>:‘T€+yn’ Z:$+V_1yaw:§+V—1na z, Y, éaneRa

and h, the G-invariant Riemannian metric on M = K/T = PYC) in such a way
that

ho(Xo,Y,) = (X, Y), X, Yem,
where o = {T'} € M = K/T. Let {H;, X1, X2} be an orthonormal basis of ¢
with respect to (-, -) where

(G ) v () w3
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satisfying that
[H1, X1]) = 2Xo, [Xo, Hi|=2X,, [X1,X2]=2H;.
In our case, taking
SU(2) 3 kexp(sX; + tXo) exp(uHy) — (s,t,u) € R3,

as a local coordinate around k£ € SU(2), and let us write a locally defined
orthonormal frame field {e;}?_; on SU(2) around the identity e in SU(2) by

9 _ 0 9 _cue—1)u(As+Br) 9O
s 62_C$+d§’ e3 =e e

61:G§S+b

where a, b, ¢, d, A, B, C are real constants.

For X = 7(7) = —(k1€1 + K2¢2), and {e;}3_; an orthonormal frame field
on P such that the vertical subspace V, = Re3, and the horizontal subspace
Hp=Reip, ®@Reyp of T,P (p € P) satisfies

[ei, 63] = KR; €3 (7, = 1,2)

with k; € C*(P) (i = 1,2), where k1 = Cl({ — 1)u(aA + bB), Ky = CL({ —
1)u(cA + dB). It holds that

div(X) = e1k1 + €262 = 0. (4.1)
Furthermore, we obtain

X = T(7T) = —(/ﬂa + figgg)
=—Cl(l —1)u{(aA+bB)ée1 + (cA+ dB)éa}. (4.2)

Therefore, if f =0 or £ =1,
X =7(m) =0,

namely, 7 : P =Sy, - M = K/T = PYC) is the direct product if ¢ = 0, and
it is the standard Hopf fiberring is harmonic if £ = 1.

If £ =23, our X = 7(r) £ 0 satisfies that A" X = ¢X with VA X = 0
which is equivalent to

A'X + Vi X —Ric"(X) =0,
which is equivalent to that

A'X =X, ViX =0, (4.3)
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and m: P =S8\, - M = K/T = C'P is biharmonic, however it is not
harmonic. Notice that (M,h) = (C'P, h) satisfies that Ric" = 1d with ¢ = 4
and A1 (M, h) =1 ([42], p. 213, and [43], p. 67, Type A II] in Table A2 and also

p. 70).

Therefore, we can summarize:
Theorem 5. For{=1,2,..., let

eQw\/TIG 0

0 oy T6 — 627r\/—1£6' c Sl
& v

A T>

be a homomorphism of T into S', and let 7 : P = Sy, = M = K/T =
SU(2)/S' = PYC) be the principal S*-bundle over K /T associated to Az. Then,
for every £ = 2,3, ..., the projection 7 : (P,g) — (M, h) is biharmonic but not
harmonic.
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