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Abstract. Let f be a degree d > 9 homogenous polynomial with border rank 5. We prove
that it has rank at most 4d — 2 and give better results when f essentially depends on at most
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Introduction

A more descriptive title would be “ Geometry of low degree zero-dimensional
curvilinear schemes and an application to the ranks of homogeneous polynomials
of degree at least 9 and border rank 5 7. Let vg,, : P — P", r := (m:;d) -1,
denote the Veronese embedding of P, i.e. the embedding of P induced by
the complete linear system |Opm (d)|. If M is a k-dimensional linear subspace of
P™ and a € M, then vgy(a) = vgm(a) (here we use the image of |Opm (d)| in
|O(d)] to get the Veronese embedding of M). Thus we usually write v, instead
of Vg, (this paper is a continuation of [2] and we used v4 in [2]). For any ¢ € P”
the rank 7, 4(q) of ¢ is the minimal cardinality of a finite set S C P™ such
that ¢ € (v4,,4(S)), where ( ) denote the linear span. For all integers a > 0
the a-secant variety o,(vg(P™)) of v4(P"™) is the closure in P of the union of
all (v4(9)), where S is a subset of P with cardinality a. For any ¢ € P" the
border rank by, 4(q) of ¢ is the minimal integer a such that ¢ € o4(vq(P™)). By
concision we have rp, 4(¢) = 7%,4(¢q) and by, 4(q) = bk (q) if ¢ € (var(M)) with
M a k-dimensional linear subspace of P ([10, Exercise 3.2.2.2], [11, §3.2]). Let
Z C P™ be a zero-dimensional scheme. Z is said to be curvilinear if for each
point g of its support Z,eq the Zariski tangent space of Z at ¢ has dimension at
most 1. A zero-dimensional scheme is curvilinear if and only if it is contained
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in a smooth curve (and if and only if it is contained in a reduced curve whose
smooth locus contains Zyeq).

Another possible title would be “ The stratification by ranks of the homoge-
neous polynomials with border rank 5 and depending on at most 4 variables 7,
because the opposite was done in [2]. By concision ([10, Exercise 3.2.2.2]) we
are basically working in P3.

We prove the following result.

Theorem 1. Assumed > 9. Let P € P" be a point with border rank 5. Then
Tm,d(P) < 4d — 2.

We do not have a complete description of all the possible integers r,, 4(P)
with P of border rank 5. Since d > 4, each P € P" is contained in the linear
span (vg(A)) of v4(A), where A C P™ is a degree 5 zero-dimensional smoothable
scheme A ([7, Lemma 2.6], [6, Proposition 2.5]). A is Gorenstein ([6, Lemma
2.3]). Since deg(A) is so low, we get very strong restrictions on the possible
schemes A, both as abstract schemes and as embedded subschemes of P™. The
structure of A gives very strong restrictions on the rank of P. The main result is
not Theorem 1, but a long list of cases in which we compute the value 7, 4(P).
A main step in the proofs of all intermediate results is the use of certain zero-
dimensional schemes with low degree. For each of these schemes A we give
an upper bound for the ranks of the points associated to A. For some A we
give the precise value of the ranks. In most cases we only need curvilinear
subschemes ([2, Remark 1]) and that each zero-dimensional curvilinear scheme
has only finitely many subschemes. However, even for these easy schemes there
is a positive-dimensional family I" of associated polynomials (a projective space
minus finitely many of its hyperplanes) and often it is not easy to check the exact
value of the rank for all these polynomials, not only for the general element of
T.

We summarize parts of Propositions 3, 4 and 5 in the following way.

Proposition 1. Assume m > 3 and d > 9. Fiz a 3-dimensional linear
space H C P™. Let A1 C H be a degree 4 connected and curvilinear scheme
with (A1) = H. Let Ay (resp. As) be the degree 2 (resp. 3) subscheme of A.
Fiz Oy € (A1) \ (A1)req and set A := A3 U{O2}. Fiz P € (vy(A)) such that
P ¢ (v4(E)) for any E C A.

(i) If O ¢ (A"), then rp, 4(P) = 3d — 3.

(ii) If Oz € (vg(A")) \ (va(A")), then 3d — 3 < 1y, 4(P) < 3d — 2.

(iii) If Oa € (vq(A)), then rp, q(P) = 3d — 1.
Part (iii), i.e. Proposition 4, is the part of the paper with the longer proof.
We summarize Propositions 8, 10, 11, 12 in the following way.

Proposition 2. Assume d > 9. Let Ay, Ao C P™, m > 3, be disjoint curvi-
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linear schemes such that deg(A1) = 3 and deg(A43) = 2. Set A := Ay U As.
Assume dim((A)) = 2 and take P € (v4(A)) such that P ¢ (vq4(E)) for any
E C A.

(a) If A is in linearly general position in (A), then ry, 4(P) = 3d — 3.

(b) If A is not in linearly general position in (A), then ry, ¢(P) = 3d — 2.

In this paper we also prove the following results:
(1) If A is not connected and d > 9, then 7y, q(P) < 3d — 1 (Lemma 9).

(2) If m =3,d > 9, Ais connected and A is in linearly general position in
P3, then 7y, 4(P) = 3d — 3 (Proposition 3).

Take d > 9 and A as in Theorem 1. We recall ([2, Proposition 5]) that if
dim(A) = 2 (and in particular if m = 2), then r,, 4(P) < 3d.
Many thanks are due to the referee for many comments and relevant remarks.

1 Preliminaries

For any P € P" let r,, 4(P) (the rank of P) denote the minimal cardinality
of a finite set B C P™ such that P € (14(S5)) and let S(P) denote the set of
all subsets of P™ evincing the rank of P, i.e. the set of all subset B € P™ such
that P € (v4(B)) and #(B) = ry, q(P). For any P € P" let by, 4(P) denote the
border rank of P. For any P € P" the cactus rank of P is the minimal degree
of a zero-dimensional scheme Z C P™ such that P € (v4(2)).

Remark 1. Fix ¢ € P" such that there is a line L C P™ with ¢ € (v4(L)).
Sylvester’s theorem says that by q(q) < [(d + 2)/2], either by 4(q) = r1,4 or
r1,4(q) = d+2—b1 4(q), that each integer y with 1 < y < [(d+2)/2] is the border
rank of some P € L and that each integer z such that 1 < z < d occurs as a rank
for some ¢ € (v4(L)). Moreover, each ¢ € (v4(L)) has cactus rank equal to its
border rank by 4(¢). There is a unique zero-dimensional scheme Z C L evincing
the cactus rank of ¢ (and hence deg(Z) = by 4(q)). We have by 4(q) = 71.4(q)
if and only if Z is reduced. If by 4(¢) # r1.4(¢) and B € S(q), then BN Z =)
([8], [11, 4.1]). The fact that by 4(q) is at least the cactus rank of ¢ follows from
general statements ([7, Lemma 2.6], [6, Proposition 2.5]) and easily implied that
for ¢ border and cactus ranks coincides. Granted this fact the uniqueness of Z
and the fact that if by 4(q) # 71,4(q), then by 4(q) + 71.4(q) > d + 2 follows from
[3, Lemma 1] and the fact that h!'(P!, Zyy(d)) = 0 for every zero-dimensional
scheme W C P! with deg(W) < d + 1.

Let X be any projective scheme and let D C X be an effective Cartier

divisor of X. For any zero-dimensional scheme Z C X let Resp(Z) denote the
closed subscheme of X with Zz : Zp as its ideal sheaf. We have deg(Z) =
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deg(Z N D) + deg(Resp(Z)). For any line bundle £ on X we have the exact
sequence

0— IRGSD(Z) QL(-D) =1z L—TLznp,p® £|D —0 (1)

We say that (1) is the residual exact sequence of the inclusion D C X.

The next 4 easy statements are contained in [2]. They are easily proved and
they are the only parts of [2] that we use (except of course the statement of the
main theorem of [2], which basically reduce the proof of Theorem 1 to prove it
when m = 3; the case m = 3 is exactly the content of this paper).

Remark 2. Let T C P? be a reduced curve of degree t < d. It is connected
and the projective space (v4(7T))) has dimension x := (szrQ) - (d_;“) —1. Every
point of (v4(T")) has rank at most x with respect to the curve v4(T") (the proof of
[11, Proposition 5.1] works verbatim for reduced and connected curves). Hence
it Be S(P), then §(BNT) <z. Ift =1 (resp. t =2, resp t = 3) then z = d
(resp. 2d, resp. 3d — 1).

Lemma 1. Fiz an integerd > 6. Let Z C P™, m > 2, be a zero-dimensional
scheme with deg(Z) < 3d + 1 and h*(Zz(d)) > 0. Then either there is a line
L C P™ with deg(LNZ) > d+2 or there is a conic T C P™ with deg(T'NZ) >
2d + 2 or there is a plane cubic F with deg(F'NZ) > 3d.

Remark 3. Take the set-up of Lemma 1 and assume the existence of a
plane conic T" with deg(7'N Z) > 2d + 2, but that there is no line L C P with
deg(L N Z) > d + 2. In many cases (e.g. when Z has many reduced connected
components), it is obvious that 7" must be reduced. Assume that 7" is reduced
and reducible, say T'= DUR, with D and R lines and D # R. Set {o} := DNR.
Since deg(D N Z) < d+1 and deg(RNZ) < d+ 1. We get deg(D N Z) =
deg(RN Z) = d+ 1 and that either o ¢ Z,q or that Z is a Cartier divisor of
the nodal curve T (it is a general property of nodal curves). Now assume the
existence of a plane cubic F' with deg(F'NZ) > 3d. F is not reduced if and only
if there is a line L. C F appearing in F' with multiplicity at least two. To get
that F is reduced it is sufficient to assume that deg(RNZ) < d+ 1 for each line
R and that Z has at least 2d + 2 reduced connected components.

Lemma 2. (/2, Proposition 5]) In the set-up of Theorem 1 if dim({A)) < 2,
then ry, 4(P) < 3d.

2 A few lemmas

A connected zero-dimensional scheme A C P" is called curvilinear if it has
embedding dimension < 1, i.e. if and only if either it is a point with its reduced
structure or dim(u/p?) = 1, where g is the maximal ideal of the local ring O 4 o,
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{O} := Ajeq. A zero-dimensional scheme A C P" is called curvilinear if its con-
nected components are curvilinear. If A is connected and curvilinear, then for
each integer z with 1 < z < deg(A) there is a unique degree z subscheme of A.
Hence a curvilinear zero-dimensional scheme has only finitely many subschemes.
Usually for a projective scheme X and a coherent sheaf F on X we write
H{(X,F),i €N, for its cohomology group and set h'(X,F) := dim H' (X, F),
but we often write H*(F) and h*(F) if X is a projective space obvious from the
context.

Let Q C P3 be any smooth quadric surface. We have Pic(Q) = Z? and we
take as a free basis of it the line bundles Og(1,0) and Og(0, 1) whose complete
linear systems induce the two projections @ — P!. Both Og(1,0) and Og(0,1)
are base-point free, h°(0g(1,0)) = h%(0g(0,1)) = 2 and Og(1) = Og(1,1).
The integers hi(Q,Og(a,b)), i = 0,1,2, (a,b) € Z?, are computed using the
Kiinneth’s formula and the cohomology of line bundles on P!. In particular we
have h'(Q, Og(a,b)) = 0 and h%(Q,Og(a,b)) = (a + 1)(b+ 1) if a > —1 and
b> —1.

Lemma 3. Fiz an integer d > 8. Let Q C P? be a smooth quadric sur-
face and let Z C Q be a zero-dimensional scheme with deg(Z) < 3d + 3 and
hY(Zz(d)) > 0. If deg(Z) > 3d, then assume that the union of the non-reduced
connected components of Z has degree < 5. Then one of the following cases
oceurs:

(1) there is L € (|Og(1,0)|U[Og(0,1)|) with deg(LNZ) > d+ 2;
(2) there is T € |Og(1,1)| with deg(T N D) > 2d + 2;
(3) there is F' € (|0g(2,1)|U|0g(1,2)|) with deg(FNZ) > 3d+ 2;

Proof. Taking a minimal Z' C Z with h'(Zz/(d)) > 0, we reduce to the case
in which h'(Zg(d)) = 0 for all E C Z. If deg(Z) < 3d, then use Lemma 1. In
particular we may assume 3d < deg(Z) < 3d + 3 and that the lemma is true for
all integers d’ < d. Fix D € |Og(2,2)| with x := deg(D N Z) maximal.

(a) Assume that h'(D,Zpnz(d)) > 0. Since h'(Q,Zp(d)) = 0, we get
hY(Zznp(d)) > 0. Since h*(Zg(d)) = 0forall E C Z, we get Z C D. Let G C D
be a minimal subcurve such that Z C G. Assume for the moment that G is
not reduced, i.e. it has a multiple component. If G has no line counted with
multiplicity > 2, then see the case C; = Cy of step (a2) below. Assume that G
has a line with multiplicity 2, say G = 2L U J with L € |Og(1,0)| and either
J="0orJe|0g(0,e)| with e € {1, 2}; set e := 0 if J = (. Since the union of the
non-reduced connected components of Z has degree < 5 and Z C 2LUJ, we get
deg(Resrus(Z)) < 2 and hence hl(Q,IReSLUJ(Z)(d— 1,d—e)) = 0. The residual

exact sequence of the inclusion LU.J C Q gives h' (LUJ, Tz 1u)(d)) > 0. Since
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h(Q,0q(d —e,d — 1)) = 0, we get h'(Q,Zzn(rus)(d)) > 0, contradicting the
definition of G. Therefore except in step (a2) we freely use that G is reduced. G is
a union of lines if and only if C' is a union of 4 lines. Since 2! (Q, Og(d)(—G)) = 0,
we have h'(G,Zz(d)) > 0. If G C D, then we are in one of the cases listed in
the statement of the lemma.

(al) Assume that D is irreducible. Since D is a complete intersection of
two quadric surfaces, wp = Op. Therefore Riemann-Roch gives deg(Z) > 4d, a
contradiction.

(a2) Assume D = (7 U Cy with Cj irreducible conics (we allow the case
Cy = C3). Note that Resc, (Z) C C1. If C; # Cs up to a change of the labels we
may assume deg(C1 N Z) > deg(CyN Z) and hence deg(Z N Cy) > deg(Z)/2. If
Cy = Cy, then note that Resc, (Z) C Z and so deg(C1 N Z) > deg(Resc, (Z) N
C) = deg(Res¢, (Z2)), i.e. deg(C1NZ) > deg(Z)/2. Since C is a Cartier divisor
of @, we have deg(Resc, (Z)) = deg(Z) —deg(C1NZ) < (3d+ 3)/2 < 2d. Since
Resc, (Z) € Cy and Cs is irreducible, we get hl(IResol(Z) (d—1)) = 0. The

residual exact sequence of the inclusion C; C Q gives h!(C1,Zo,nz(d)) > 0 and
hence deg(C1 N Z) > 2d + 2.

(a3) By steps (al) and (a2) we may assume that G = D is reduced and
that it contains a line L, say of type (1,0). Take F' € |Og(1,2)| with D = L+ F.
Since G = D, we have ZNF C Z and hence h'(Zrnz(d)) = 0. Thus the residual
exact sequence of the inclusion F' C @ gives hl(IReSF ( Z)(d —1,d—2)) >0 and
hence deg(LNResp(Z)) > d. Hence deg(FNZ) < 2d+ 3. First assume that F is
irreducible. We get h!(F, Zrnz(d—1)) = 0. Hence h!(F, TRes, (2) (d—1,d)) =0.
The residual exact sequence of the inclusion L C Q gives h'(L,Zznr(d)) > 0
and hence ZNL = Z and G = L, a contradiction. Assume that F' is reducible
and take a curve C' C F of type (1,1) (it may be reducible). Write F =
C’ + R. Since hl(IResC/+L(Z)(d —2,d—1)) > 0, we get deg(Rescr11(Z)) >
d and hence deg((L U R) N Z)) > 2d. Therefore deg(Resp+r(Z)) < d + 3.
Since hl(Cl’IResR+L(Z)<d —1)) > 0, we get that C’ is reducible and there is a
component J of C" with deg(JNResp1(Z)) > d+1. Since deg(Res 1 r+1(Z)) <
2, we have hl(Q7IResJ+R+L(Z)(d —1)(=J)) = 0. Hence G € JURUL, a
contradiction.

(b) Assume h'(D,Zpnz(d)) = 0. The residual exact sequence of D in Q
gives h' (IReSD(Z)(d—Q)) > 0. Set W := Resp(Z). Since h(Oq(2)) = 9, we have
x > 8 and hence deg(W) < 3d—5 = 3(d—2)+1. The inductive assumption gives
that either there is a line L C @ with deg(LNW') > d or there is E € |Og(1,1)]
with deg(W N E) > 2d — 2 or there a curve F' € (|0g(2,1)| U |Oq(1,2)]) with
deg(FNZ)>3d—4.

Assume the existence of E. Note that Og(2,2)(—FE) = Og(1,1). We have
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h°(Q,0q(1,1)) = 4. Thus there is a curve N € |Og(1,1)| such that deg(Resg(Z)N
N) > min{deg(Resg(Z),3}. Since deg(E N Z) > deg(ENW) > 2d — 2, we
get * > 2d + 1 and hence deg(W) < d + 2, a contradiction. In the same
way we exclude F. Therefore there is a line L C @ with deg(L N W) > d.
Set Zy := Z. Fix Ny € |Zr(1,1)] such that f; := deg(Zp N Np) is maxi-
mal. Since h°(Q,Z1(1,1)) = 2, we have f; > 1+ deg(ZNL) > d+ 1. Set
Z1 = Resn, (Zp). Take Ny € |Og(1,1)| such that fo := deg(No N Z1) is maxi-
mal and set Zs := Respn,(Z1). Fix an integer h > 2 and assume defined f;, N;
and Z; for all i < h. Take any Nj, € |Og(1,1)]| such that fj, := deg(Nn N Zp—1)
is maximal. We have just defined Nj, f;, Z; for all i > 1. We have f; > f;+1 for
all i > 2 and if f; < 2, then f;41 = 0 and Z; = (). Since f; > d + 1, we have
Yoo fi < 2d + 2. Recall that h'(Q,Zz,o(d)) > 0. Fix an integer h > 2 and as-
sume h'(N;, Zz, ,nn;.n;(d+1—i)) = 0 for all i < h. The residual exact sequence
of N, C Q gives h'(Q,Zz, o(d+1—h)) > 0. Since h'(Og(t)) = 0 for all integers
t, there is a minimal integer ¢’ such that hl(Ng/,IZg,ilmNg,ng, (d+1-4¢")) >0.
Note that fy > 0. Since f; > 3 if fiyq1 > 0 and ) o, fi < 2d + 2, we have
g’ <d.Since h'(P%,In nz, ,(d+1—¢)) =h'(Ny,In,nz,_(d+1-4)) >0,
there is a line R C P3, such that deg(R N Zy_1) > d+3—g (]5, Lemma
34]). Since deg(R N Zy_1) > 3, we have R C Q. Note that R # L, because
deg(R N Resrur(Z)) > d > 8 and the sum of the degrees of the unreduced
connected components of Z is at most 5. Assume for the moment ¢’ > 2. Since
g <dand (¢ —1)(d+3—¢') < 2d+2, we get ¢’ < 3 and hence deg(RNZ1) > d.
If hl(Q,IZm(LuR(d)) > 0, then the minimality of Z gives Z C LUR. LUR
is either a plane conic or the union of 2 disjoint lines and in both cases we
conclude, because we assumed at the beginning of the proof deg(Z) > 3d. Now
assume hl(Q,IZm(LuR) (d)) = 0. The residual exact sequence of LUR C @ gives
hl(Q,IResLUR(Z)(d)(—L — R)) > 0. Hence hl(Q7IResLuR(Z) (d—2,d—2)>0.
Since deg(Respur(Z)) < d + 2, [5, Lemma 34| gives the existence of a line
J C P3 such that deg(J NRespur(Z)) > d. Bezout’s theorem gives J C . Note
that J # R and J # L, because deg(J N Resrur(Z)) > d > 8 and the sum of
the degrees of the unreduced connected components of Z is at most 5. Since
deg(Respurus(Z)) < 3, we get hl(Q’IResLURUJ(Z) (d) (=L —R—J)) =0 (even
if the lines L, R, J are in the same ruling of (), because d > 8. The minimality
of Z gives Z C LUJU R. We start with one of the lines L, R, J (call it Ly) with
deg(L1NZ) maximal. If deg(L1 N Z) > d+ 2, the proof is over. If deg(L1NZ) <
d+1 and all lines L, R and J are in the same ruling of (), then taking the resid-
ual first with respect to L, then to R and then to J we get h'(Q,Zz(d)) = 0,
a contradiction. Thus at least one of the other lines meets L; and we call Lo
a line among {L, R, J} \ L; meeting L; and with deg(L2 N Resz,(Z)) maxi-
mal. Note that deg(Z N (L1 U L2)) = deg(Li1 N Z) + deg(L2 N Resr, (Z2)). If
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deg(ZN(L1ULy)) > 2d+2, then we are in case (2). If deg(ZN(L1UL32)) < 2d+1,
then h'(Q,Zzn(1,uL,)(d)) = 0. Since L1 U Ly € |Og(1,1)], the residual ex-
act sequence of L1 U Ly C Q gives hl(Q’IResLluLQ(Z)(d -1,d—-1)) > 0.
Hence [5, Lemma 34] gives deg(Resr,ur,(Z)) > d + 1. Call L3 the line in
{L,R,J}\{L1, Lo}. Since d+1 > deg(Z N Ly) > deg(Z N L3), we get deg(L1 N
Z) =deg(LsNZ) = deg(LsNResr,ur,(Z)) = d+ 1. We see that Ly and L3 are
in the same ruling of @, say |Og(1,0)| and that h'(Q,Zz~(1,uL,)(d)) = 0. The
residual exact sequence of L1 U Ly C Q) gives hl(Q’IReSLIUL3(Z) (d—2,d)) >0
and hence deg(Resr,ur,(Z)) > d. Since Resy,ur4(Z)) C Lz € |Og(0,1)], we are
in case (3) with F' union of 3 lines. QED

Lemma 4. Fix an integer d > 8. Fiz o € P3 and 3 distinct lines Ly, Lo, L
of P3 with {0} = LN LaN L3 and (Ly ULy U L3) =P3. Let Z C L1 ULy U L3
be a zero-dimensional scheme such that deg(Z N L) > deg(Z N L;) for all i and
deg(ZN(L1ULgy)) > deg(ZN (L1 UL3)). We have h*(P?,Zz(d)) = h'(L1U Ly U
L3,T7(d)). We have h*(P3,Zz(d)) > 0 if and only if either deg(LiNZ) > d +2
ordeg(Z N (L1 ULy)) >2d+2 ordeg(Z) > 3d+ 2.

Proof. We have h'(P3,Zz(d)) = h'(Ly U Ly U L3,Zz(d)), because L U Ly U
L3 is arithmetically Cohen-Macaulay. Since h(Op,ur,urs(d)) = 3d + 1 and
h%(Or,uL,(d)) = 2d+1, the “if 7 part is obvious. Assume deg(Z N L3) < d. Set
H :=(ZN (L1 U Ly)). We have dim(H) < 2 and we may assume dim(H) = 2,
because the lemma is true if Z C L; for some i. We may apply [5, Lemma
34] to ZN H, because HNZ = Z N (L1 U Ly) and if deg(Z N H) > 2d + 2,
then we are done. Therefore we may assume h'(Zz~g(d)) = 0. Hence a residual
exact sequence gives h' (IResH(Z) (d—1)) > 0. Since Resy(Z) C ZN L3, we get
deg(ZNL3s) > d+ 1. By the proof just given we may also assume deg(Z N Ly) =
deg(Z N L) = d + 1. Since L1 N Ly = {o} (scheme-theoretically) we have
deg(Z N (L1 U Ly)) > 2d+ 1. Since (L1 U Ly) N Lz = {0} (scheme-theoretically),
we get deg(Z) > deg(ZNH)+deg(ZNLs)—1>3d+ 2.

Lemma 5. Fiz an integer d > 3. Let Q C P? be an irreducible quadric
cone with vertex o and Z C Q a zero-dimensional scheme with deg(Z) < 3d+ 3
and h'(Zz(d)) > 0. If deg(Z) > 3d, then assume d > 8, that the union of
the unreduced connected components has degree < 5 and that each of them is
curvilinear and linearly independent. Then one of the following cases occurs:

(i) there is a line L C Q with deg(LNZ) > d+ 2;

(ii) there is a plane section D C Q with deg(DNZ) > 2d+ 2; if we are not in
case (i) either D is smooth or D = L1 U Lo with Ly, Ly distinct lines and
deg(ZN L) =deg(ZNLy) =d+1;
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(iii) there is a curve F C Q with deg(F'NZ) > 3d+2 and either F is the union
of a plane section of Q) and a line of Q) or it is a rational normal curve; if
we are not in cases (i) or (ii) then either F is a smooth rational normal
curve or F'= DUL with D a smooth conic, L a line, deg(DNZ) = 2d+1
and deg(LNZ) =d+ 1.

Proof. By Lemma 1 we may assume deg(Z) > 3d+ 1. Therefore we may assume
d > 8. We immediately reduce to the case h'(Zy (d)) = 0 for all W C Z. Since
the case in which Z is reduced is known ([1]), we may assume Z # Z,oq. We
may assume that deg(Z) > 3d + 1 even after these reductions, because any
subscheme of a curvilinear scheme is curvilinear.

Fix D € |Og(2)] such that z := deg(DNZ) is maximal. Since h°(Og(2)) = 9,
we have m > 8.

(a) Assume h'(D,Zpnz(d)) > 0. Hence DN Z = Z, i.e. Z C D. We have
hO(P3,Zp(2)) = 2, because h°(Q, Zp (2)) = h°(Q, Og) = 1 and h°(P3,Z(2)) =
1; equivalently, we use that D is a complete intersection of 2 quadric surfaces.
Take a general quadric Q' C P3 containing D. Since Q is irreducible, Q' is ir-
reducible. If @' is smooth, then we apply Lemma 3 and get the existence of a
certain curve L or T or F inside Q' (call T” this curve) with h'(Z7nz(d)) > 0,
deg(T' N Z) large and h'(Zgnnz(d)) = 0 for every proper subcurve 7" of T.
Bezout’s theorem gives T/ C @ (in all cases, even if T” is reducible). Now as-
sume that all quadrics @) are singular. Since @ is irreducible and @’ is a general
element of |Zp(2)|, @ is irreducible. Bertini’s theorem gives that a general @’
has singular point contained in D. Each complete intersection curve of a surface
singular at some o’ € P? with a surface containing o’ is singular at o/. We get
that either D has a multiple component or that D is the complete intersection
of two quadric cones with the same vertex, o. In the latter case D is the union
of 4 lines of @ through o (if D has no multiple component).

(al) Assume that D has no multiple component. In this case case D =
Ly U LyU L3U Ly with each L; a line. Set m; = deg(L; N Z). We order the lines
Ly, Lo, Ly, Ly of D so that my < m; for all 4.

(al.1) First assume mg < d — 1. If h'(Ly U Ly U L3, Tzn(1,uLs015)(d)) >
0, then we use Lemma 4. Now assume h'(L; U Ly U L3, Zzn(L,uLsuLy)(d) =
0. Since Z is curvilinear, it has only finitely many subschemes. Since L; U
Lo U L3 is scheme-theoretically cut out by quadrics, we have Q1 N Z = Z N
(L1 U Ly U L3) for a general quadric surface Q1 D L1 U Ly U L. Since h'(L; U
Ly U L3, Tzn(ryunsury)(d) =0 and Q1N Z = Z N (L1 U Ly U L3), the residual
exact sequence of the inclusion Q; C P? gives hl(IResQl( 7 (d—2)) > 0. Since
Resg, (Z) C ZN Ly, we get my > d, a contradiction.

(al.2) Now assume my4 > d and hence m; > d for all i. As in the last
part of the proof of Lemma 4 we get deg(Z N (L1 U L2)) > 2d — 1 and deg(Z N
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(L1 U Ly U L3)) > 3d — 2. Since deg(Ls N (L1 U Ly U L3)) = 2, we also get
deg(Z) > 4d — 4 > 3d + 3, a contradiction.

(a2) Assume that D has at least one multiple component. Set f :=
deg(D) —deg(Dyeq). Since Zyeq C Dyeq and deg(Zyeq) > deg(Z) —4 > 3d — 3, we
may assume f = 1, i.e. that D is the union of the double 2L of a line L (i.e. the
scheme-theoretic intersection of () with a plane tangent to @ at a point of L\{0})
and a conic C' (a smooth plane section of @ or the union of two lines through o).
Since Z is curvilinear, it has finitely many subschemes. Since C'UL is the scheme-
theoretic base locus of |Zour(2)] (take a general plane H C P3 and use that 3
non-collinear points of H are cut out by conics), we have ZNQ' = ZN(CUL) for
a general Q' € |ZouL(2)]. Since Z # Zyeq, we have h1(Q,Zz..,(d)) = 0 and hence
hY(P3,Zz,.,(d)) = 0 and hence h'(Q', Iz, (d)) = 0. The residual exact sequence
of the inclusion @’ C P3 gives hl(IResQ,(Z)(d_2)) > 0. Hence deg(Resq/(Z)) >
d. Since deg(Resq/(Z)) = deg(Z) — deg(Q' N Z) < deg(Z) — deg(Zrea) < 4, we
get a contradiction.

(b) In this step we assume h'(C,Zpnz(d)) = 0. A residual exact sequence
gives h' (IResD(Z))(d —2)) > 0. As in step (b) of the proof of Lemma 3 we first
get the existence of a line L C @ with deg(L N Z) > d, then define Ny, f;, Z;, ¢/,
get ¢’ < 3 and we land in one of the cases (i), (ii) or (iii) with curves unions of
lines. Note that for two different lines of T, say L are R, the divisor L U R is
a Cartier divisor of @ (it is a plane section of ()) and hence we may define the
residual sequence with respect to L U R, but not with respect to L. We call L
an element of {L, R, J} with deg(L; N Z) maximal. Then we call Ly one of the
other 2 lines with deg(Z N (L; U La)) maximal. QED

Lemma 6. Let A C P™, m > 2, be a connected curvilinear scheme such
that deg(A) = 3 and dim((A)) = 2. Set {0} := Ayeq. Let L, R be lines of P™
such that L # R. We have A C LUR if and only if LUR C (A), o€ LN R
and one of the lines L, R contains the degree two subscheme of A.

Proof. If either 0 ¢ L or o ¢ R, then A ¢ LU R, because A;eq = {0} and
dim((A4)) = 2. Now assume {o} = L N R. Therefore M := (L U R) is a plane.
If AC LUR, then (A) C (LU R). Therefore we may assume L U R C (A). We
use that L, R are Cartier divisors of the plane (A) and hence Resy, (Resg(A)) =
Resy+r(A) = Resgy1(A) = Resg(Resy(A)). Since (A) = P2, for any line D we
have deg(A N D) < 2 and equality holds if and only if D is the line spanned
by the the degree two zero-dimensional scheme A’ of A. Therefore A ¢ LUR
if o ¢ L UR. Assume o € LU R and take one of the lines L, R, say R, which
doesn’t contain A’. We have Resg(A) = A’. Therefore A C LU R if and only if
A C L.



Border rank 5 65

Lemma 7. Fiz o € P3 and let L,R,D 8 distinct lines of P3 such that
o€ LNRND and (LUDUR) =P3. Let A C P3 be a connected curvilinear
scheme such that deg(A) = 4 and (A) =P3. Then AZ LUDUR.

Proof. If {0} # (A)req, then the lemma is obvious, because A is linearly inde-
pendent and in particular it is not contained in a line. Therefore we may assume
{0} = Ayeq. Let A" (vesp. A”) be the degree two (resp. 3) subscheme of A. At
most one of the lines L, R, D contains A’, i.e. it is the line (A’). Take lines L, R
which do not contain A’.

First assume A’ ¢ (L U R). In this case the plane (L U R) is transversal to
(A’) and hence deg(A N (L U R)) = 1. Therefore Res;ur)(A) = A”. Since A is
linearly independent, then A” ¢ D and hence A ¢ ((LU R)) U D.

Now assume (A’) C (LU R). Since L # (A’) and R # (A’), Lemma 6 gives
deg(AN (LU R)) = 2 and hence Res gy (A) = A’. Since D € (LU R), we get
A" ¢ D and hence A Z ((LUR)U D).

Lemma 8. Let A C P3 be a connected curvilinear degree 4 scheme such that
deg(A) = 4 and (A) = P3. Set {0} := Aieq and let A’ be the degree 3 closed
subscheme of A. Let C C (A’) be any smooth conic containing A'. There is a
line L C P such that AC C UL and o € L for any such a line L.

Proof. If L exists, then obviously o € L ¢ (A’). Since A ¢ (A’), we have
(AuC)n (A" = C. We get the existence of a smooth quadric @ D C U A.
Call O¢(1,0) any ruling of @ and let L be the line of [Og(1,0)| containing
0. We have Resc(A) = {0} € L. Since C, L are Cartier divisors of @, we get
AcCcCUL.

3 The main results

Let A C P", n > 2, be a zero-dimensional scheme. We recall that A is said to
be in linearly general position in P™ if deg(V N A) < dimV + 1 for every linear
subspace V' C P". If deg(A) > n (and in particular if (A) = P"), A is in linearly
general position if and only if deg(H N A) < n for all hyperplanes H C P". If
A is in linearly general position in P", then each subscheme of A is in linearly
general position in P". If deg(A) < n+ 1, A is in linearly general position in P"
if and only if it is linearly independent, i.e. if and only if dim((A4)) = deg(A) — 1.

Proposition 3. Assume d > 7 and m > 3 and take P € P" with by, q(P) =
5 and A C P™ evincing the cactus rank of P with A = A1 U{0O2}, deg(A;) =
4 and Ay connected. Assume the existence of a 3-dimensional linear subspace
H C P™ such that HH D A and A is in linearly general position in H. Then
Tm7d<P) =3d— 3.
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Proof. By concision ([10, Exercise 3.2.2.2]) we may assume m = 3. Since A4; is
Gorenstein ([6, part (ii) of Proposition 2.2]) and dim(A;) = deg(A;) — 1, 4; is
unramified and curvilinear ([9, Theorem 1.3]).

Claim: A is contained in a rational normal curve C.

Proof of the Claim: Since A is curvilinear, it has only finitely many sub-
schemes. This property and a dimensional count give that the scheme A U {Q}
is in linearly general position for a general @ € P3. By [9, part (b) of Theorem
1] AU{Q} is contained in a unique rational normal curve. Hence A is contained
in a rational normal curve.

Since v4(C) is a degree 3d rational normal curve in its linear span and A C C,
Sylvester’s theorem (Remark 1) says that P has at most rank 3d—3 with respect
to v4(C). Hence 1, q(P) = r3,4(P) < 3d — 3. Assume 73 4(P) < 3d — 4 and take
any B C P3 evincing the rank of P. We have deg(A U B) < 3d + 1. The proof of
[4, Proposition 5.19] gives a contradiction (see the proofs of Propositions 4 and
Proposition 5 for similar, but harder proofs). Alternatively, take P; € (v4(A1))
such that P € ({P1,v4(A)}); it is easy to check that P; ¢ (v4(F)) for any
E C Ay since d > 7, Ay is the unique zero-dimensional scheme F' C P™ with
deg(F) < 4 and P, € (v4(F)); therefore A; evinces the cactus rank of P and
hence 7y, 4(P1) = 3d — 2 ([4, Proposition 5.19]); since Py € ({vq(O2), P}), we
get 7, q(P) > 3d — 3. QED

Proposition 4. Assume d > 9. Let A1 C P™, m > 3, be a connected and
curvilinear zero-dimensional scheme such that deg(A;) = 4 and dim({(A;)) = 3.
Set {01} := (A1)req- Let A’ be the degree 2 subscheme of Ay. Fiz Oy € (A')\{O1}
and set A := Ay U{Oz}. Take any P € (A) such that P ¢ (E) for any scheme
E C A. Then ry, q(P) =3d—1, by, q(P) =5 and A is the only scheme evincing
the cactus rank of P.

Proof. By concision ([10, Exercise 3.2.2.2]) we may assume m = 3. There is
a unique P; € (vg(A1)) such that P € ({P1,v4(0O2)}). Since P € (A) and
P ¢ (E) for any E C A, then P, € (A) and P, ¢ (E) for any £ C Aj.
Hence 7y, ¢(P1) = 3d — 2 ([4, Proposition 5.19]). Since P € ({P1,14(02)}) and
Py € ({P,v4(02)}), then 3d — 3 < 1y, q(P) < 3d — 1. Assume 7y, q(P) < 3d — 2
and take B € S(P). Set Wy := AU B. We have deg(W;) < 3d + 3. We have
hY(Zw, (d)) > 0 ([3, Lemma 1]).

Claim 1: A; is not contained in a union of 3 distinct lines.

Proof of Claim 1: Assume A1 C LUDUR with L, D, R distinct lines. Since
Ay is connected and (A4;) = P3, we have (LURUD) =P3 and O; € LNDNR,
contradicting Lemma 7.

Claim 2: A is not contained in a union of a reduced conic C and a line L.
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Proof of Claim 2: Assume A C C'U L. Claim 1 gives that C' is a smooth
conic. Since A is connected and (A4;) = P3, we have L ¢ (C) and {O;} = CNL.
Since deg(C' N D) < 2 for each line D, while deg({({O1,02}) N A) = 3, we get
L = ({O1,02}). Since L ¢ (C), we have deg(4; N (C)) = 1 and O3 ¢ (C).
Therefore Rescy (A1) = A” € L. Therefore Ay € (C) U L, a contradiction.

Claim 3: We have O ¢ B.

Proof of Claim 3: Assume O2 € B and set B’ := B\ {O2}. The curvilinear
scheme A is contained in a rational normal curve of P3. Using this curve we
see that A; is cut out by quadrics and hence by surfaces of degree d. Since
Os # O1, we get h'(P3,Z4(d)) = 0 and hence v4(O02) ¢ (v4(A1)). Since O3 € B,
P ¢ (vy(A1)) and P € (v4(A)), the line ({r4(O2), P) contains at least one point,
Py, of (v4(A1)). If Py € (vg(E)) for some E ¢ Ay, we have rp, 4(P2) < 2d — 1
by [5] and so rp, ¢(P) < 2d, contradicting the inequality 7, 4(P) > 3d — 2. If
Py ¢ (vg(E)) for any E ¢ Ay, we get 7, 4(P2) = 3d — 1 ([4, Proposition 5.19]).
Hence #(B’) > 3d — 1, contradicting the assumption f(B) < 3d — 1.

Let H; C P? be a plane such that e; := deg(Wp N Hy) is maximal. Set
Wi := Resp, (Wy). Fix an integer ¢ > 2 and assume to have defined the integers
ej, the planes H; and the scheme Wj;, 1 < j < i. Let H; C P3 be any plane
such that e; := deg(H; N W;_1) is maximal. Set W; := Resy,(W;_1). We have
e; > e;41 for all 4. For each integer ¢ > 0 we have the residual exact sequence

0— IWi(d— Z) — IWi_l(d“‘ 1— Z) _>IWi_1ﬁH1:,H1:(d+ 1-— Z) —0 (2)

Since ht(Zw, (d)) > 0, there is an integer i > 0 such that h'(H;, Zw, w1, (d+
1 —14)) > 0. We call g the minimum such an integer. Since h'(Ops(t)) = 0 for
every integer ¢, we have e4 > 0. Since any zero-dimensional scheme with degree
3 of P2 is contained in a plane, if e; < 2, then W; = () and ej = 0if j > 1. We
have ) . e; = deg(Wp) < 3d + 3. Since A is not in linearly general position, we
have e; > 4.

(a) Assume g > d + 2. In particular ez o > 0. Therefore e; > 3 for
1<i<d+ 1. We get deg(Wp) > 3d + 3, a contradiction.

(b) Assume g = d + 1, i.e. assume h'(Zg,,,qw,) > 0. We get eqy1 > 2.
Since e; > 4, we get e; = 4, ¢; =3 for 1 < i < d, eqy1 = 2, Wgy1 = 0 and
deg(Wy) = 3d + 3. In particular we have AN B = () and hence Oy ¢ B. Let
Q C P3 be a quadric surface such that v := deg(Q N Wp) is maximal. Since
hO(Ops(2)) = 10, we have v > 9. Set Ey := Resg(Wp). Since v > 9, then
deg(Ey) < 3d — 6. Let M3 C P3 be a plane such that hs := deg(M3 N E2)
is maximal. Set F3 := Resps,(F2). Fix an integer ¢ > 4 and assume to have
defined the plane Mj, the scheme E; and the integer h; for all j € {2,...,i—1}.
Let M; be a plane such that h; := deg(M; N F;—1) is maximal. Set E; :=
Resp, (Ei—1). Since any zero-dimensional scheme of degree < 3 of a projective
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space is contained in a plane, if h; < 2, then h;y1 = 0 and E; = (). Since
deg(F2) < 3d — 6, then ) .5 h; < 3d — 6.

(b1) Assume h!(Zw,no(d)) = 0. The residual exact sequence of the inclu-
sion Q C IP3 gives h!(Zpg,(d—2)) > 0. A residual exact sequence like (2) with E;
instead of W; and M; instead of H; gives the existence of an integer ¢ > 3 such
that h*(M;, Zagng,_, (d+1—14)) > 0. We call ¢ the first such an integer. We ob-
viously have h, > 0. Since h; > 3 for alli € {3,...,c—1} and ), -5 h; < 3d—6,
we get ¢ < d. By [5, Lemma 34], either h. > 2(d + 1 — ¢) + 2 or there is a line
L C H, such that deg(LNE._1) > d+ 3 — c¢. Assume for the moment ¢ > 4 and
the existence of a line L C H, such that deg(LNFE._1) > d+3—c. Since h, > 0,
we get he—1 > d+ 4 — c. Therefore Y .osh; > (c=3)(d+4—¢c)+d+3—c
We obviously get this inequality even if ¢ = 3 and L exists. Since d > 9, in
this case we get 3d —6 > (¢ —3)(d+4—¢)+d+ 3 — c and hence 3 < ¢ < 4.
Now assume h. > 2(d + 1 — ¢) + 2. Since h; > h;q for all i« > 3, we get
3d—6>2(c—2)(d+2—c) and hence ¢ = 3. By [5, Lemma 34] we have h3 > d.
Hence e; > d, a contradiction.

(b2) Assume h(Zy,no(d)) > 0.

(b2.1) Assume h!(Zg,(d—2)) > 0. As in step (b1) we first see the existence
of an integer ¢ > 3 such that h'(M;, Zas,ng,_,(d+ 1 —1i)) > 0 and then we get
e1 > d — 2, a contradiction.

(b2.2) Assume h'(Zg,(d —2)) = 0. Since A; is connected and it spans P3,
[4, Lemma 5.1] gives that either Wy C Q or Oz € B, Oy € Q and A; U (B'\
{O2}) C Q. By Claim 3 we may assume Wy C Q.

(b2.2.1) Assume that @ is smooth. Lemma 3 gives that either there is a
line L C @ such that deg(L N Wy) > d + 2 or there is a conic T C @ with
deg(TNWy) > 2d+2 or there is a degree 3 curve F' C Q of type (2, 1) or of type
(1,2) with deg(F' N Wpy) > 3d + 2. L does not exist, because its existence would
imply e; > d+3. T does not exist, because its existence would imply e; > 2d+2.
Therefore F' exists, say with ' € [Og(2,1)|. Since deg(Resp(Wy)) < 1, we have
hl(Q,IReSF(WO)(d—2, d—1)) = 0. Since O ¢ B (Claim 3), applying [4, Lemma
5.1] to the inclusion F' C @ we get Wy C F and in particular A C F'. Since
deg((A")N A) = 3, Bezout’s theorem gives (A’) C Q. Since F has type (2,1) and
deg(FN(A')NA) = 3, we get that (A’) is a component of F. The non-existence
of T or L gives deg(Wy N (A’) N A) > d — 1 and hence e; > 4, a contradiction.

(b2.2.2) Assume that @ is singular and irreducible. We use Lemma 5
instead of Lemma 3. Cases (i) and (ii) are excluded, because e; = 4. Therefore
there is a curve F' C @ with deg(FNZ) > 3d+2 and either F' is a smooth rational
normal curve or F' = DU L with D a smooth conic, L a line, deg(D N W) =
2d + 1 and deg(L N Wy) = d + 1. Since e; = 4, there is no line L C P? with
deg(LNW)y) > 4. Now assume that F' is a rational normal curve. Since A is not in
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linearly general position, we get (A\{O2})UB C F and Oy ¢ F. Since Zp(2) is
spanned by its global sections (i.e. the evaluation map H%(Zr(2))®@0ps — Tp(2)
is surjective), there is a quadric Q' D F, with Oy ¢ @Q'. Since Resg (W) = {02},
[4, Lemma 5.1] gives Oz € B, contradicting Claim 3.

(b2.2.3) Assume that @ is not irreducible. Since v > 9, there is a plane
M c @ with deg(M NWy) > 5. Hence e; > 5, a contradiction.

(c) Assume g < d. By [5, Lemma 34] either there is a line L C Hy such
that deg(LNW,_1) >d+3—gore, >2(d+2—g)+2=2(d+3-g). In
the latter case we get 3d + 3 > 2¢g(d + 3 — g) and hence g = 1. In the former
case if g > 2 we get eg_1 > d + 4 — g, because A spans P3. In the former case
we also have e, > deg(L N Wy_1) > d+ 3 — g. Hence in the former case we get
3d+3>e1+---+e;>g(d+4—g)—1and hence 1 < g <3.

(c1) Assume g = 3. We saw that there is a line L C Hg such that deg(L N
W5) > d and that e; > d + 1. Therefore d+ 1 < e; < d+ 2 and e3 = d + 1.
Let N be a plane containing L and with f; := deg(/N; N Wy) maximal among
the planes containing L. Set Zy := Wy and Z; := Resy, (Zp). Let Ny C P? be
a plane such that fy := deg(Z; N Ny) is maximal. Set Zs := Resn,(Z1). Fix an
integer ¢ > 3 and assume to have defined f;, N;, Z; for all j < 7. Let N; C P3
be any plane such that f; := deg(N; N Z;_1) is maximal. Set Z; := Resn, (Z;—1).
The residual exact sequences like (2) with N; instead of H; and Z; instead of W
give the existence of an integer i > 0 such that h'(N;, Zn,nz,_,(d+1—1i)) > 0.
Let ¢’ be the minimal such an integer. Since h!'(Ops(t)) = 0 for all integers t,
we have f, > 0. Since A spans P?, we have f; > 1+ deg(LNWs) > d+ 1.
We have f; > fi4q for all i > 2 and ).~ fi < 3d+ 3 — fi < 2d+ 2. Since
3if fiz1 > 0, we get 3(¢' —2) +1 < 2d + 2 and hence (since d > 8)
g d. Hence either fy > 2(d+ 1 — ¢') + 2 or there is a line R C Ny with
deg(RNZy_1) > d+3—¢ ([5, Lemma 34]). In the former case (since fo > --- >
fg—1> fg) we get 2(¢' —1)(d+2—¢') <2d+ 2 and hence 1 < ¢’ < 2. In the
latter case if ¢’ > 2 we have fy_1 > d+4 — ¢’; hence in the latter case we have
2d+2> (¢ —1)(d+4—¢')—1 and hence 1 < ¢’ < 3. Recall that since g > 2,
we have fi < e; < 3d+2 and hence fo > 0. Thus f; > 1+deg(LNWy) > d+2.
Since d+2 > e1 > f1 > d+2, we have e; = f; = d+2. Hence fo+---+ fy < 2d.

(c1.1) Assume ¢’ = 3. Thus f3 > d. We saw in (c1) the existence of a line
R C Nj such that deg(Z2 N R) > d. Since deg(D N A) < 3 for each line D and
BNZ; c B\BNL, we get RN(B\BNL) # (). Therefore R # L. We have RNL = ()
because e; < 2d — 1. Let Q C P? be a smooth quadric surface containing R U L.
We have ¢ := deg(Wo N Q) > 2d and hence deg(Resg(Wp)) < d+ 3.

(c1.1.1) Assume for the moment hl(IReSQ(WO)(d— 2)) = 0. By [4, Lemma
5.1] either O2 € B or Wy C Q. Claim 3 gives Wy C Q. Since e; < d+ 2, there is
no line D C P? with deg(D N Wy) > d + 2 (use that A; spans P?) and no conic
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T C P3 with deg(TNWy) > 2d+2. Since deg(Z2 N R) > d, deg(WoN L)
RN L =, Lemma 3 gives the existence of F C @ of type (2,1) or (1,
deg(F NWy) > 3d+ 2. We get F'= LU RUD with D a line. Since L
we have D N L # () and hence e; > 2d — 1, a contradiction.

(c1.1.2) Now assume hl(ZResQ(WO)(d —2)) > 0. Since deg(Resg(Wy)) <

d+3 < 2(d—2)+1, there is a line D C P3 such that deg(DNResg(Wo)) > d. Since
deg(DNA) < 3, we get DN(B\BN(LUR)) # 0. Therefore D, R, L are 3 distinct
lines. Since e; < 2d—1, we have DN R = DNL = (). Let Q' be the only quadric
containing DULUR (Q’ is smooth). Since deg(Resg (Wp)) < 3d+2—d—d—d,
we have hl(IResQ,(Wo)(d_ 2)) = 0. Claim 3 and [4, Lemma 5.1] gives Wy C @Q'.

Since h'(Zw,(d)) = K1 (Q', Tw, (d)) > 0, deg(Wy) < deg(Wo N (LU DU R)) + 2
and e; < d+ 2, Lemma 3 gives a contradiction.

(c1.2) Assume ¢’ = 2. Since fo < deg(Z1) < 2d + 1, either there is a line
R C Ny with deg(RN Z1) > d+ 1 or there is a conic 1" with deg(T'N Z;) > 2d
and in particular fo > 2d. The latter case cannot occur, because e¢; < d + 2
for g = 3. Hence R exists. We have RN (B\ BN L) # () and hence R # L. If
RN L #(, then e; > 2d — 1, contradicting the inequality e; < d + 2. Therefore
RN L = (). We continue as in step (c1.1.1) and (c1.1.2).

(c1.3) Assume ¢’ = 1.

(c1.3.1) Assume deg(L N Wy) > d + 2. Since A spans P?, we have e; >
fi > 1+deg(LNWy) > d+ 3, a contradiction.

(c1.3.2) Assume deg(L N Wp) < d+ 1. Since f; < e; <d+2 < 2d+ 1,
Lemma 1 gives the existence of a line D C N; with deg(D N Wy) > d + 2.
Since L # D, deg(LNWy) >dand LUD C Ny, we get e; > f1 >2d+1, a
contradiction.

(c2) Assume g = 2. We saw that there is a line L C Hs such that deg(L N
W3) > d + 1. Hence e; < 2d + 2. Let N; be a plane containing L and with
f1 := deg(N1 N W) maximal among the planes containing L. Since A spans P3,
we have f1 > 1+ deg(LNWs3) > d+ 2. Define Ny, fi, Z;, ¢’ as in step (c1). Since
fi = 3if fiy1 > 0, we get ¢’ < d. Hence either fir > 2(d+1—¢')+2 = 2(d+2—¢')
or there is a line R C Ny with deg(RN Zy_1) > d+ 3 — ¢'. In the former case
ifg >2weget2(¢ —1)(d+2—¢)+d+2<3d+2and hence 1 < ¢ <2.In
the latter case if ¢’ > 2 we have fy_1 > d +4 — ¢'; in the latter case we have
3d+2>g'(d+4—4g")—1, because f1 > d+2; thus 1 < ¢’ < 3.

(c2.1) Assume g’ = 3. We saw the existence of a line R C P3 such that
deg(RNZ3) > d. Since f3 > 0, Z; spans P3. Hence fo > deg(RNZs)+1 > d+1.
Since f1 > d+ 2 and deg(Wp) < 3d + 3, we get deg(RN Z3) = d, Zo C R,
fo=d+1and fi = d+ 2. Since fi < 2d, we have RN L = (). Let Q be
any smooth quadric containing R U L. Since Zryr(2) is spanned by its global
sections and Ay ¢ RU L, [4, Lemma 5.1] gives hl(IResQ(WO)<d -2)) > 0.

>d
2) w h
R =10,
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Since deg(Resqg(Wy)) < d+2 < 2(d — 2) + 1, there is a line D with deg(D N
Resg(Wp)) > d. We have D # R and D # L. Since Zpyrur(3) is spanned,
A1 ¢ DURUL (Claim 1) and A is curvilinear, there is Y € |Zpuryr(3)| with
Ay €Y. Since deg(Resy (Wp)) <3d+3—(d+1)—d—d+1<d—2, we have
hl(I(Resy(WO)(d —3)) = 0, contradicting [4, Lemma 5.1] and the assumption
A ¢Y.

(c2.2) Assume ¢’ = 2. Since fo < deg(Z1) < 2d, either there is a line
R C Ny with deg(RN Z1) > d+ 1 or fo = deg(Z1) = 2d and there is a conic
T D Z;. If R exists, then RN (B\ BNL)# () and hence R # L.

(c2.2.1) Assume the existence of R and that RN L = (). We continue as
in step (c2.1).

(c2.2.2) Assume the existence of R and that RN L # () and hence f; >
(d4+ 1)+ (d+1) — 1. Since A1 € Ny, [4, Lemma 5.1] gives h*(Zz, (d — 1)) > 0.
Since deg(Z1) < 3d+2 — f1 < 2d — 1, [5, Lemma 34] gives the existence of a
line D C P? such that deg(D N Z1) > d + 1. Using |Zrurup(3)| and [4, Lemma
5.1] as in step (c2.1) we get A1 C RU L U D, contradicting Claim 1.

(c2.2.3) Assume deg(Z;) = 2d and the existence of a reduced conic T' D
Zy. The sheaf Zpryr,(3) is spanned by its global sections. Fix Y € |Zryr(3)].
Since deg(Resy (Wy)) < 4, we have hl(IResy(Wo)(d —3)) = 0. Hence A; C Y
([4, Lemma 5.1]). Since Zpyr(3) is spanned and A is curvilinear, as in step (c2.1)
we get A; C T'U L, contradicting Claim 2.

(c2.3) Assume ¢’ = 1.

(c2.3.1) Assume deg(L N Wy) > d + 2. Since A spans P?, we have f; >
1+ deg(L N Wy) > d + 3 and hence deg(Z1) < 2d. Since Ay € Ny, [4, Lemma
5.1] gives h'(Zz,(d — 1)) > 0. Lemma 1 gives that either there is a line R with
deg(RNZ1) > d+1 or deg(Z1) = 2d and Z; C T for some reduced conic. First
assume the existence of R. Since RN (B\ BN L) # (), Remark 2 gives ANR # 0,
i.e. either O; € R or O2 € R. Hence RN L # (). Let M be the plane spanned
by RU L. Since A; ¢ M, [4, Lemma 5.1] gives hl(IResM(Wo)(d —1)) > 0. Since
deg(MNWy) > (d+2)+(d+1)—1, there is a line D with deg(DNRespr(Wp)) >
d+1. Since DN (B\ (BN (RUL)) # 0, then D # R and D # L. Since f1 < 3d,
(DURUL) = P3. For all possible configurations of L, D, R we see that Zpurur(3)
is spanned by its global sections. We conclude as in the last part of step (¢2.1).
Now assume deg(Z1) = 2d and Z; C T for some reduced conic T'. Since Z7yr,(3)
is spanned and Oz ¢ B (Claim 3), [4, Lemma 5.1] gives Wy C T U L. Since
deg(Wp N L) > d + 2, Remark 2 gives L = (A’). Since A1 C T U L, we have
L ¢ (T) and hence deg(LNT) < 1. Since L = (A’), we get TN Ay = {01} as
schemes and hence A1 ¢ T'U L.

(c2.3.2) Assume deg(L N Wy) < d+ 1. Since f; < e; < 2d + 2, Lemma 1
gives that either there is a line D C Ny with deg(DNWy) > d+2 or f1 = 2d+2
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and there is a reduced conic T' O Wy N Ny. If D exists, then D # L and hence
fiz(d+1)+(d+2)—1,ie fi =2d+2 and Wy N N; C DU L. Therefore
in both cases we have deg(Z1) < 2(d — 1) + 1. Since h'(Zz,(d — 1)) > 0 by [4,
Lemma 5.1], there is a line R C P? with deg(RN Z;) > d + 1. We have 3 lines
R, L, D' with either D’ = D or D’UL = T'. In all cases we see that Zpryr(3) is
spanned by its global sections and we conclude as in the last part of step (¢2.1).

(c3) Assume g = 1. Since A; is connected and A; ¢ Hy, [4, Lemma 5.1]
gives hY(Zyw, (d — 1)) > 0. Since h'(Hy, Zwynn, (d)) > 0, we have e; > d + 2 and
hence deg(WW;) < 2d + 1. By Lemma 1 either there is a line R C P3 such that
deg(RNW7) > d+1 or there is a plane conic T' with deg(TNW;) > 2d. The latter
case does not arise, because it would imply e; > 2d and hence deg(W7) < d+ 3.
Therefore there is a line R € P? such that deg(RN Wy) > d + 1. Therefore
e1 < 2d + 2. Since g = 1, Lemma 1 gives that either there is line L C H;
such that deg(L N Wy) > d + 2 or there is a plane conic T C Hj such that
deg(WoNT) > 2d+2.

(c3.1) Assume the existence of a plane conic T'C Hj such that deg(Wp N
T) > 2d+ 2. We get e; = 2d+2, Won Hy C T and W; C R. Remark 2
gives deg(T' N B) < 2d and hence O7 € T. First assume RNT = (). The linear
system |Zrur(2)| is formed by the pencil of the reducible quadrics H; U M
with M a plane containing R. By [4, Lemma 5.1] we get Ay C Hy U M. Since
RNT =0 and O1 € T, we may find M D R with M NA; = (. Thus Ay C Hy, a
contradiction. Now assume RNT # (). In this case RUT is the scheme-theoretic
base locus of the linear system |Zpur(2)|. Fix any Y € |Zrur(2)|. [4, Lemma
5.1] gives A1 U (B \ {O2}) C Y and either Oy € Y or O3 € B. Claim 3 gives
O3 € Y. Therefore Wy C Y. Since Zrur(2) is spanned, we get Wy € RUT.
Since deg(A N ({01,02})) = 3, we get ({O1,02}) € RUT. Claim 1 implies
that T is a smooth conic. Hence R = ({O1,02}) = (A’). Obviously Oy € T.
Since R ¢ Ny = (T'), we get deg(T' N A) = 1. Hence deg(A1 N(RUT)) < 3, a
contradiction.

(¢3.2) Assume the existence of a line L C Hj such that deg(LNWy) > d+-2.
Remark 2 gives deg(L N A) > 2. Hence L = ({O1,03}). Since deg(RN A) < 3,
we have RN (B\ BNL) # (. Therefore R # L. Remark 2 gives RN A # (). Hence
either O; € R or Oy € R. In both cases we have RN L # (). Let M be the plane
spanned by LUR. Since A; ¢ M, [4, Lemma 5.1] gives hl(IReSM(WO)(d—l)) > 0.
Since deg(Respy(Wy)) <3d+3—(d+2) — (d+ 1) + 1, we get Resp(Wp) € D
for some line D. Since A; is curvilinear and Zpyryr(3) is spanned, as in step
(c2.1) we get get A1 C DU LU R, a contradiction. QED

Proposition 5. Assume d > 9, m > 3. Let Ay C P™, m > 3, be a con-
nected and curvilinear zero-dimensional scheme such that deg(A1) = 4 and

dim((A4;1)) = 3. Set {O1} := (A1)rea- Let A" (resp. A”) be the degree 2 (resp. 3)
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subscheme of A. Fiz Oy € (A")\ (A7), set A := A1U{O2} and take any P € (A)
such that P ¢ (E) for any E C A.

(i) We have 3d — 3 < rp, q(P) < 3d — 2.

(i) Fiz any B C P™ such that 3d — 3 < #(B) < 3d —2, P € (v4(B)) and
P ¢ (vy(E)) for any E C B. Then there are a smooth conic C C (A”) and a
line L C (A1) such that LN (A") = {01}, A”U{O02} C C, §(BNL) =d and
AUBcCCUL.

(111) We have ry, 4(U) = 3d — 3 for some U € P" whose cactus rank is
evinced by A.

Proof. By concision ([10, Exercise 3.2.2.2]) we may assume m = 3. Set H :=
(A"). Since Og ¢ (A’), we have deg(D N A”) < 2 for all lines D C H. Therefore
hO(H,Tan00,}(2)) = 2 and a general conic C' of H containing A” U {Os} is
smooth. By Lemma 8 there is a line L C P3 such that Ay Cc CUL, O € L
and L ¢ H. Therefore Oy ¢ L. Since Oy € C, we get A C C U L. Hence
P € (vg(C U L)). Therefore there are P; € (v4(C)) and P» € (v4(L)) such
that P € ({P, P}) (we do not claim that P; # P, but if P, = P», then
P = P, and hence 7y, 4(P) < d by Sylvester’s theorem (Remark 1) and we
will later get a contradiction with the weaker assumption 7, 4(P) < 3d — 4).
We have P; € (v4({O2} U A”)). Since P ¢ (v4(A1)), we have P ¢ (vy(A")).
Assume for the moment P; € (v4({O1}UA")). Since P» has at most rank d with
respect to the rational normal curve v4(L) and every point of (v4((A’))) has at
most rank d with respect to the rational normal curve v4((A’)), we would get
Tmd(P) < 2d+1; we will later find a contradiction with the weaker assumption
Tmd(P) < 3d — 4. Now assume P; ¢ (v4({O1} U A’)). Since P ¢ (va(A1)), we
have P; ¢ (v4(A”)). Therefore P has border rank 4 with respect to the degree
2d rational normal curve v4(C). Sylvester’s theorem ([8], Remark 1) gives that
Py has rank 2d — 2 with respect to v4(C). Every point of (v4(L)) has rank < d
with respect to the rational normal curve v4(L). Hence 7y, 4(P) < 3d — 2. Take
B € §(P) and set Wy := AU B. We saw that deg(Wy) < 3d+ 3. To prove parts
(i) and (ii) of Proposition 5 it is sufficient to prove that deg(Wy) > 3d + 2 and
that there are curves C, L as in part (ii). See step (d) for the proof of part (iii).

Claim 1: 1f B C HUL, then 4(B N (L \ {O1})) > d.

Proof of Claim 1: Assume §(BN(L\{O1})) < d—1. Since Resy(A) = {01},
we get deg(Resy (Wy)) < d and hence hl(IResH(Wo)(d —1)) =0. By [4, Lemma
5.1] we get A1 C H, a contradiction.

Claim 2: Assume A; C C U L with L a line and C either a reduced conic
or the disjoint union of two distinct lines. Then C' is a smooth conic, A” C C,
H=(C),LZH,and {O:}=LNC=LNH.

Proof of Claim 2: By Claim 1 of the proof of Proposition 4 A; is not
contained in the union of 3 lines. Hence C' must be a smooth conic. Since
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A; is connected and (A;) = P3, we have L ¢ (C) and the scheme-theoretic
intersection L N (C) is a single point, o. Since A; is connected and (A4) = P3,
we get 0 = Oy. First assume L = (A’). Since (C) 2 L, we get deg(AN(C)) =1
and hence Resi)(A) = A”. Since (A”) is a plane, we have A” ¢ L and hence
A ¢ (C)U L. Therefore A ¢ C' U L, a contradiction. Hence L # (A”). Since
Ay C CUL, we get A” C C' and hence (C) = H.

Claim 8: Assume Wy C C'U L with C' a reduced conic and L a line. Then
#(BNC)>2d—-3,0, ¢ B,4(BNL)=dand deg(ANL)=1.

Proof of Claim 3: By Claim 2 C is a smooth conic, H = (C) and A” C C.
Since A” C C, we have deg(L N A;) = 1. Since Oy € L, we have Oy ¢ L. Since
Ay ¢ H and Oy ¢ L, we have deg(L N A) =1 and hence deg(WyN L) =d + 1.
Assume (B N C) < 2d — 4. Take a smooth quadric ) containing C' U L. Since
deg(WonNC) = 2d, deg(WoN L) = d+1 and deg(Wy) < deg(WyNC)+deg(WyN
L) = 3d + 1, Lemma 3 gives h!(Zy,(d)) = 0, a contradiction.

Our goal is to prove the existence of a reduced conic C and a line L such
that Wy € C'U L. If we prove the existence of C' and L, then we get part (i) by
Claim 3.

We repeat the proof of Proposition 4, except that now we also have to
handle the smooth conics containing A;U{O3}. Since A is not in linearly general
position in P2, then e; > 4. Steps (a), (b), (c1) works verbatim (they only use the
integers e; and not the position of Oz). The first difference arises in step (¢2.3.1).
Instead of having L = (A’) we have that either L = (A’) or L = ({O1,03}).
However in this part of the proof we have deg(Wy) = 3d+3 (i.e. ANB = () and
#(B) = 3d —2) and Wy C T'U L with T a reduced conic. So in this case instead
of having a contradiction we just jump to step (d). In step (¢2.3.1) we either
get a contradiction or get deg(Wy) = 3d + 3 and Wy C T'U L with T" a reduced
conic. Claim 3 gives parts (i) and (ii). We rewrite with minimal modifications
steps (c3.1) and (c3.2).

(c3.1) Assume the existence of a plane conic T' C H; such that deg(Wy N
T) > 2d+2. We get e; = 2d+2, WonH; C T and Wy C R. Therefore eg = d+1
and deg(Wp) = 3d + 3. Since deg(B NT) < 2d by Remark 2, we have O, € T.

First assume RNT = () and in particular Oy ¢ R. The linear system |Zp g (2)|
is formed by the pencil of all reducible quadrics Hy U M with M a plane con-
taining R. By [4, Lemma 5.1] we get A1 C H; U M. Since O; ¢ M for a general
M D R, we get Ay C Hy, a contradiction. Now assume RN T # (). In this case
RUT is the scheme-theoretic base locus of the linear system |Zg 7 (2)|. Fix any
Y € |Zrur(2)]. [4, Lemma 5.1] gives A U (B \ {O2}) C Y and either O2 € Y or
Oy € B. The case x = 2 of Claim 3 of the proof of Proposition 4 gives Wy C Y.
Since R U T is the scheme-theoretic base locus of the linear system |Zrur(2)],
we get Wy C T'U R. Apply Remark 2 and Claim 2 to get (i) and (ii).
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(¢3.2) Assume the existence of a line L C H; such that deg(LNWp) > d+2.
Remark 2 gives deg(LNA) > 2. Hence either L = ({O1,03}) or L = (A’). Since
deg(RN A) <3, we have RN (B \ BN L) # (. Therefore R # L. First assume
RNL # (. Let M be the plane spanned by LU R. Since A; € M, [4, Lemma 5.1]
gives hl(IReSM(WO)(d_ 1)) > 0. Since deg(Resp (Wp)) < 3d+3—(d+2)— (d+
1)+1, [5, Lemma 34] gives deg(Resps(Wp)) = d+1 and Resy (Wy) C D for some
line D. Since A; is curvilinear, we also get A1 C DU LU R, contradicting Claim
1. Now assume RNL = (). Remark 2 gives RNA # (). Therefore L = (A’), O3 € R
and O1 ¢ R. Fix any o € B\ BN (LU R) and take any Q € |Zrrui0}(2)]- Since
deg(Wo N (LU R)) > 2d + 3, we have deg(Resg(WWy)) < d — 1 (this is obviously
true even if B C L U R) and hence hl(IResQ(Wo)(d — 1)) = 0. By [4, Lemma
5.1] we get A1 C Q. Since RN L = (), the base locus of |Tr,pug0}(2)] is a line
D. Hence A1 C LUD UR (we even have Ay C LU D, because O1 ¢ R), a
contradiction.

(d) We saw that for each B € S(P) we have 3d —3 < #(B) < 3d — 2,
and that there are C, L such that Wy C CUL and (BN (L\{01})) =d (and
hence §(B N C) = 4(B) — d). Take P with r,, 4(P) = 3d — 2 (if any). Therefore
$(BNC)=2d—2.

Claim 4: AN B = 0.

Proof of Claim 4: Assume AN B # (). Remark 2 gives O; ¢ B. Assume
Oy € B and set B” := B\ {O3}. Since deg(A N B) = 1, we have dim(v4(A4)) N
(va(B))) > 1 and hence (v4(A1)) N (vg(B")) # 0. Take V' € (v4(A1)) N (va(B"))
and let E C B” be the minimal subset of B” with V' € (v4(F)). Since B € S(P),
then E € S(V). Since P € (vg(EU{02}))), we get #(E) > 3d — 3, i.e. E=B".
By [5] V has not border rank < 3. Hence A; evinces the border rank of V.
Therefore §(B"”) = 3d — 2 ([4, Proposition 5.19]), a contradiction.

Since BNA = () (Claim 4), rp, ¢(P) = 3d — 2 if and only if BN C' evinces the
rank of a point Py € (v4(C)) with border rank 4. Since h®(Ocur(d)) = 3d + 2
and deg(Wy) = 3d + 3, we see that (v4(B)) N (vq(L)) is a line. Fix o € BN C.
The set (v4(A)) N (vg(B \ {o})) is a point, P”, and ry, 4(P") < 3d — 3. Set
B’ := B\ {o}.

Claim 5: A evinces the cactus rank of P” and B’ evinces the rank of P”.

Proof of Claim 5: P” has cactus rank at most 5. Since d > 8, P” has
cactus rank 5 if and only if P” ¢ (v4(E)) for any E C A. Assume P” €
(va(A” U {02})). We would get 7y, 4(P") < (2d — 1) + 1 by [5, Theorem 37]
and hence 7, 4(P) < 2d + 1, contradicting, for instance, Claim 3 and steps (b),
(c) of the proof of Proposition 4. Now assume P” € (v4(A1)) \ (va(A”)). Since
rm.d(P") = 3d — 2 ([4, Proposition 5.19]), we get #(B’) > 3d — 2 and hence
#(B) > 3d—1, a contradiction. Let By C B’ be a minimal subset of B" such that
P’ € (v4(By)). Since B € S(P), it is easy to check that By € S(P'). If By C B,
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then #(B1) > 3d — 3 (by what we proved in steps (a), (b) and (c)) and hence
#(B) > 3d — 1, a contradiction.

Claim 5 shows that 7, 4(P) = 3d—3 for some P whose cactus rank is evinced
by A. QED

Proposition 6. Fiz integers m > 1, b>2,d > 2b+ 1 and let P € P" be
a point with border rank b whose border rank and cactus rank is evinced by a
scheme A with b—1 connected components, one of degree 2 and the other ones of
degree 1. Write A = A1U{Ozq, - - Op_1} with deg(A1) = 2 and set L := (Ay). Let
c be the number of indices i € {2,...,b—1} such that O; € L. Assume 2b < 443c.
We have 1y, 4(P) = d 4+ b — 2 — 2¢ and every B € S(P) has a decomposition
B; U By with §(By) = b—c¢c—2, By = {OQ,...,Ob_l} \ {OQ,...,Ob_l} NnL,
ﬁ(Bl) =d—c, B C L\AredﬂL and AN By = 0.

Proof. Set Wy := AU B. Since A is not reduced, we have A # B and hence
hY(Zaup(d)) > 0 ([3, Lemma 1]). The case m = 1 (and hence ¢ = b — 2) of the
assertion on 7, ¢(P) is Sylvester’s theorem (Remark 1, [8], [11, Theorem 4.1],
[5, Theorem 23]). For m = 1 the assertion on S(P) says only that A,.q N B = 0,
which is true by the last part of Remark 1.

Now assume m > 1. Take any B € S(P). Set £ :== AN L and F =
{O2,...,0p—1}\{O2,...,0p_1} N L. We have §(F) = b— 2 — c. Since A evinces
the cactus rank of P, there are Py € (vg(E)) and P» € (vq(F)) such that
P e ({P1, P»}), E evinces the cactus rank of P; and F evinces the cactus rank
of P5. Sylvester’s theorem gives r; q(P1) = d — ¢ (Remark 1, [8], [11, Theorem
4.1], [5, Theorem 23]). Since F' is reduced, we get rp, 4(P) < d+b—2—2c and
hence §(B) < d+b—2—2c. Let M C P™ be a general hyperplane containing
L (hence M = L if m = 1). Since every non-reduced connected component of
A is contained in L, Wy \ Wy N L is a finite set and M is general, we have
MNWy =WyNL and hence §(Wy\ WoNL) < d+2b—4—3c. Since 2b < 4+ 3¢,
we have §(Wy\ WyNL) < d and hence h1<IResM(WO)(d_ 1)) = 0. By [4, Lemma
5.1] we get B\ BNL = F. Hence deg(Wy) < d+ 2+ b— 2c. Since B evinces the
rank of P, we get rp, ¢(P) = b —2 — ¢+ rp, 4(P1). By concision ([10, Exercise
3.2.2.2]) we have 1, 4(P1) = 71 4(P1) and every element of S(P;) is contained
in L. QED

Proposition 7. Fiz integers d > 5, x > 0, y > 0, and assume z < [(d —
2)/2] and d > 2+ 2y. Let Ay C P™, m > 2, be a curvilinear scheme of degree
3 such that dim((A1)) = 2. If m = 2, then assume y = 0. Let A’ C Ay be
the degree two subscheme of Ay. Set {O1} := (A1)rea and L := (A'). Fizx finite
sets E C L\ {O1} and F C P™\ (A1) with §(F) = z and §(F) = y. Set
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A:=A1UEUF. Fiz P € (vg(A)) such that P ¢ (vq(U)) for any U C A. Then
rmd(P)=2d—1—x+y and every B € S(P) contains F.

Proof. First assume y = 0. By concision we may assume m = 2. Since P ¢
(va(U)) for any U C A, the set (v4(E) U{P}) N (vq(A1)) is a single point, @1,
and Q1 ¢ (v4(U)) for any U C Aj;. Therefore A; achieves the cactus rank and
the border rank of (). Therefore r,, 4(Q1) = 2d — 1 ([5, Theorem 37]). Hence
2d+1—x < ry, 4(P). Therefore it is sufficient to prove that ry, 4(P) < 2d—1—zx.

Let R C P? be any line such that O; € R and L # R. Since Resy(A4) =
{01} C R, we have A C LUR and hence P € (vg(LUR)). Fix Py € (v4(L)) and
P; € (v4(R)) such that P € ({P1, P»}). Let A’ be the degree two subscheme of
Aj.

Claim 1: We have P; € (vg(A" UE)).

Proof of Claim 1: Assume P; ¢ (vg(A’ U E)) and call J C L any zero-
dimensional scheme evincing the border rank, b, of P; with respect to the ratio-
nal normal curve v4(L). Let K C R be any zero-dimensional scheme evincing
the border rank, ', of P, with respect to v4(R). We have b < [(d + 2)/2] and
b < [(d+2)/2] and hence deg(J U K) < b+ b < 2|(d+2)/2] (Remark 1).
We have P € (vg(JUK)). If A¢ JUK, then h'(Z;ux0u4(d)) > 0 ([3, Lemma
1]). We have deg(J U K U A) < 2|(d+2)/2| + 3+ z < 2d + 1. By [5, Lemma
34] we get the existence of a line T C P? with deg(T'N (JU B U A)) > d + 2.
Since AUJ UK C LUR, then either T'=L or T = R. Assume T' = R. Since
T NA={0:} as schemes, we get V' > d + 1, a contradiction. If T = L we get
24 2+b>d+2, ie x> [(d—2)/2], a contradiction. Now assume A C JUK.
Since RN A = {01} as schemes, we get A’UFE C J and hence P; € (vg(A'UE)).

Claim 2: We have P; ¢ (vq(U)) for any U C E.

Proof of Claim 2: Assume P; € (v4(U)) for some U C E. We get P €
(va(U U R)). Let K C R be a scheme evincing the cactus rank, O, of Py with
respect to v4(R). Since A ¢ U U K, [3, Lemma 1] gives k' (Zyui(d)) > 0 and
hence deg(UUK) > d+2. Since deg(UUK) <z + 14V <z+1+|(d+2)/2],
we get a contradiction.

By Claims 1 and 2 P; has border rank 2+ with respect to v4(L). Sylvester’s
theorem (Remark 1), gives the existence of By C L such that §(B;) = d —x and
Py € (vq(B1)). By Sylvester’s theorem (Remark 1) applied to v4(R) and P; it
would be sufficient to prove that P, has border rank > 2 with respect to v4(R)
for some choice of Py, P. Instead of P» we may take any P € ({P1,vq(01)}) \
{v4(01)} and then find a new point P;. We may find Pj with border rank > 2
unless the border rank of P is evinced by the degree two scheme v C R with
O; as its support. In this case we would have P € (yy(v U A’ U E)). Since
v U A’ is contained in the scheme 20; C P? with (Zp,)? as its ideal sheaf
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and since each point of (14(201)) has rank d ([5, Theorem 32]), we would get
Tm,d(P) <d+x <2d—1—x, a contradiction.

Now assume y > 0 and hence m > 2. By the case y = 0 we know that
rmd(P) <2d—1—x+y. Fix any B € S(P). We have §(B) <2d—1—x+y and
hence W := A U B has degree < 2d + 2 + 2y. By the case y = 0 it is sufficient
to prove that F' C B. We have deg(W) < 2d + 2 + 2y < 3d and there is no
plane containing A; U F. Since h'(Zy (d)) > 0 by [3, Lemma 1], Lemma 1 and
Remark 3 give that either there is a line D with deg(D N Wy) > d + 2 or there
is a reduced conic T' with deg(T N Wy) > 2d + 2. Assume the existence of T'.
Let H C P™ be any hyperplane containing 7'. Since deg(Resy/(W)) < d — 2,
we have h1<IResH(W)(d — 1)) = 0. By [4, Lemma 5.1] we get Ay C M and
B\BNM = (EUF)\(EUF)NM. Since M is an arbitrary hyperplane containing
T, we get (A1) = (T') and F' C B. We also get that B \ F' evinces the rank of a
point with A; U E evincing its cactus rank and hence (B \ F) =2d — 1 — z.

Now assume the existence of the line D such that deg(DNW) > d+2. Since
#(F) = y < d, we have deg(A; U E) > 2. Therefore L C (A;) and, as we saw
using T', we get ' C B. QED

Proposition 8. Assume d > 9. Let A1, Ay C P™, m > 3, be disjoint
connected curvilinear schemes such that deg(A1) = 3 and deg(A2) = 2. Set
A= A1 UAy. Assume dim((A)) = 3 and that A is in linearly general position
in (A), i.e. assume (A2)rea ¢ (A1) and that the line (As) does not intersect
the line spanned by the degree two subscheme of Ay. Fix P € (v4(A)) such that
P ¢ (vq(U)) for any U C A. Then rp, q(P) = 3d — 3.

Proof. By concision we may assume m = 3. Since A is curvilinear, it has only
finitely many subschemes. Hence A U {Q} is in linearly general position for a
general @ € P3. The scheme A U {Q} is contained in a unique rational normal
curve C ([9, part (b) of Theorem 1]). Hence P € (v4(C)). Since A is not reduced
and d > 4, Sylvester’s theorem says that P has rank 3d + 2 — deg(A) = 3d — 3
with respect to the degree 3d rational normal curve v4(C) (Remark 1). Therefore
Tm,d(P) < 3d—3. Assume ry, ¢(P) < 3d—4 and fix B € S(B). Set Wy := AUB
and use the proof of [4, Proposition 5.19] (the proof of Proposition 4 was harder
(e.g. step (b) in that proof does not occur), because now deg(Wy) < 3d + 1,
while deg(Wp) < 3d + 2 in that proof). QED

Proposition 9. Fiz integersm > 2, c € {0,1,2}, y > 0, and d > max{9, 2+
2y}. If y > 0, then assume m > 3. Let A1 C P™ be a connected curvilinear
scheme such that deg(A;) = 3 and dim((A41)) = 2. Set {O1} := (A1)rea. Let
A’ be the degree 2 zero-dimensional subscheme of Ay. Fix sets E C (A1) \ (A')
and FF C P™\ (A1) such that §(E) = ¢ and §(F) = y. If ¢ = 2, then assume
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O1 ¢ (E). Set A:== AJUEUF. Fiz P € (v4(A)) such that P ¢ (vq(U)) for any
O ¢ A. Then ry, q(P) =2d — 1 — c+y and every element of S(P) contains F

Proof. First assume y = 0. By concision we may assume m = 2. Our as-
sumptions on E imply the existence of a smooth conic C containing A and
hence P € (v4(C)). Since A is not reduced, Sylvester’s theorem gives that
P has rank 2d — 1 — ¢ with respect to the curve v4(C) (Remark 1). Hence
rmd(P) < 2d — 1 — c. Assume 7, g(P) < 2d — 2 — ¢ and fix B € S(P). Set
W := AUB. Since h!(Zy (d)) > 0 ([3, Lemma 1]) and deg(W) < 2d+1, there is
a line R with deg(RNW) > d+ 2. Since Resg(W) has degree < d — 1, we have
W (TRespwy(d — 1)) = 0. By [4, Lemma 5.1] we get A; C R, a contradiction.
If y > 0, then the proof of Proposition 7 works verbatim. QED

Proposition 10. Assume d > 9 and m > 3. Let A1 C P™ be a degree 3
connected curvilinear scheme such that (A1) is a plane. Let A" be the degree two
subscheme of Ay. Fix Oz € ((A1) \ (A')) and call Ay any degree two connected
zero-dimensional scheme such that (Az)rea = {O2} and Ay & (Ay). Set A =
A1UA;. Fiz P € (vq(A)) such that P ¢ (v4(U)) for anyU C A. Then 1y, 4(P) =
3d — 2.

Proof. By concision we may assume m = 3. Since Oy € (A1) \ (A), we have
h°((A1),Za,010,}(2)) = 2 and a general conic C' C M containing A; U {Os} is
smooth. Since P € (v4(A)), but P ¢ (vg(U)) for any U C A, the set (vg(A; U
{O2})) N ({P} Urg(Asz)) is a line containing v4(0O2). Fix any point P’ # v4(O2)
of this line. We have P’ ¢ (v4(U)) for any U € A; U {O2}. Therefore P’ has
border rank 4 with respect to the degree d rational normal curve v4(C). By
Sylvester’s theorem (Remark 1) there is By C C such that #(By) = 2d — 2 and
P’ € (v4(By)). Since P’ € ({P} Uwvy(Asz)), there is P” € (v4(Az2)) such that
P e ({P',P"}). Since P" € (v4((As2))) and every point of (v4((As2))) has rank
at most d with respect to the degree d rational normal curve v4({As)), we get
Tm,d(P) < 3d—2. Assume 7y, 4(P) < 3d—3 and take B € S(P). Set W, := AUB.
We have h'(Zy,(d)) > 0 ([3, Lemma 1]) and deg(Wy) < 3d + 2.

Claim 1: Assume the existence of a reduced conic C' such that Wy C
C U (Ag). Then §(B\ (BN (A1))) > d.

Proof of Claim 1: Assume §(B \ (BN (A1))) < d—1. Since Res 4,)(Wo) =
{02}U(B\(BN(A1))), we have deg(Res 4,)(Wo)) < d and hence hl(IRes<A1>(WO)

(d—1)) = 0. If A" (Zia,y0m,(d)) = 0, then a residual exact sequence gives
h'(Zw,(d)) = 0, a contradiction. If h'(Zi4,yqw,(d)) > 0, then [4, Lemma 5.1]
shows that A C (A1), a contradiction.

Claim 2: Assume the existence of a reduced conic C' such that Wy C

C U (Ag). Then §(BNC) > 2d — 2.
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Proof of Claim 2: Since (A1)rea ¢ (A2), then A; C C and (4;) = (C).
Claim 1 and Remark 2 gives O ¢ B and (B N (A42)) = d.

(i) Assume h'((A1), Zyyynay) (d)) > 0.

(i1) First assume Oz € C and that C is a smooth conic. Since deg(C N
A) =4 and §(BNC) < 2d — 3, then h'(C,Zerw,(d)) = 0 and hence h'((A1),
Twynay(d)) = 0.

(i2) Now assume Oy € C and that C is not smooth. Since Oy ¢ (A'),
we have (C) = ({03} U A”). Set M := ({03} U A’). We have Resy (A4) = A'.
Since (A) = P3 and no connected component of A is reduced, [4, Lemma 5.1]
gives hl(IResM(Wo)(d_ 1)) > 0 and hence (BN ({(A")\{O1})) > d—1. Assume
$(BN(({01,02}) \ {01,02})) <d—2.1f BN ({{01,02})\ {O1,02}) = 0, then
set € := 0. If BN (({01,02}) \ {O1,02}) # 0, then fix o € (BN (({O1,0:2}) \
{01,03})) and set € := {o}. There is a smooth quadric @ D (A’)) U (A3) Ue
and with 4; ¢ Q. Since deg(Resg(Wp)) < d — 1 by our definition of € and the
assumption on the integer §(B N (({O1,02}) \ {O1,02})), [4, Lemma 5.1] gives
a contradiction.

(i3) Now assume O ¢ C. Assume for the moment h'(C, Ocaw,(d)) =
0. Since h'({C),Zo,(d — 2)) = 0, the residual exact sequence of the inclu-
sion (A1) C P? gives h'((A1), Zyyyn(a,)(d)) = 0, a contradiction. Now assume
Y (C, Ocrw,(d)) > 0. If C is smooth, then as before we get #(BNC) > 2d—1, a
contradiction. Now assume that C' is not smooth. Since C' D Ay, C is the union
of (A’) and another line D C (A;) with Oy € D. Remark 2 gives (BN D) < d.
Hence h'(C, Ocrw,(d)) > 0 only if either 4(BNC) = 2d — 1 or (BN (A’)) > d.
We may assume that the latter case occurs and that §(BN(D\{O;})) < d—3. Fix
a general quadric Q C P? containing the two disjoint lines (A’) and (As). Since
T aryu(45)(2) is spanned by its global sections, we have QN (BN (D\{01}) =0
and A; ¢ Q. Hence Resg(Wy) = {O1} U BN D. Since deg(Resq(Wy)) < d — 2,
then hl(IResQ(WO)(d — 2)) = 0. Therefore [4, Lemma 5.1] implies 41 C @, a
contradiction.

(ii) Assume h'((A1), Tyynia,)(d)) = 0. Since Resa,y(Wo) = {O2} U (BN
(A2)), we have hl(IRes<A (Wo)( — 1)) = 1. The residual exact sequence of the

inclusion (A1) C P3 gives h'(Zw,(d)) < 1 and hence h'(Zy,(d)) = 1. Grass-
mann’s formula gives dim((A) N (B)) = deg(A N B). Set By := BN (A3). Since
02 ¢ B and §(BN(A3)) = d, Grassmann’s formula gives that (v4(A)) N (ve(B))
is the linear span of the point (1v4(A42)) N (v4(B2)) and the set E:= BN ANC.
Since P ¢ (vq(U)) for any U C A, we get A; C E C B, contradicting the fact
that A is not reduced.

(a) By Claims 1 and 2 to get a contradiction to the assumption f(B) <
3d — 3 it is sufficient to prove the existence of a reduced conic C' such that
Wy € C U (Az). Since (A;) is a plane, Wy is not contained in the union of 3
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disjoint lines. Since A is not in linearly general position in P3, A is not contained
in a rational normal curve. Since (4) = P3, A is not contained in a plane cubic.
Hence any degree 3 reduced curve containing Wy (if any) has either 1 line or 3
lines as components and in both cases (Ag) is one of these lines. Therefore to
get a contradiction it is sufficient to prove that W) is contained in a reduced
degree 3 curve.

(b) Let H; C P? be a plane such that e; := deg(Wy N Hy) is maximal. Set
Wi := Resp, (Wy). Fix an integer ¢ > 2 and assume to have defined the integers
ej, the planes H; and the scheme W;, 1 < j <. Let H; C P3 be any plane such
that e; := deg(H;NW;_1) is maximal. Set W; := Respy, (W;_1). We have e; > €;11
for all . We look at the residual exact sequences (2). Since h!(Zy, (d)) > 0, there
is an integer ¢ > 0 such that h'(H;,Zw, ,nm,.m,(d+1—1i)) > 0. We call g the
first such an integer. Since any zero-dimensional scheme with degree 3 of P3
is contained in a plane, if ¢; < 2, then W; = () and ¢; = 0 if j > i. We have
> e = deg(Wp) < 3d + 2. Since A is not in linearly general position, we have
e; > 4. Therefore g < d+ 1. Assume g = d + 1. We get eg11 > 2. Since e; > 4,
we get e; = 4, and e; > 3 for i < d. Therefore deg(Wy) > 3d+4, a contradiction.

(c) Assume g < d. Since h'(Ops(t)) = 0 for all integers ¢, we have e, > 0.
Recall that e; > --- > e;1 > €4 and that e; +--- + ¢4 < 3d 4+ 2. By [5,
Lemma 34] either there is a line L C Hy such that deg(LNWy_1) > d+3—gor
eg > 2(d+2—g)+2 = 2(d+3—g). In the latter case we get 3d+2 > 2¢g(d+3—g)
and hence g = 1. In the former case if g > 2 we get e;_1 > d+4 — g, because A
spans P3. Hence in the former case we get 3d +2 > g(d + 4 — g) — 1 and hence
1<g<3.

(c1) Assume g = 3. We saw that there is a line L C Hg such that deg(L N
Ws5) > d and that es > d + 1. Therefore e; = e3 =d+ 1 and e3 = d. Let Ny be
a plane containing L and with f; := deg(/N; N Wj) maximal among the planes
containing L. Since d < f1 < e; =d+ 1, we have f; = d+ 1. Set Zy := Wy
and Z; := Resy, (Zp). Let Ny C P3 be a plane such that fo := deg(Z; N Ny)
is maximal. Set Zs := Resp,(Z1). Fix an integer ¢ > 3 and assume that we
had defined f;, N;, Z; for all j < i. Let N; C P? be any plane such that f; :=
deg(N;NZ;_1) is maximal. Set Z; := Resp,(Z;—1). The residual exact sequences
like (2) with V; instead of H; and Z; instead of W; give the existence of an integer
i > 0 such that h'(N;, Zn,nz,_,(d+1—1i)) > 0. Let ¢’ be the minimal such an
integer. Since A spans P2 we have f; > 1 + deg(L N W3) > d + 1. We have
fyr > 0 because h'(Ops(t)) = 0 for all integers t. We have f; > f;41 for all
i>2and ) oo fi <3d+2— fi <2d+ 1. Since f; > 3 if fiz1 > 0, we get
g < d. Hence either fy > 2(d+1— g¢') + 2 or there is a line R C N, with
deg(RNWy_1) > d+3—¢'. In the former case we get 2(¢' —1)(d+2—¢')+ f1 <
3d+2 with fi = d+1 and hence 1 < ¢’ < 2. In the latter case if ¢’ > 2 we have
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fg—1 > d+4— ¢’; hence in the latter case we have 3d+2 > ¢'(d+4—¢') — 1
and hence 1 < ¢’ < 3.

(c1.1) Assume ¢’ = 3. Since f; = d+ 1, we have RN L = (). Fix a general
quadric @ D L U D. Since Wy is curvilinear and Zpygr(2) is spanned by its
global sections, we have Wo N Q = Wy N (LU R). If hY(Q,Zrur(d)) > 0, we
immediately get that either deg(R N Wp) > d + 2 (false because e3 = d) or
deg(LNWy) > d+2 (false because f; = d+1). The residual sequence of Q C P3
gives hl(IResQ(Wo)(d —2)) > 0. Since deg(Resg(Wy)) < 3d+2 —d —d, there is
a line D with deg(Resg(Wp)) > d. Since Wy = AU B with B reduced, we have
D # Rand D # L. Since e; < 2d—1, we have DNR = DNL = (). Let T be the
only quadric containing L U RU D. T' is smooth. Call |Og(1,0)| the ruling of T’
containing L, R and D. Since deg(Wy) — deg(Wy N (LU RU D)) < 2, we have
hl(Q’IReSLuRUD(Wo)(d —2,d)) =0. Thus [4, Lemma 5.1] gives Wy ULU RU D,
contradicting the connectedness of A; and that (A;) is a plane.

(c1.2) Assume ¢’ = 2. Since fo < deg(Z1) < 2d + 1, either there is a line
R C Ny with deg(RNZ1) > d+ 1 or there is a conic T' with deg(T'NZ1) > fo =
deg(Z1) = 2d and T' D Z;. The latter case cannot occur, because e; < 2d. Hence
R exists. Since deg(RNWy) > deg(RN Z1) > d+ 1 and W is not contained in
a line, we get e; > d + 2, a contradiction.

(c1.3) Assume ¢’ = 1.

(c1.3.1) Assume deg(L N Wy) > d + 2. Since A spans P?, we have e; >
fi > 1+deg(LNWy) > d+ 3, a contradiction.

(c1.3.2) Assume deg(LNWy) < d+1. Since f1 < e; < d+2 < 2d+1, Lemma
1 (or [5, Lemma 34]) gives the existence of a line D C N; with deg(D N Wy) >
d+2.Since L # D, LUD C Ny and deg(LNWy) > d, we get e; > f1 > 2d+1,
a contradiction.

(c2) Assume g = 2. We saw in step (c) that there is a line L C Hy such
that deg(L NW7) > d+ 1. Hence e; < 2d + 1. Let Nj be a plane containing L
and with f; := deg(/Ny N Wy) maximal among the planes containing L. Define
Ni,fi,Zi, ¢ as in step (cl). In particular f; > fiy1 for all ¢ > 2. We have
fi > d+2 (because Wy € L) and fo+---+ fy < 3d+2— f1 < 2d. Since f; > 3
if fiz1 >0, we get ¢’ < d. Hence either fy > 2(d+1—-¢')+2=2(d+2—-¢)
or there is a line R C Ny with deg(RN Zy_1) > d+ 3 — ¢'. In the former case
we get that either ¢/ =1 or 2(¢' — 1)(d+2 — ¢') < 2d; thus 1 < ¢’ < 2. In the
latter case if ¢’ > 23 we have fy_1 > d+4 —¢', because Zy_5 is not contained
in the line Rn and fy,_; satisfies a maximality condition. Hence in the latter
case if ¢’ > 3 we have 2d > (¢’ —2)(d+4 — ¢') + d + 3 — ¢'. Thus in the latter
case we have 1 < ¢’ < 3.

(c2.1) Assume ¢’ = 2, fo > 2d and the non-existence of a line R such that
deg(RNZ1) > d+1. Since e > fo, we get ea < d+1. Since deg(LNW7) > d+1,
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we get deg(W1) = d+ 1 and Wy C L. We also get fi = d+ 2 and hence (since
Wo € L) we have deg(L N Wy) = d+ 1. Since fi = d+ 2, fo > 2d and
deg(Wy) < 3d+2, we get fo = 2d and Z; C Na. Since h' (N2, Zz,qn, (d—1)) > 0
and there is no line R with deg(RNW;) > d+ 1, Lemma 2 gives the existence
of a plane conic ¥ C Ns containing Z5. Recall that it is sufficient to prove
that Wy € EU L with F a reduced conic. Since the sum of the degrees of the
unreduced connected components of Wy is at most 5 and d > 9, FE is not a
double line. Since deg(E N W;) > 6 and B is reduced, L is not a component
of E. By step (a) it is sufficient to prove that Wy € LU E. Let M C P3 be a
general plane containing L. Since Wy is curvilinear and M is general, we have
WonN M = WynN M. Since Ny D L and deg(Resy, (Wp) N N2) = 2d, we have
deg(WoN(MUN3)) > deg(LNWy) + fo > 3d+1. Hence deg(Resn,un (W) < 1
and so hl(IResN (W, )(d —2)) = 0. Since B is a finite set, [4, Lemma 5.1]
2um (Wo

(applied to the degree 2 surface No U M, not a hyperplane) gives Wy C NoU M.
Hence Resy, (Wy) C M. Since WoN M = WyN L, we get Resy, (Wy) C L. Since
NoNWy = EN Wy, if Wy were a finite set, we would have Wy € E U L. We
at least have (Wy)eq C EU L and to get Wy C E'U L it is sufficient to prove
that A1 C FUL and As C E U L. For an arbitrary zero-dimensional scheme
Wo C No UL with WonN Ny C E, we have Wo C EUL if ENLNWy = 0. Thus
we may assume E N LN Wy # (. In particular E N L # (. Since L ¢ N, the
scheme EN L is a point, o, with its reduced structure. We have h%(Zpyr(2)) = 3
Since F is not a double line, the general quadric @) containing E' U L is smooth,
unless F is reducible and L N E is the singular point of F, i.e. unless FU L is a
non-coplanar union of 3 lines through o. In the latter case Zgyr(2) is spanned by
its global sections, because for any S C P? with 4(S) = 3 and S not contained
in a line the sheaf Zgp2(2) is globally generated and the cone £ U L is an
arithmetically Cohen-Macaulay curve. If o is not the singular point of E, call
() a smooth quadric containing £ U L and |Og(2,1)| the linear system of @
such that £ U L € |Og(2,1)|. Since the line bundle Og(0,1) is spanned by
its global sections, even in this case we see that Zpyr(2) is globally generated.
Take a general quadric ' D E'U L. Since deg(Resy(Wp)) < 5 < d — 2, we have
W (TResy(wy) (d — 2)) = 0. Since B is a finite set and Ayeq C EU L, [4, Lemma
5.1] gives Wy C T'. Since this is true for a general quadric T > E U L, we have
Wy C EU L.

(c2.2) Assume ¢’ = 3. We saw the existence of a line R C P2 such that
deg(R N Z3) > d. Since fo > f3 > d, we get fi < d+ 3. Since deg(RN A) < 3,
we get RN(B\ BNL)# () and hence R # L. First assume RN L # () and hence
R U L is contained in a plane. We get f; > (d 4+ 1) + d — 1, a contradiction.
Now assume RN L = (). Let Q C P? we a general quadric surface containing
RU L. Since Wy is curvilinear, Zryr(2) is spanned by its global sections and @
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is general, we have Q N Wy = (RU L) N Wy. Since deg(Resg(Wy)) < d+ 1. We
continue as in step (cl.1).

(c2.3) Assume ¢’ = 2. By step (c2.1) there is a line R C P? such that
deg(RN Z3) > d + 1. Since deg(RN A) < 3, we get RN (B\ BN L) # () and
hence R # L.

(€2.3.1) Assume RNL # 0, then f; > (d+1)+(d+1)—1 = 2d+1. Since A ¢
Ny, [4, Lemma 5.1] gives h(Zz, (d—1)) > 0. Since deg(Z;) < 3d+3—f1 < 2d—1,
[5, Lemma 34] gives the existence of a line D C P? such that deg(DNZ7) > d+1.
Using |Zrurup(3)] and [4, Lemma 5.1] we get A C RULU D, contradicting step
(a).

(¢2.3) Assume ¢ = 1.

(€2.3.1) Assume deg(LNWy) > d+2. Since A € Ny, [4, Lemma 5.1] gives
hY(Zz,(d—1)) > 0. Since A spans P3, we have f; > d + 3 and hence deg(Z;) <
2(d — 1) + 1. Therefore there is a line R C P? such that deg(RN Z;) > d + 1. If
B C LUR, thenset € := (. If B¢ LUR, then fix o € (B\ BN(RUL)) and set
e := {o}. Let Q be any quadric containing R U L. Since deg(Wy N (RU L)) >
(d+1)+ (d+2) — 1 and deg(A) < d — 1, we have deg(Resg(Wy)) < d—1 and
hence hl(IResQ(WO)(d —2)) = 0. Therefore [4, Lemma 5.1] gives Wy C Q. If
LN R =1, then Zy rue(2) is spanned and hence varying @, we get A C LU R,
a contradiction. If L N R # (), it is sufficient to take as o a point of B not in the
plane (L U R) (it exists by concision [10, Exercise 3.2.2.2]).

(c2.3.2) Assume deg(L N Wp) < d + 1. Since f1 < e; < 2d + 1, there
is a line D C N; with deg(D N Wy) > d + 2. We have D # L and hence
e1 > fi>(d+1)+(d+2) —1=2d+ 2, a contradiction.

(c3) Assume g = 1. Since A spans P3, [4, Lemma 5.1] gives h'(Zy, (d —
1)) > 0. Therefore deg(W;) > d + 1 and hence e; < 2d + 1. Since h!(Hj,
Iwynm, (d)) > 0, we have e; > d + 2 and hence deg(W;) < 2d. By Lemma 1
either there is a line L C P3 such that deg(L N W;) > d + 1 or there is a plane
conic T' with deg(T'N'W7) > 2d. The latter case does not arise, because it would
imply e; > 2d and hence deg(W1) < d+ 2 < deg(T N Wy). Therefore there is a
line L C P3 such that deg(LNW;) > d+ 1. We continue as in step (c2).  [@ED

Proposition 11. Assume d > 9 and m > 3. Let A1 C P™ be a degree 3
connected curvilinear scheme such that (A1) is a plane. Let A" be the degree two
subscheme of Ay. Set {O1} := (A1)rea. Fiz Oz € ((A') \ {O1}) and call Ay any
degree two connected zero-dimensional scheme such that (A2)rea = {O2} and
Ay & (Ay). Set A:= A1 U Ay. Fiz P € (vg(A)) such that P ¢ (vg(U)) for any
U C A. Then 1y, q(P) = 3d — 2.

Proof. By concision we may assume m = 3. There are P’ € (v4(A; U{O3}) and
P" € (v4(As2)). By Sylvester’s theorem (Remark 1), P” has rank at most d with
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respect to the degree d rational normal curve v4((Az2)). Hence to prove that
rmd(P) < 3d — 2 it is sufficient to prove that r,, 4(P') < 2d — 2. This is true by
the case = 1 and y = 0 of Proposition 7. Therefore 7y, 4(P) < 3d — 2. Assume
Tm.a(P) < 3d—3, take B € S(P) and set Wy := AUB. We have h!(Zy, (d)) > 0
([3, Lemma 1]) and deg(Wy) < 3d + 2.

Since (A) = P3, A is not contained in a plane curve of degree 3. Since A is
not in linearly general position in P3, it is not contained in a rational normal
curve. Since deg(AN(A’)) =3 and O; ¢ (Asz), the only reduced degree 3 curves
containing A are the union of 3 lines: they are the union of (A’), (A3) and a
line of (A;) containing Oy and different from (A’). Assume Wy C (A1) U (Ag).
As in Claim 1 of the proof of Proposition 10 we see that Os ¢ B and that
8(B N (A2)) = d. Now assume that W contained in the union of 3 different
lines, (A’), (As) and a line R of (A1) containing O; and different from (A’).

(i) Assume h'((A1), Tyyyna,)(d)) > 0. If deg(Wo N (A1) > 2d + 2, then
we get §(BN (A1) > 2d — 2, because deg(AN (A1) = 4. Now assume deg(WynN
(A1)) < 2d + 1. By [5, Lemma 34] there is a line L C (A;) such that deg(L N
Woy) > d+ 2. Since (A’) is the only line D of (A;) with deg(D N A) > 2 and
deg((A’) N A) = 3, Remark 2 gives L = (A’) and (BN (L \ {01}) > d - 1.
Set M := ({O1} U As). M is a plane and Resp(A4) = {O1}. Since 4; € M, [4,
Lemma 5.1] gives hl(IResM(Wo)(d — 1)) > 0 and hence (BN (R\ {01}) > d.
Therefore §(B) > 3d — 1, a contradiction.

(i) Assume h*((A1), Tyynia,)(d)) = 0. Since Res 4,y (Wo) = {O2} U (BN
(A2)), we have hl(IRes<Al>(Wo)(d — 1)) = 1. A residual exact sequence gives
hY(Zw, (d)) < 1 and hence h*(Zy, (d)) = 1. Grassmann’s formula gives dim({A)N
(B)) = deg(AN B). Set By :== BN (Az). Since O2 ¢ B and #(B N (A2)) = d,
Grassmann’s formula gives that (v4(A)) N (v4(B)) is the linear span of the point
(va(A2)) N (va(Bz2)) and the set E := BN (A; U{O2}). Since P ¢ (v4(U)) for
any U C A, we get A1 C E C B, contradicting the fact that A; is not reduced.

Then we continue as in the proof of Proposition 10. QED

Proposition 12. Assume d > 9 and m > 3. Let A1 C P™ be a degree 3
connected curvilinear scheme such that (A1) is a plane. Set {O1} = (A1)red-
Fiz a degree 2 connected zero-dimensional scheme As such that Oy € (As2) and
O1 # Oa, where {O2} 1= (A2)red- Set A := A1 U Ag. Fiz P € (v4(A)) such that
P & (vg(U)) for any U C A. Then rp, q(P) = 3d — 2.

Proof. By concision we may assume m = 3.

Claim 1: We have 7y, 4(P) < 3d — 2.

Proof of Claim 1: Since v4(A) is linearly independent and A; N Ay =
(0, there are unique points P; € (v4(4;)) such that P € ({Pi, P»}). Since
P ¢ (vy(E)) for any E C A, then P; ¢ (vq(E)) for any E C A;. Fix any
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€ ({P2,v4(0O1)})\{ P2, v4(01)} (it exists, because O1 # O and v4(A2U{O2})
is linearly independent). The parenthetical remark implies Py ¢ (v4(A2)). There-
fore P, has border rank and cactus rank 3 with respect to the degree d ratio-
nal normal curve v4((As2)). Sylvester’s theorem gives a set By C (Ag) such
that Pj € (v4(B2)) (Remark 1). Fix a smooth conic C' C (A;) containing
Ay. We have P € ({Pj,vq(01), Pi}). Since {v4(0O1),Pi} C (va(A1)). There-
fore there is P{ € (v4(A1)) such that P € {Pj, P{}. Let A’ be the degree
two subscheme of A; and assume P| € (y4(A’)). Since {O1} C A', we get
P e ({Pi}Uyg(4)) C (va(A" U A")), a contradiction. Therefore P{ € (vq(E))
for any ¥ C Aj. Sylvester’s theorem gives the existence of By C C such that
#(B1) = 2d — 1 and Py € (v4(B1)) (Remark 1). Since P € (v4(B1 U Bg)) and
#(B1 U Bs) < 3d — 2, we get rp, ¢(P) < 3d —2.
Assume 7y, 4(P) < 3d — 3, take B € S(P) and set W := AU B. We have
deg(Wo) < 3d + 2.
Claim 3: Assume B C (A1) U (A3). Then §(B N ((42) \ {O2})) >d—1.
Proof of Claim 3: Since A C (A1) U (Ag), we have Wy C (A1) U (Ag).
Assume (B N ((A2) \ {02})) < d — 2. We get hl(IRes<A1><WO)(d - 1)) =0,

contradicting [4, Lemma 5.1], because Aj is connected, not reduced and Ay ¢
(A1).

(a) Assume B C (A1)U(A3). In this step we prove that either §(BN(A;)) >
2d —1or 4(BN((A2) \ {O2})) = d and (BN ((A1) \ {O1})) > 2d — 2. Assume
(BN (A1) <2d—2.Set J:= BN ((A2) \ {O2}).

(al) Assume #(B N ((41) \ {O1})) < 2d — 3. Let M C P3 be the plane
spanned by A, and the degree two subscheme of A;. Since A ¢ N and no
connected component of A is reduced, [4, Lemma 5.1] gives h' (IRGSN(WO)(d —
1)) > 0. Since deg(Resp(Wp)) < 2d — 2, [5, Lemma 34] gives the existence of a
line D such that deg(DNResy(Wy)) > d+1. Since AoNResy (Wy) = (), Remark
2 gives O; € D, O1 ¢ B and §(BN D) =d. Since DN (B\ BN (As)) # 0, we
have D # (Aj). Therefore N := (A3 U D) is a plane. Since deg(Resy(Wp)) <
2+ (2d — 3) — d, we have h1<IResN(WO)(d — 1)) = 0, contradicting [4, Lemma
5.1], because N # (A1).

(a2) Assume h' ((A1),Zia,yqm, (d)) > 0. Since deg(A1) = 3 and Oy ¢ (A1),
there is a line D C (A;) such that deg(WyN D) > d+ 2. Remark 2 gives that D
is spanned by the degree 2 subscheme of A;, that O ¢ B and that §(BND) = d.
Set M := (D U As). M is a plane and deg(M NWy) >4+ d+d— 1 by Claim
2. Since deg(Wp) < 3d + 2, we get hl(IResM(WO)(d — 1)) = 0 and hence (by [4,
Lemma 5.1]) A; C M, a contradiction.

(a3) Assume h'((A1),Zia,yqw, (d)) = 0. By the residual exact sequence of
the inclusion (A1) C P? we get hl(IWO(d)) < W' ((A2), Oy (d — 1)(=J — A2)).

Remark 2 gives #(J) < d. Since h'(Zy,(d)) > 0, we get #(J) > d — 1. By step
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(al) we have #(B N ((A1) \ {O1})) > 2d — 2. Hence if §(J) > d, then step (a)
is proved. Therefore we may assume #(J) = d — 1 and hence h'(Zy,(d)) =
h'((A2),Oa,)(d —1)(=J — Az)) = 1. Since AN B = ({01} U A2) N (BN (Ay)),
Grassmann’s formula gives (v4(A)) N (va(B)) = (va({O1} U A2)) N (vg({01} U
(BN(Az2)))) C (vg({01}UA2)). Therefore P € (v4({O1}UA2)), a contradiction.

By Claims 1 and 2 and step (a) to prove Proposition 12 it is sufficient to
either get a contradiction or to show that Wy C (A;)U(Az). We follow the proof
of Proposition 10 using the same labels for the proofs. We define H;, e;, W;, g as
in the proof of Proposition 10 and get (as in that proof) that 1 < g < 3.

(cl) Assume g = 3 and take the line L C H3 such that deg(L N W3) > d.
We have Wy C L, deg(WoNL)=dand ey =ea=d+1landd+1<e; <d+2.
Define f;, N;, Z;, ¢’ as in the quoted proof and get 1 < ¢’ < 3.

(c1.1) Assume ¢’ = 3. We saw (in step (cl) of the quoted proof) the
existence of a line R C N3 such that deg(Z2 N R) > d. Since deg(DN A) < 3 for
each line D and BNZ; C B\ BNL, we get RN(B\BNL) # 0. Therefore R # L.
We have RN L = () because e; < 2d — 1. Fix a general Q' € |Zrur(2)|. Since
RNL =0, Q" is smooth. Since A is curvilinear, we also have BNQ' = BN(LUR)
and @' NA = AN(LUR) (as schemes). [4, Lemma 5.1] gives hl(IResQ,(WO)(d -

2)) > 0. Since deg(Resg/ (Wp)) < d+2 < 2(d—2)+1, there is a line D C P3 such
that deg(D N Resg (Wop)) > d. Since DN (B\ BN (LUR)) # 0, we get D # R
and D # L. Fix a general U € |Zpyugrur(3)|. Since deg(D N (L U R)) < 2, then
deg(Resy(Wy)) < 3d+2 —d —d—d+ 2 and hence hl(IResU(WO)(d -3)) =0.
Hence Wy C U ([4, Lemma 5.1}). Since Zpyrur)(3) is spanned, for general U we
have UNWy = WyN(LUDUR). Hence Wy C LUDUR. Since AC LUDUR
and LN R = (), we get D = (As) and that one of the lines L, R, say R’ contains
O1, while the other one, say L', contains Os, but not O;. We get A; C DU R,
contradicting the fact that (As) € (Aj).

(c1.2) Assume ¢’ = 2. We saw (in step (cl) of the quoted proof) the
existence of a line R C P? such that deg(RN Z3) > d. Since deg(RN A) < 3, we
get RN(B\ BNL)#( and hence R # L. Since e; = d+ 1, then RN L = 0.
We continue as in steps (c1.1).

(c1.3) Assume ¢’ = 1. Since e; = d 4+ 1, we have f; < d 4 1. Hence
hY (N1, Zwynn, (d)) = 0, a contradiction.

(c2) Assume g = 2. We saw that there is a line L C Hy such that deg(L N
W1) > d+ 1. Hence e; < 2d + 1. Let Ny be a plane containing L and with
f1 = deg(IN1 N Wy) maximal among the planes containing L. Define N;, f;, Z;
¢’ as in step (cl). Since f; > 3 if fi11 > 0, we get ¢/ < d. If ¢’ > 2 we have
f1 > deg(LNWp)+1 > d+2, because Wy ¢ L. Hence either fyy > 2(d+1—g¢')+2
or there is a line R C Ny with deg(RN Zy_1) > d+ 3 — ¢'. In the former case
if ¢ >2weget2(¢d —1)(d+2—¢')+ f1 <3d+ 3 and hence 1 < ¢’ < 2. In the
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latter case if ¢’ > 2 we have fy_; > d+4 — ¢’; hence in the latter case we have
3d+3>¢g'(d+4—¢)—1and hence 1 < ¢ <3.

(c2.1) Assume ¢’ = 3. We saw the existence of a line R C P? such that
deg(RN Z3) > d. Since fo > f3 > d, we get fi < d+ 3. Since deg(RN A) < 3,
we get RN (B\BNL)# 0 and hence R # L. First assume RN L # (). We get

> (d+1)+d—1, a contradiction. Now assume RN L = (). We continue as
in step (cl.1).

(c2.2) Assume ¢’ = 2 and the existence of a line R C P3 such that deg(RN
Zy) > d+1. Since deg(RNA) < 3, we get RN(B\BNL) # 0 and hence R # L.

(€2.2.1) Assume RNL # 0, then fi > (d+1)+(d+1)—1 = 2d+1. Since A ¢
Ny, [4, Lemma 5.1] gives h!(Zz, (d—1)) > 0. Since deg(Z;) < 3d+3—f; < 2d—1,
[5, Lemma 34] gives the existence of a line D C P3 such that deg(DNZ;) > d+1.
Using |Zrurup(3)| and [4, Lemma 5.1] we get A C RU L U D. Therefore one of
the lines L, R, D (call it R’) is the line (As). The other two lines, say L’ and D’,
must contain O; and being contained in (A;). Claim 2 and step (a) conclude
the proof.

(¢2.2.2) Assume ¢’ = 2, fo > 2d and the non-existence of a line R C No
with deg(Z1NR) > d+ 1. We saw that deg(LNWy) =d+1, fi =d+2, fo =2d
and Z; C Na. Since h'(Ny, Tz, (d — 1)) > 0, Lemma 2 gives the existence of
a conic £ C Ny such that Z; C E. Since the sum of the degrees of the non-
reduced connected components of Wy is b < d, F is a reduced conic. Let M be
the plane spanned by L and one of the points, «, of ENB. Since fi = d+2 and
deg(N1NWy) > deg(M NWy) by the definition of Ny, we have deg(M NWy) >>
d+ 2, because a ¢ L, and deg(M NWp) < ey < 2d. Since deg(LNWy) =d + 1,
[5, Lemma 34] gives h'(M, Zy,n(d)) = 0. We have h' (TRes,, (Wo)(d—1)) =0,
because o ¢ Respr(Wp) and so deg(Respr(Wp) N E) < 2d. The residual exact
sequence of M C P? gives a contradiction.

(¢2.3) Assume ¢’ = 1.

(¢2.3.1) Assume deg(LNWy) > d+2. Since A € Ny, [4, Lemma 5.1] gives
hY(Zz,(d—1)) > 0. Since A spans P?, we have f; > d + 3 and hence deg(Z;) <
2(d — 1) + 1. Therefore there is a line R C P? such that deg(RN Z;) > d+ 1. If
B C LUR, then set € := (. If B¢ LUR, then fix o € (B\ BN(RUL)) and set
€ := {o}. Let @ be any quadric containing RU L Ue. Since deg(WpN(RUL)) >
(d4+1)+ (d+2) — 1 and deg(A) < d — 1, we have deg(Resg(y)) < d—1 and
hence hl(IResQ(Wo)(d —2)) = 0. Therefore [4, Lemma 5.1] gives Wy C Q. If
LN R =1, then Zryrue(2) is spanned and hence varying @, we get A C LU R,
a contradiction. If L N R # (), it is sufficient to take as o a point of B not in the
plane (L U R) (it exists by concision [10, Exercise 3.2.2.2]).

(c2.3.2) Assume deg(L N Wpy) < d + 1. Since f1 < e; < 2d + 1, there
is a line D C N; with deg(D NWy) > d+ 2. We have D # L and hence



Border rank 5 89

e1 > fi>(d+1)+ (d+2) —1=2d+ 2, a contradiction.

(c3) Assume g = 1. Since A spans P3, [4, Lemma 5.1] gives h!(Zy, (d —
1)) > 0. Therefore deg(W;) > d + 1 and hence e; < 2d + 1. Since h'(Hj,
Twonm, (d)) > 0, we have e; > d + 2 and hence deg(W;) < 2d. By Lemma 1
either there is a line L C P3 such that deg(L NW;) > d + 1 or there is a plane
conic T with deg(T'NW;) > 2d. The latter case does not arise, because it would
imply e; > 2d and hence deg(W1) < d + 2 < deg(T N Wy). Therefore there is a
line L C P3 such that deg(L MW7) > d+ 1. We continue as in step (c2).  [QED

4 Other results

The following example with n = 3 describes the schemes A appearing in the
statement of Proposition 13.

Example 1. Let A C P" be a connected zero-dimensional scheme such that
deg(A) =n+2 and (A) =P". Set {O} := Ajeq. Assume that A is not in linearly
general position. By [9, Theorem 1.3] we have 20 C A (where 20 is the closed
subscheme of P" with (Zp)? as its ideal sheaf) and O 0 is Gorenstein. Fix
any hyperplane H C P". If O ¢ H, then HN A = (). Now assume O € H.
Since A is in linearly general position, we have deg(H N A) < n. Since A D 20
and O € H, we have deg(H N A) > n. Therefore AN H = 20 N H. Hence
hY(H,Zsnp(2)) = 0 and deg(Resg(A)) = 2. Hence hl(IReSH( (1)) = 0. The
residual exact sequence of the inclusion H C P" gives h'(Z4(2)) = 0.

Proposition 13. Assume m > 3, d > 9, and take a 3-dimensional linear
subspace H C P™. Let A C H be a connected degree 5 scheme not curvilinear
and in linearly general position in H. Then ry, q(P) < 4d — 2 for every P € P"
whose cactus rank is evinced by A.

Proof. By concision we may assume m = 3. Set {O} := A,cq. We have h?(Z4(2))
=5 and h'(Z4(2)) = 0 (Example 1). By Castelnuovo-Mumford’s lemma Z4(3)
is spanned. Let H C P be a hyperplane. If O ¢ H, then no reducible quadric
with H as a component contains A. Now assume O € H. Since deg(H N A) = 3,
the scheme Resy (A) has degree two and hence h° (TRes,, ( A)(l)) = 2. Therefore
a dimensional count gives that a general Q) € |Z4(2)] is irreducible. Each @ €
|Z4(2)| is singular at O. Take another general Q' € |Z4(2)| and set T := QNQ".

Claim 1: T is the union of 4 distinct lines.

Proof of Claim 1: Since Q and @’ are irreducible and with O as their
singular point, Ty¢q is a union of at most 4 lines through O and T = Ty¢q if and
only if T has no multiple line. We have h®(Q,Z4(2)) = 4 and for each line D C Q
(it is a line through O) we have h®(Q,Z4up(2)) = 3. The effective Weil divisor
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2D of @ is a Cartier divisor and 2D € |Og(1)|. Therefore h°(Q,Za2p(2)) =
h%(Q,Za(1)) = 0. So Claim 1 is true just taking any Q' # Q.

By Claim 1 T is a reduced and connected curve. Write T'= L1 ULoUL3U Ly
with each L; a line. Let {20, L;} be the degree two effective divisor of L; with
O as its support. We have A C T and hence P € (v4(T)). Therefore there
are P; € (vqg(L;)) such that P € ({Pi, P», P3, P1}). Let r; be the rank of P
with respect to the rational normal curve v4(L;). Sylvester’s theorem gives that
r; < d and that equality holds if and only if P; has cactus rank 2 and its
cactus rank is not evinced by a reduced scheme (Remark 1). Let E; be the
only scheme evincing the cactus rank of P; with respect to the rational normal
curve v4(L;). The points Pp,..., P, are not uniquely determined by P. Take
Ui € (vg(La U L3 U Ly)) such that P € {P;,U;}. Since po(T') = 1, we have
{20,L,} C Ly U L3 U Ly and hence changing U; we may move P; to a general
point P/ € (vq({20;, L;} U E})). Therefore (changing simultaneously P, ..., P,
to some P{,..., P;) we may take deg(E;) > 3, unless E; = {20;, L;}. Therefore
to prove Proposition 13 it is sufficient to prove that (changing simultaneously
Py, ..., Py) for at most two indices i we have E; = {20;, L;}. We cannot have
E; = {20, L;} for all i, because it would imply P € (v(20)), where 20 is the
closed subscheme of P? with (Zp)? as its ideal sheaf; this would imply that P
has border rank two by the proof of [5, Theorem 37] or by [6, Lemma 2.3] and
the fact the 20 is not Gorenstein. Assume that E; = {20;, L;} for 3 indices
i, say i = 1,2,3. If r4 < d — 2, then Proposition 13 holds. Therefore we may
assume deg(FEy) = 3. We have 20 = E; U Ey U E3. Since deg(L; N E;) > 2 and
A is in linearly general position, we have A # 20 U E4. Since 20 C A, we have
deg(AU (20U Ey4)) < 8. Since d > 7, and P € (vg(A)) N (v4(20 U Ey)), we get
a contradiction.

Lemma 9. Assume d > 7 and that the degree 5 scheme evincing the cactus
rank of P is not connected. Then 1y, q(P) < 3d — 1.

Proof. Write Aq,...,As, s > 2, be the connected components of A. Set a; :=
deg(A;) and assume a; > a; for all j > 2. We have 5 = a1 + - - - + a,. There is
P; € (vq(4;)) such that P € ({P;...,Ps}) and hence rp, q(P) < >0 rm.a(5).
If a; = 1, then rp, 4(FP;) = 1. If 2 < a; < 4, then rpp, 4(F;) < (a; — 1)d — a; + 2
([5] and [4]). Therefore in all cases we get rp, 4(P) < 3d — 1 (we get a stronger
inequality, unless s = 2).

Proposition 14. Assume the existence of a 3-dimensional linear space H C
P™ such that A C H and A is not in linearly gemeral position in H. Then
Tm,d(P) < 4d —2 for every P € P" whose cactus rank is evinced by A.
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Proof. By [2, Theorem 1] we may assume dim({A)) = 3. Hence by concision
we may assume m = 3. By Lemma 9 we may assume that A is connected. Set
{O} := Ajeq. Since A is not in linearly general position in P3, there is a plane
H C P3 such that deg(ANH) = 4. Since Resy (A) = {0}, we have A € HUM for
every plane M containing O. Since h%(Zp(1)) = 3 and h°(Z4(2)) > 5, a general
Q@ € |Z4(2)| has not H as a component. Fix a general plane M containing O
and take P € (v43(Q N H)) and Py € (vg(Q' N M)). Since M is general, Q' N M
is a reduced conic. Hence [11, Proposition 5.1] gives rp, 4(P) < 2. Since P; has
cactus rank < 4, the case n = 2 of [4] and concision gives 7y, 4(P1) < 2d — 2.
Hence 7, q(P) < 4d — 2. QED

5 Proof of Theorem 1

Since d > 4 and P has border rank 5, there is a zero-dimensional scheme
A C P™ such that deg(A) = 5, A is smoothable, P € (v4(A)) and P ¢ (v4(E))
for any E C A ([7, Lemma 2.6], [6, Proposition 2.5]). If A is reduced, then
Tm,d(P) =5 (we are assuming that P has border rank 5 and hence 7, 4(P) > 5).
Since deg(A) = 5, we have dim((A)) < min{m,4}. By concision ([10, Exercise
3.2.2.2]) we may assume m = dim((A)). The case dim((A4)) = 4 is the main
result of [2] (but for this paper we only need the easier upper bound for the
rank). If A is not connected, then 7, 4(P) < 3d—1 by Lemma 9. If dim((A4)) = 2,
then r,, 4(P) < 3d (Lemma 2). Therefore we may assume dim({A)) = 3 and that
A is connected. If A is in linearly general position in (A) and not curvilinear,
then 7, 4(P) < 4d — 2 by Proposition 13. If A is connected, curvilinear and
in linearly general position in P3, then r,, 4(P) = 3d — 3 (Proposition 3). If A
is not in linearly general position in P3, then ry, 4(P) < 4d — 2 (Proposition
14). QED
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