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1 Introduction

The Ulam stability problem of functional equation [1] have been extended to
different kinds of equations such as ordinary differential equations, integral equa-
tions, difference equations, fractional differential equations and Partial differen-
tial equations. In the past recent years, several authors proved the Ulam—Hyers
and Ulam—Hyers—Rassias stabilities of various forms of differential and integrod-
ifferential equations by utilizing different techniques [2, 3, 4, 5, 6, 7, 10, 11, 12].

Rus [8] and Akkouchi et al. [9] by utilizing the tools of Gronwall inequal-
ity and fixed point technique, investigated the Ulam—Hyers and Ulam—Hyers—
Rassias stabilities of ordinary semilinear differential equations in Banach space

2/ (t) = Ax(t) + f(t,z(t)), t € [ = [a,b] or [a,+00),
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where A : X — X is the infinitesimal generator of Cp-semigroup {T'(t)}+>0 in a
Banach space (X, || - ||) (see[16], [19]).

Recently, Kucche and Shikhare [13] by employing Pachpatte’s inequality
extended the study of [8, 9] to semilinear Volterra integrodifferential equations

2 (t) = Ax(t) + f (t,x(t),/olg(t,s,m(s))ds) , te J=10,b] or [0,+00), (1.1)

and semilinear Volterra delay integrodifferential equations

' (t) = Ax(t) + f (t,xt,/o g(t,s,xs)ds> , t€ J=10,b] or [0, +0c0), (1.2)

in a Banach space.

Inspired by the work mentioned above, in this paper, by employing Pach-
patte’s inequality and its extended version, we investigate the Ulam—Hyers and
Ulam—Hyers—Rassias stabilities of semilinear Volterra—Fredholm delay integrod-
ifferential equations (VFDIDE)

¢ b

2 (t) = Ax(t) + f (t,xt,/ gl(t,s,xs)ds,/ gQ(t,s,xS)ds> ,teJ=10,b], 0 <b< oo,
0 0

(1.3)

in a Banach space (X, ||-||), where A : X — X is the infinitesimal generator of

Co-semigroup {T'(t) }t>0, f : IXCXx XXX — X and g; : IXIxC — X (i =1,2)
are given continuous nonlinear functions, C' = C([—r, 0], X) is the Banach space
of continuous functions endowed with supremum norm || - ||c, B = C([—r,b], X)
is the Banach space of all continuous functions with supremum norm | - ||
and for any © € B, t € [0,b] we denote by z; the element of C' defined by
xt(0) = z(t+0), 0 € [—r0].

The novelty of this paper is that by applying the Pachpatte inequality, we
have obtained Ulam—Hyers and Ulam—-Hyers—Rassias stability results for more
general equation (1.3) with the only Lipschitz type conditions on the functions
f and g; (i = 1,2) involved in the equation. Further, the results obtained in this
paper includes the study of [8] and [9] (when r =0, g; =0 (i = 1,2)), [2] (when
A=0,r=0, gg=0(i=1,2)), [13] (when go = 0) and also may be regarded
as generalization of some of the results obtained in [3], [5] and [6].

We remark that the existence, uniqueness and other qualitative properties
of the variants of equation (1.3) with initail condition z(t) = ¢(t), t € [—r,0]
have been studied by Kucche et al. [14, 15].

The paper is organized as follows. In section 2, we give definitions and the
statements of the theorem that are utilized in this paper. In Section 3, vari-
ant of Pachpatte’s inequality is derived. Section 4 deals with Ulam—Hyers and
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Ulam—Hyers—Rassias stabilities of nonlinear Volterra—Fredholm delay integrod-
ifferential equations. Finally in Section 5, examples are given to illustrate our
main results.

2 Preliminaries
Definition 2.1. Let {T'(t)}+>0 is a Cp- semigroup of bounded linear oper-

ators in X with infinitesimal generator A. Then a continuous function which
satisfies the integral equations

t s b
x(t) = T(t)¢(0) +/ T(t—s)f <s7ms,/ q1(s, T, xT)dT,/ ga(s, T, .’ET)dT> ds, t € J,
0 0 0
I(t) = ¢(t)a te [77"7 O]
is called a mild solution of initial value problem

b

2/ (t) = Ax(t) + f (t, xt,/t gl(t,s,xs)ds,/
0 0

2(t) = ¢(t), t € [—r,0].

gg(t,s,xs)ds> ,teJ=[0,b], 0<b< o0,

Theorem 2.1 ([16]). Let {T(t)}+>0 is a Cop- semigroup. There exists con-
stant w > 0 and M > 1 such that ||T(#)| < Me*t, 0 <t < cc.

For the details on Cy- semigroup theory, we refer to the monographs of Pazy
[16] and Engel and Nagel [19].

To establish Ulam-Hyers stabilities for VEDIDE (1.3) we need the following
integral inequality investigated by B. G. Pachpatte.

Theorem 2.2 ([17], p-47). Let z(t), u(t), v(t), w(t) € C([e, 5], R+) and
k > 0 be a real constant and

Aty <kt /a “uls) | () + / " o(0)2(0)do + /a ﬂw(a)z(o)da} ds, for te o Bl
If
) " (o) exp ([ 1)+ ottar ) ao <1
then
< e[ t[u(s)ﬂ(s)]ds), for ¢ € [, ]
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3 A Variant of Pachpatte’s inequality

The following corollary is the variant of the Pachpatte’s inequality given in
Theorem 2.2. It’s proof is very close to the proof of Theorem 1.7.4 ([18], page 39)
and can be completed on similar line. The variant of the Pachpatte’s inequality
established below will be utilized to obtain Ulam—Hyers—Rassias stabilities for
VEDIDE (1.3).

Corollary 24. Let z(t), u(t), v(t), w(t) € C(lo, 5], R+) and n(t) be a
positive and nondecreasing continuous function defined on [« 5] for which in-
equality

2(t) < n(t) + /(: u(s) | 2(s) + /: v(o)z(o)do + /j w(o)z(o)do} ds, for t € [a, O]
(3.1)
If
r*— /j w(o) exp (/:[u(r) + U(T)]dT> do <1,
then

n(t)
1—r

z(t) <

_exp (/:[u(s) + v(s)]ds) for t € o, ).

Proof. Noting that n(t) be a positive and nondecreasing continuous function
defined on [, 5] and a < o < s <t < 3, from inequality (3.1) we have
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Therefore
Z—t) tus 2(s) Sva 2(o) o Bwa 2(o) o|ds
TORRRd) ”[ms)*/a @ | ”n<o>d]d'
20

Apply the inequality given in the Theorem 2.2 to above inequality with 0] in

place of z(t) and 1 in place of k to obtain

EOP

n() S 1= exp (/at[u(s) + v(s)]ds) , for t € [o, ],

which gives the desired inequality. QED

4 Ulam type stabilities for VFDIDE

The definitions of Ulam type stabilities for VFDIDE are based on the papers
by Rus [2, §].
Definition 4.1. We say that equation (1.3) has the Ulam—Hyers stability if

there exists a non negative constant C' such that for each e > 0,ify : [-r,b] — X
in B satisfies

b
<e ted,  (41)

t
y () — Ay(t) — f <t,yt,/0 91(t,8,ys)d8,/0 ga(t, S,ys)d8>

then there exists a solution z : [—r,b] — X in B of the equation (1.3) with
ly —zlp < Ce.

Definition 4.2. We say that equation (1.3) has the generalised Ulam—Hyers
stability if there exists 6y € C(Ry,Ry), 6¢(0) = 0 such that for each solution
y:[—r,b] = X in B of (4.1) there exists a solution z : [-r,b] — X in B of the
equation (1.3) with

ly — zllp < 0y(e).

Definition 4.3. We say that equation (1.3) has the Ulam—Hyers—Rassias

stability with respect to a positive nondecreasing continuous function ¢ : [—r, b] —

R4, if there exists Cty > 0 (depending on f and 1) such that for each € > 0,
if y : [-r,b] — X in B satisfies

y/(t) _Ay(t) - f <ta ytv/o' gl(tvsvys)dsaA

then there exists a solution x : [—r,b] — X in B of the equation (1.3) with

ly(@) =z < Crype(t),V ¢ € [-r,0].

b
<ep(t), teld, (4.2)

92 (tv S, ys)d‘S)
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Definition 4.4. We say that equation (1.3) has the generalised Ulam-—
Hyers—Rassias stability with respect to a positive nondecreasing continuous
function v : [—r,b] — R, if there exists C¢y > 0 (depending on f and )
such that if y : [-7,b] — X in B satisfies

<(t), ted, (4.3)

t b
y () — Ay(t) — f (t,yt,/o gl(t,s,ys)d&/o gz(ts,ys)ds)

then there exists a solution z : [-r,b] — X in B of the equation (1.3) with

ly(t) =zl < Crypv(t),V ¢ € [=r,0].

Remark 25. A function y € B is a solution of inequation (4.1) if there
exists a function a, € C(J, X) (which depend on y) such that

(i) [lay@®ll <& teJ.

(i) o' (1) = Ay(0) + F (t00s Sy 91 (5, :)ds, [ 9a(ts,05)ds) + ay(t) ¢ €

Remark 26. If y € B satisfies inequation (4.1) then y is a solution of the
following integral inequation

t s b
y(t) — T(£)y(0) — / T(t - 5)f <y / g1(5,7,92)dr, / gﬂsmy»dr) s

0

t
< 5/ IT(t - s)|ds, t € J. (4.4)
0

Indeed, if y € B satisfies inequation (4.1), by Remark 25 we have

b

, t
Y () = Ay(t) + f (ty /0 a1(t, 5,5)ds, /0 gQu,s,ys)ds) ay(t), € J.

This implies that
t s b
1) = T(Ow(0) + [ T(t-3) lf <y | atsmain [ s yT>dT> +ay<s>] ds
t s b
=T(t)y(0) —|—/0 T(t—s)f (s,ys,/o g1(s, 7, yT)dT,/O g2(s, T, yT)dT> ds

+/0 T(t— s)ay(s)dst € J.

Therefore

y(t) = T()y(0) —/0 T(t—s)f <8ys/0

S

b
91(877—7 yT)dT’/ 92<S7T7 yT)dT> ds
0
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< / IT(t = 8)llay(s)]1ds
< [ e sjas

One can obtain similar type of estimations for the inequations (4.2) and
(4.3).

4.1 Ulam—Hyers Stability

Theorem 4.1. We suppose that
(i) f eC(IxCxXxX;X)and g; € C(Jx I xC; X) (i =1,2);
(ii) there exists L(-) € C(J, Ry) such that
1f (@t 21, @2, 3) — f(t, 91,92, 93) [ < L(E) (o1 = walle + llwe — well + lws — ysl])
forall t,s € J, z1,y1 € C and x2,x3,y2,y3 € X;

(iii) there exists G;(-) € C(J,R4) for i =1,2 such that
lgi(t, 5,21) = gi(t, s, y1)[| < Gi(t) (ller —walle), Vt,s € J, a1 € C.
Then, the VFDIDE (1.3) is Ulam-Hyers stable, provided
¢ = /O ’ Ga(0) exp ( /O G[ML(r)ew“*T) + G1(T)]d7'> do < 1. (4.5)

Proof. Let y € B satisfies the inequation (4.1). Let z € B be the mild solution
of the following problem

t b
' (t) = Ax(t) + f (t,xt,/ gl(t,s,xs)ds,/ gz(t,s,xs)d8> , teJd,
0 0

x(t) = y(t)a te [*Ta 0]

t s b
2(t) = T(H)y(0) + / T(t - 5)f <x / ¢1(s,7,27)dr, / gz(s,T,xT)dT> ds. (4.6)

Using the Theorem 2.1 and the inequation (4.4), we obtain

S

t b
y(t) — T(H)y(0) — / T(t—5)f <y / g1 (5.7, y0)dr, / 92(8,7,%)617) ds
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t t
M
< e/ IT(t — s)||ds < s/ Me*t=9)ds = =22 (et — 1)
0 0 w

eM

< —(e“b—l) < ﬂe“b, te
w w

From above inequation and the equation (4.6), for any ¢ € J, we have

ly(t) — =)l

t s b
y(t) —T(t)y(0) _/o Tt—s)f <s,m5,/o gl(s7T7mT)dT,/0 gz(S,T,{ET)dT> ds
o) = T0)9(0) — [ (- ) <y / " or(s,7ye ), / e y»dT) ds
t s b
/O T(t - 5) [f (y /0 01 (5,7, y2)dr, /0 gz<s,7,yf>d7>
s b
S ey e 12
R N |f <y | s rin, | galo y»dT)
s b
—f (&xS,/O g1(s, T, xT)dT,/O gg(S,T,JZT)dT>

eM w K w(t—s )
€ bJr/O M=) L(s) {||ysxs||c+/0 G1(7) lyr — @rllc dr

b
+/ Gao(7) |lyr — xT||Cd71 ds.
0

<

+

IN

ds

IN

Consider the function defined by u(t) = sup{||(y — z)(s)|| : s € [-r,t]}, t € J,
then ||(y — )¢llc < p(t) for all t € J and there is t* € [—r,t] such that u(t) =
||(y — z)(t*)||. Hence for ¢t* € [0,t] we have

eM t* . s
) < e+ [ ML)t - slle + [ Gar) e ol dr
0 0
b
+ [ Gat) o - xfncdr] ds
0

M t
< S8 b +/ ML(S)@“’(b_S)
w 0

s b
,u(s)—i—/o Gl(T)u(T)dT+/O GQ(T)/.L(T)dT] ds.

(4.7)

If t* € [—r,0] then u(t) = 0 and the inequality (4.7) hold obviously, since
M > 1. Applying the Pachpatte inequality given in the Theorem 2.2 to the
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inequation (4.7) with

2(t) = p(t), k= ﬂewb, u(t) = ML#)e*®™) | u(t) = G1(t) and w(t) = Ga(t),
w
we obtain
Me®? ¢
w(b—s)
nt) <o o5 q*)exp(-/o [Ls) M) 1 @1 (5)] )
Mew? b
w(b—s)
<5w(17 *)exp</0 {L( YMe + G1( )} )
Therefore
Mev? b w(bes
ly—z||lzg<e Wexp (/0 {L(S)M@ (b=s) 4 Gl(s)} ds) . (4.8)
Putting C = (fo [L(s)Me“(t=%) + Gy(s)] ds) in (4.8), we obtain
ly —zlp <eC.
This completes the proof. QED

Corollary 27. Under the assumptions of Theorem 4.1 the VFDIDE (1.3)
is generalized Ulam-Hyers stable, provided that the condition (4.5) is satisfied.

Proof. Define 0¢(e) = € w](\ffu; 55 eXp (fo [ s Me(=%) 4 Gy (s )] ds) , where ¢*

is given in condition (4.5). Then we have §; € C(R4, R4), 0¢(0) = 0 and the
inequation (4.8) takes the form

ly —zllp < 0f(e).

This proves (1.3) is generalized Ulam—Hyers stable. QED

4.2 Ulam—Hyers—Rassias Stability

Theorem 4.2. Assume that f and g; (i = 1,2) satisfy the conditions of
Theorem 4.1. Moreover assume that ¢ : [—r, b] — R is positive, nondecreasing,
continuous function and there exists A > 0 such that

/0 IT(t — )]l (s)ds < Mb(t), t € [—rb].

Then, the equation (1.3) is Ulam—Hyers—Rassias stable with respect to v, pro-
vided that the condition (4.5) is satisfied.
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Proof. Let y € B be solution of inequation (4.2) then proceeding as in Remark
26 and using the hypothesis, we have

t s b
y(t) — T(H)y(0) + / T(t - 5)f <y / g1(s, 7, yr)dr, / m(myf)dr) ds

0

< / 1Tt = )] lay ()] ds < / 1T — )| ed(s)ds < eXp(t), ted. (49)
0 0

Let us denote by x € B the mild solution of the following problem

t b
2/ (t) = Ax(t) + f (t,mt,/ gl(t,s,xs)ds,/ gg(t,S,Is)dS> , teJ=10,b],
0 0

x(t) = y(t), t € [-,0].

t s b
2(t) = T(£)y(0) + / T(t—s)f <x / g1 (5,7, 2,)dr, / g2<s,7,xf>d7> ds. (4.10)

Using the equation (4.10) and the inequation (4.9), we have
ly(t) — =@
t s b
y(0) = T(Oy(0) ~ [ T(t- )7 ( [ ats.ranar, [ ot x7>d7> s
0 0 0

<

t s b
y(t)_T(t)y(O) _A T(t_s)f <Say57/0 gl(s’Ta yT)dTaA 92(S7T7y7)d7'> ds

t s b
/ T(tfs) [f (37?/3,/ gl(SaTayT)dTa/ 92(877—»y‘r)d7—>
0 0 0
s b
—f <57xs,/ aq1(s, T, xT)dT,/ gg(s,T,xT)dT>] ds
0 0
b
(3 ys‘)/ gl(s T, yT)dT / 92(877-7 yT)dT>
0
s b
—f (s,xs,/ g1(s, T, xT)dT,/ gg(S,T,xT)dT>
0 0

< oA(t) /Me o)) [nys xs||c+/0 Gi(7) lyr — v dr

+

< e(t) /||Tt—s||‘

ds

+/ Go(7) |lyr — xT||Cd71 ds.
0
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Considering the function p defined in the proof of Theorem 4.1 and proceeding
in similar manner we obtain

u(t) < e Mp(t) + /O ML (s)er 09

s b
u(s)—I—/o Gl(T)M(T)dT—i—/O GQ(T)M(T)dT] ds.
(4.11)

Applying the inequality given in the Corollary 24 to inequation (4.11) with

2(t) = p(t), n(t) = e Mp(t), u(t) = ML) v(t) = G1(t) and w(t) = Ga(t),

we obtain

t
u(t) < 6/\’(/J(t*) exp (/ {L(s)MeW(b—s) + Gl(s)} ds)
I—¢q 0
eEAY(t) ’ -
< = exp / {L(S)Me“( s) —I—Gl(s)} ds
1—¢q 0
Taking
b
Cyy = exp / {L(S)Me“’(b ) 4 Gl(s)] ds |,
(1—4q%) 0
we get
W(t) < £ o b(t), t€ .
Therefore
ly(t) —2(@)]| < ECf7¢,¢(t), te[-rbl.
This proves (1.3) is Ulam—Hyers—Rassias stable with respect to 1) . QED

Corollary 28. Under the assumptions of Theorem 4.1 the VFDIDE (1.3)
is generalized Ulam—Hyers—Rassias stable with respect to v, provided that the
condition (4.5) is satisfied.

Proof. Proof follows by taking € = 1 in the proof of Theorem 4.2. QED

5 Application

We know the following initial value problem for difference equation

t b
o' (t) = Az(t) + f <t,$(t - 7“),/0 g1(t,s,z(s — r))ds,/o g2(t, s, z(s — r))ds) , t€10,0],

(5.1)
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l‘(t) = (b(t)’ te [—7“, O], (52)

is the particular case of VFDIDE (1.3) with initial condition z(t) = ¢(t), t €
[—7,0]. Thus all the results we obtained in this paper for VFDIDE are also
applicable to the difference equations (5.1)—(5.2).

6 Examples

In this section we present a illustrative example.

Example 6.1. Consider the nonlinear Volterra—Fredholm delay integrodif-
ferential equations in the Banach space (R, |-|) :

foo 1 sin(8) sin(4) xz(t—4) sin(z(t—4)) 1 [*sin®(z(s—4))
=3 10 80 320 610 10 /0 6 0
1 [™ cos(z(s—4))
- E o Td&', te [0,7T]7 (61)
xz(t) =t, t € [—4,0]. (6.2)

Consider the functions g; : [0,1] x [0,1] x R — R for ¢ = 1,2 are defined by

sin?(z(s —
g1 1,5,2(s —4)) = 22D

go (t,5,2(s —4)) = W’

and the function f:[0,1] x R x R x R — R is defined by

¢ b
f (Lx(t — 4)7/0 q1(t, s, x(s — 4))ds,/0 g2(t, s, x(s — 4))ds>

_ 1 sin(8)  sin(4) ax(t—-4) sinz(t—4) 1 /t sin®(z(s — 4))d8
80 640 80 320 640 10 Jy 16
1 [T cos(x(s — 4))ds.
16 Jqo 10

Then the initial value problem (6.1)—(6.2) can be written in the form of (5.1)—
(5.2) with infinitsimal generator A = 0.
Note that:

(i) For any t,s € [0, 7] and x1,y1 € R, we have

1. . 1
lg1(t, s, 21) — g1(t,s,91)] < 16 |sin? 2 — sin® ;| < 3 lz1 — 1
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(ii) For any t¢,s € [0,1] and z1,y1 € R, we have
92(t,5,22) — galt,5,0)| < = [eosmn — cosyr| < o — i
921, 8,1 g2(t, 8, Y1) = 10 ST SY1 =70 Ty —Yif-
(iii) For any t,s € [0,1] and =1, y1, T2, Y2, T3, y3 € R, we have

|f(t, s, 21,22, 23) — f(t,8,91,92,¥3)] < TO{|$1 — 1| + 22 — y2| + |z3 —ys|}.

The functions f, g1 and g9 in the equation (6.1) verifies the assumption with
L(t) = 15, Gi(t) = §, Ga(t) = 15. Note that for the infinitesimal generator
A = 0 the Cj semigroup is T'(t) = 1 t > 0 and the corresponding constants in
the Theorem 2.1 are M =1, w = 0. Thus we have,

q*:/ exp</ [ML(7)e*®=7) 4 G4 (7)]d >da
/ Ga(0) exp ( / )+ Gi(r ]dT) do
-/ 10 (/0 [10 8] dT> do = 0.456716 < 1.

Therefore by the Theorem 4.1 the equation (6.1) is Ulam—Hyres stable on [0, 7].
We now discuss the Ulam—Hyres stability of the equation (6.1) by showing
that given any values of € > 0 and given solutions y(¢) of the inequations

D

/

t b
Yy (t) - f (tay(t - 4)7/0 gl(ta S,y(S - 4))dS7A 92(t7 S,y(S - 4))d5> <e (63)

there is a solution x(t) of equation (6.1) satisfying the inequation
ly(t) —2(t)] < Ce, t € [-4,7].

One can veryify that x(t) = ¢, t € [—4, 7] is solution of the intial value problem
(6.1)—(6.2).
if t € [0, 7],

) Then for t € [0, 7], we
if t € [—4,0].

n
(i) Choose € = 0.55 and y(t) = {752

have

t b
y1<t>f<t,y1<t4), /0 a1 (t, 5,5 (s — 4))ds, /0 gg<t,s7yl<s4>>ds)‘

R 1 sin(8) sin(4)  y1(t—4) sin(2y(t —4))
1O+ 5% "% s T 0 640
1 [t sin2(y1(s —4)) 1 (™ cos(yl(s —4))

PR — - s + —

ds
10 Jo 16 16 10
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S

2 ((s—4)
|t 1_sin(8)_sin(4)+t—4_sin(t—4)_1/tsm (92 )d
1280 640 80 640 640 10 J, 16

1 [ cos (—(854))
+ ————2ds

= < 0511872 < e.
16 J, 10 = c

For the solution x(t) =t of (6.1)—(6.2) and constant C' = 3 we have

ly1(t) — z(t)| = ‘t— t‘ <

5 < Ce, t €0,n],

T
2
and
’yl(t) - x(t)‘ = 07 le [_47 0]
Therefore
|y1(t) - ‘T(t)| <Ce te [_477T]‘

2t ift € [0, 7],

' Then for ¢ € [0, 7], we have
t ifte]-4,0].

(ii) Choose € = 2.3 and ya(t) = {

t b
y;<t>f<t,y2<t4>, /0 a1 (t, 5, y2(s — 4))ds, /0 gg(t,s,y2<s4>>ds>|

, 1 sin(8) sin(4)  yo(t—4) sin(2y2(t —4))
= t —_— —_ p—
va(t) + 80 640 80 + 320 640
L[t — 1), 1 [T eosials—4)
10 J, 16 16 J, 10
|y L s(®) sin(@) -4 sn@(t-4) 1 /t sin?(2(s —4))
80 640 80 640 640 10 J, 16
1 [™ cos(2(s —4))
— ———~ds| <£2.0478 .
16 J, 0 ¢S =€

For the solution z(t) =t of (6.1)—(6.2) and constant C' = 1.4 we have
ly2(t) — ()] = |2t —t| <7 < Ce, t €0, 7],

and
’yQ(t) - l’(t)‘ = 07 te [_4a 0]
Therefore
ly2(t) — 2(t)| < Ce, t € [~4,7].
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t2 if t € 0,7,

) Then for ¢ € [0, 7], we have
t ifte[-4,0].

(iii) Choose € = 6.5 and y2(t) = {

¢ b
Z/é(t) —f (t,y3(t—4)7/0 91(ta8ay3(5—4))d3a/0 92(7573’3/3(8—4))653)

/ 1 sin(8) sin(4) n ys(t —4)  sin(2y(t —4))

= |lyn(t) + — —
b T8~ 6a0 80 320 640
1 [*sin®(ys(s —4) 1 [T cos(ys(s —4))
o s =) gy 2 [ W Z )y
10 J, 16 ot 16/0 10 S‘
: : N2 e Y t 20 (e A2
_lor 4 1 sin(8) sin(4) n (t—4)* sin(2(t—4)%) i/ sin®((s — 4) )ds
80 640 80 320 640 10 J, 16
1 [ cos((s—4)?)
— d
+16/0 10
<6.29242 < e.

For the solution z(t) =t of (6.1)—(6.2) and constant C' = 2.2 we have
lys(t) — z(t)| = |t — t?| < Ce, t € [0, 7],
and
Therefore
’yl(t) - .%'(t)‘ < CE) te [_41 7T].

We conclude that corresponding to given values of € and given solutions y(t) of
the inequation (6.3), we are able to find the the exact solution z(¢) of equation
(6.1) satisfying |y(t) — z(t)| < C'e, t € [-4,7]. Hence equation (6.1) is Ulam—
Hyres stable on [—4, .
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