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Abstract. The nilpotent conjugacy class graph (or NCC-graph) of a group G is a graph
whose vertices are the nontrivial conjugacy classes of G such that two distinct vertices z©
and y© are adjacent if (z',y') is nilpotent for some z’ € z¢ and y € y©. We discuss on
the number of connected components as well as diameter of connected components of these
graphs. Also, we consider the induced subgraph I'y,(G) of the NCC-graph with vertices set
{g% | g € G\ Nil(G)}, where Nil(G) = {g € G | (x, g) is nilpotent for all € G}, and classify
all finite non-nilpotent group G with empty and triangle-free NCC-graphs.
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1 introduction

Herzog, Longobardi and Maj [6] defined the commuting conjugacy class
graph (or CCC-graph) of a group G as a graph whose vertex set is the set
of nontrivial conjugacy classes of G such that two distinct vertices & and 3¢
are adjacent if (2, is abelian for some 2/ € 2% and ¢/ € y“. They have deter-
mined the connectivity of the CCC-graph of a group G and gave upper bounds
for diameter of the corresponding connected components of the graph.

Likewise, we may define the nilpotent conjugacy class graph (or NCC-graph)
of G, denoted by I'(G), as a simple undirected graph, in which the vertices of
I'(G) are the nontrivial conjugacy classes of G' and two distinct vertices 2% and
y© are adjacent whenever there exist two elements 2/ € & and y' € y© such
that (2/,y’) is nilpotent. We shall obtain analogues to results in [6] for the case
of NCC-graphs by describing the number of their connected components and
diameter of each component for a finite or locally finite group. Also, in case of
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finite solvable groups or supersolvable groups, we shall give structural theorems
in the case where the corresponding NCC-graphs are disconnected.

In what follows, we set the following notation. An edge between two distinct
vertices « and y is denoted by x <+ y, while by < y we mean either x = y or
x <> y. Also, a path between two vertices x and y is denoted by x «~ y. The
distance between two vertices z and y of a graph is denoted by d(z,y). Recall
that the diameter of a graph is the maximum distance between its vertices. For
a given group G, 7(G) and w(G) stand for the set of prime divisors of |G| and
the set of element orders of G, respectively. A graph T is called empty graph
if and only if I" has no edges. The commuting graph of a group G, denoted by
A(G), is the graph whose vertex set is G \ Z(G), Z(G) is the center of G, and
two distinct vertices are adjacent if they commute. Also, the prime graph II(G)
is the graph whose vertex set is 7(G) and two distinct vertices p,q € 7(G) are
adjacent if pqg € w(G). As an analogue to the center of the group, we may define
the following set

Nil(G) = {g € G | (z, g) is nilpotent for all z € G}

for any group G. It is evident that the vertices in Nil(G) are adjacent to all
other vertices of the NCC-graph I'(G) of G.

In what follows, the ith small group of order n, in SmallGroup library of
GAP [3], is denoted by SG(n,1).

2 On the connectivity of ['(G)

To prove our main results, we need to evaluate the distance between distinct
vertices of the NCC-graph of a group, which we assume to be locally finite.

Lemma 2.1. Let G be a locally finite group and p be a prime number.
Then the following statements hold:

(i) If z,y € G\ {1} are p-elements, then d(z,y) < 1.

(ii) If z,y € G\ {1} are of non-coprime orders, then d(x,y) < 3. Moreover
d(z,y) < 2, whenever either = or y is of prime power order.

Proof. (i) Let P be a Sylow p-subgroup of the finite group (x, y), which contains
x. Then y9 € P for some g € G and so (z,yY) is nilpotent. This implies that
d(z,y) < 1.

(ii) Assume || = pm and |y| = pn for some prime p and m,n € N. Then,
by part (i), d(2™,y™) < 1. Since d(x,z™) < 1 and d(y,y") < 1, we obtain
d(z,y) < 3.

Finally, if |z| is a power of p, then part (i) implies d(x,y™) < 1 and so
d(z,y) < 2, as required. QED
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Lemma 2.2. Let GG be a locally finite group and z,y € G. Suppose p and
q are prime divisors of |z| and |y|, respectively, and that G has an element of
order pg. Then

(i) d(x,y) < 5, and moreover d(z,y) < 4 if either z or y is of prime power
order;

(ii) If either a Sylow p-subgroup or a Sylow g¢-subgroup of G is a cyclic or
generalized quaternion finite group, then d(x,y) < 4. Moreover, d(z,y) <
3 if either x or y is of prime order.

(iii) If both a Sylow p-subgroup and a Sylow g-subgroup of G are either cyclic or
generalized quaternion finite groups, then d(x,y) < 3. Moreover, d(z,y) <
2 if either x or y is of prime order.

Proof. Let H = (z,y, z) and assume |z| = pm and |y| = pn for some m,n € N.
Let z = 2,2, € G be such that |z,| = p, |24| = ¢ and 2,2, = z42p. By assumption
such an element z exists.

(i) From Lemma 2.2(i), we observe that the following path exists between
two vertices & and yG:

rer" ey ey Sy

Therefore d(z,y) < 5.

(ii) Assume that a Sylow p-subgroup of G is either a cyclic group or a gener-
alized quaternion finite group. By [10, Theorem 14.3.4], all Sylow p-subgroups
of G are conjugate and some conjugate z; of z, satisfies (z;) = <£Lém> Hence

d(, zp) = d(z,z;) < 1 and we get following path between vertices 2 and y©:

T ey Sy

Thus d(z,y) < 4.

(iii) Suppose that both a Sylow p-subgroup and a Sylow g-subgroup of G
are cyclic or generalized quaternion finite group. As in part (ii) all Sylow p-
subgroups (resp. g-subgroup) of G are conjugate in G. Therefore (z;) = (z™)
and <zg> = (y") for some a,b € G. Thus d(z,2,) = d(z, 2;) < 1 and d(zq,y) =

d(zfl’, y) < 1 yielding d(z,y) < 3. QED

Lemma 2.3. Let G = HK be a finite group with a normal subgroup H
and a subgroup K such that I'(H) and I'(K) are connected. If there exist two
elements h € H \ {1} and z € G\ H such that h® and 2 are connected in
I'(G), then I'(G) is connected.
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Proof. Evidently ged(|z|,|K|) > 1 so that there exists k¥ € K such that k¢
and 2 are connected via a path in T'(G) by Lemma 2.1(ii). Let a® and b be
distinct vertices of T'(G). If a,b € H, then a“ and b¢ are connected via a path
in I'(G) as I'(H) is connected and H C G. If a,b ¢ H, then (|al,|K]|) > 1 and
(|6], |K|) > 1, hence there exist k', k" € K \ {1} such that we have the following
path in the graph I'(G):

aG s k‘/G s k”G s bG.

Therefore a® and b% are connected via a path in T'(G).
Finally, assume that a ¢ H and b € H. Then a“ and k'“ are connected for
some k' € K and we have a path

0% s G ans kG s 29 s BE s B9,
as required. QED

Theorem 2.4. Let G be a finite group and C, = {z% | z is a 7-element} for
every set 7 of primes. The the map 7 — C; defines a one-to-one correspondence
between connected components of the graphs II(G) and I'(G).

Proof. Let z,y € G, and p and ¢ (p # q) be prime divisors of |z| and |y|,
respectively. If {p, ¢} is an edge in II(G), then G contains an element of order
pq, from which it follows that ¢ and y© are connected via a path in I'(G) (see
Lemma 2.2).

Conversely, assume that {2%, 4%} is an edge in T'(G). Then there exist ele-
ments a € ¢ and b € y“ such that (a,b) is nilpotent. Hence G has an element
of order pq so that {p, ¢} is an edge in II(G), as required. QED

Theorem 2.5 ([5, Proposition 1]). Let G be a finite solvable group and
p,q,r be distinct prime divisors of |G|. Then w(G) N {pq, pr,qr} # 0.

Theorem 2.6. Let G be a finite solvable group. Then I'(G) has at most
two connected components whose diameters are at most 7.

Proof. By Theorem 2.5, II(G) has at most two connected components and so
Theorem 2.4 implies that I'(G) has at most two connected components too.

Suppose z,y € G\ {1}, and 2% and y“ are connected via a path in I'(G).
We show that d(x,y) < 7. Suppose on the contrary that d(z,y) = n > 8, and
let

R LR S O N = W

be a shortest path between ¢ and y“. Without loss of generality, by substitut-
ing each z; with a suitable power, we may assume that |z;| are primes for all
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1 <i<n-—1. Since d(x,y) > 8, it follows from Lemmas 2.1 and 2.2 that there
exist two distinct primes p and ¢, such that p! |z| and q}|y|, and there exists no
element of order pg in G.

Let H be a Hall {p,q}-subgroup of G, and let N be a minimal normal
subgroup of H. Then N is an elementary abelian p-group on which the Sylow
g-subgroups of H act fixed-point-freely. Then every Sylow ¢-subgroup of H, and
hence of G, is either cyclic or generalized quaternion.

Since d(x,x5) = 5 and |z5| = r, where 7 is a prime, it follows by Lemmas 2.1
and 2.2 that r # p and G has no elements of order pr. Hence G has an element
of order gr by Theorem 2.5. Let K be a Hall {p, ¢, r}-subgroup of G and M be a
minimal normal subgroup of K. If p divides | M|, then the Sylow r-subgroups of
K act fixed-point-freely on M, which implies that the Sylow r-subgroups of K
are either cyclic or generalized quaternion. Hence both a Sylow g-subgroup and
a Sylow r-subgroup of G are cyclic or generalized quaternion, and d(xs,y) < 2
by Lemma 2.2. Therefore,

d(z,y) = d(z,25) + d(x5,y) <5+2 =T,

which is a contradiction. If p does not divide | M|, then the Sylow p-subgroups of
K act fixed-point-freely on M. Thus the Sylow p-subgroups of G are either cyclic
or generalized quaternion. Let |z4] = s (s being a prime). Since d(z,z4) = 4,
it follows by Lemmas 2.1 and 2.2 that s # p and G has no elements of order
ps. Hence, by Theorem 2.5, G has an element of order sq and d(x4,y) < 3, by
Lemma 2.2. Thus

d(z,y) = d(x,24) + d(24,y) <4+3 =17,
which contradicts out assumption. Hence d(z,y) < 7, as required. QED

Theorem 2.7. Let G be a periodic solvable group. Then I'(G) has at most
two connected components whose diameters are at most 7.

Proof. Suppose I'(G) is disconnected and the vertices & and y& of I'(G) belong
to different connected components of I'(G). We claim that for any vertex g& of
I'(G), g© is connected to & or y© via a path in T'(G).

Let H = (z,y,g). Since G is locally finite, H is a finite solvable group and
1y belong to distinct connected components of I'(H). Hence, by Theorem
2.6, g/ is connected to = or y¥ via a path in I'(H), from which our claim
follows. Accordingly, I'(G) has two connected components.

Now assume that G is any periodic solvable group. Let ¢ and y© be two
vertices of I'(G) with d(x,y) = n < oo, and let

R s LR A R
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be a shortest path between & and 4. By the definition of I'(G), we may assume
that there exist elements g1, go, ..., gn, 1, ho,...,h, € G such that (xgl,x}fl%

(:Ufi“”,x?fll) (i €{1,2,...,n—2}), and (27" |, y") are nilpotent subgroups of

G.

Let H = (x,y,21,22,...,Tp—1,91,92, - -+ 9n, h1,ho,..., hy). Then H is a
finite solvable group and d(z,y) = n in I'(H) as n was minimal. Therefore,
n < 7 by Theorem 2.6 and the proof is complete. QED

Theorem 2.8 (Theorem 1.1, [8]). Suppose that G is a finite group with
trivial center. Then every connected component of the commuting graph of G
has diameter at most 10. In particular, if the commuting graph of G is connected,
then its diameter is at most 10

The next theorem describe the relationship between the commuting graph
and the prime graph of G.

Theorem 2.9 (Theorem 3.7, [8]). Suppose that G is a finite group with
trivial center. Let A(G) be the commuting graph of G and II(G) be the prime
graph of G. Let A(G)/G be a set of representatives of G-orbits of connected
components of A(G). Then the map C' —— 7(C) is a bijection between A(G)/G
and the connected components of II(G). Furthermore, A(G) is connected if and
only if II(G) is connected.

Theorem 2.10. Let G be a finite group. Then I'(G) has at most six con-
nected components whose diameters are at most 10.

Proof. Since G is a finite group, by the main Theorem of [12], II(G) has at most
six connected components and so Theorem 2.4 implies that I'(G) has at most
six connected components too.

If G has nontrivial center, then I'(G) is connected with diameter at most 2.
So, assume that Z(G) = 1 and C be a connected component of I'(G). Theorem
2.4 implies that C' is a connected component of II(G) and so, by Theorem 2.9,
C' is a connected component of A(G). Hence, by Theorem 2.8, the diameter of
C' is at most 10, as claimed. QED

Theorem 2.11. Let G be a locally finite group. Then I'(G) has at most six
connected components whose diameters are at most 10.

Proof. 1t is similar to the proof of Theorem 2.7. QED
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3 Characterization of (supersolvable) solvable group
with disconnected NCC-graph

In this section, we characterize (supersolvable) solvable groups with discon-
nected NCC-graph. To this end, we need the following lemma of Abdollahi and
Zarrin [1].

Lemma 3.1 (Lemma 3.7, [1]). Let G be a group and H be a nilpotent
subgroup of G for which Cq(z) < H for every x € H \ {1}. Then Nilg(z) = H
for every x € H \ {1}.

Theorem 3.2. Let G be a supersolvable group. Then the graph I'(G) is
disconnected if and only if one of the following holds:

(i) If G is an infinite group, then G = H x (x), where z € G, |z| = 2 and H
is a subgroup of GG on which z acts fixed-point-freely;

(ii) If G is a finite group, then G = H x K is a Frobenius group with kernel
H and a cyclic complement K.

Proof. Assume G is a supersolvable group of type (i) or (ii). If G is of type
(i), then we claim that Cg(x9) = (29) for each g € G\ {1}. To this end, let
y € Cg(x9). Then y9 ' = ha for some h € H and [ha,z] = 1. Hence, [h,z] = 1.
But z acts fixed-point-freely on H, which implies that h = 1 and consequently
y9~' =, as claimed. Thus, by Lemma 3.1, Nilg(29) = (29) for every g € G\{1}.
Therefore ¢ «» y© if and only if 2¢ = y© for any y € G. It follows that z© is
an isolated vertex in I'(G) and hence I'(G) is disconnected. If G is of type (ii),
then Cq(k) = K for each k € K \ {1} and so by Lemma 3.1, Nilg(k) = K for
every k € K \ {1}. Tt implies that there is no path connecting ¢ and k¢ in
I'(G) for each h € H \ {1} and k € K \ {1}. Therefore I'(G) is disconnected in
this type too.

To prove the converse, assume G is a supersolvable group for which I'(G) is
disconnected. We have two cases:

(i) G is infinite. Utilizing [11, Theorem 7.2.11], G has a normal infinite
cyclic subgroup C. Clearly, |G/Cq(C)| < 2 and I'(Cg(C)) is connected. Since
I'(G) is disconnected, we must have |G/Cg(C)| = 2. Furthermore, if either
g% € Cq(C)\ {1} or g commutes with a nontrivial element of Cg(C) for every
element g € G\ Cg(C), then I'(G) is a connected graph, contradicting the
assumption. Thus, there exists an element x € G'\ Cg(C) such that 22 = 1 and
x acts fixed-point-freely on C¢(C'), as required.

(ii) G is finite. Then G possesses a normal cyclic subgroup C of prime order
for which G/Cg(C) is a cyclic group. Hence there exists € G such that
G = Cg(C){(z). Clearly, I'(C(C)) and I'({z)) are connected so that Lemma 2.3
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yields Ca(C) N (z) = 1 and (z) acts fixed-point-freely on C(C). The proof is
complete. QED

Finite solvable groups with a disconnected prime graph were described by
Gruenberg and Kegel in [4]. In the following Theorem, we characterize finite
solvable groups G with a disconnected NCC-graph.

Lemma 3.3. Let GG be a finite solvable group with a disconnected graph
I'(G), and let N be a maximal normal subgroup of G such that the subgraph
induced by vertices in N is connected in I'(G). Then G = N x Ng(K), where
K is a proper subgroup of G of prime order ¢, gcd(|N|,q) = 1 and K acts
fixed-point-freely on .

Proof. Let M/N be a minimal normal subgroup of G/N. Then M/N is an
elementary abelian g-group for some prime ¢. Suppose ged(|N|,q) = ¢. Then
there exists an element a € N of order ¢. If x € M \ N, then ¢ divide order of
and so & and a® are connected in I'(G) by Lemma 2.1. Thus, by the definition
of N, if z,y € M\ {1}, then 2¢ is connected to y“ in T'\(G), contradicting the
maximality of N. Thus ged(|N|,q) = 1.

Since (|N|,q) = 1, M = N x K, where K is an elementary abelian ¢-
group. From the definition of N and Theorem 2.3, it follows that K acts fixed-
point-freely on N. Thus |K| = ¢ and Frattini argument implies that, G =
NN¢g(K). Since M is a Frobenius group with the kernel N and a complement
K, NN Ng(K)= Nyn(K)=1. Thus G = N x Ng(K), as required. QED

Theorem 3.4. Let GG be a finite solvable group with a disconnected graph
I'(G). Then there exists a nilpotent normal subgroup N of G such that one of
the following holds:

(i) G = N x H is a Frobenius group with the kernel N and a complement H;

(i) G = (N x L) x (x), where L is a nontrivial cyclic subgroup of G of odd
order which acts fixed-point-freely on N, x € Ng(L) is such that (z) acts
fixed-point-freely on L, and there exist a € N \ {1} and ¢ € N such that
2" # 1 and [a,2'] = 1.

Conversely, if either (i) or (ii) holds, then I'(G) is disconnected.

Proof. Let N be a maximal normal subgroup of G such that the subgraph
induced by vertices in NNV is connected in I'(G). By Lemma 3.3, G = N x Ng(K),
where |K| = ¢ for some prime ¢, gcd(|N|,q) = 1 and K acts fixed-point-freely
on N.

First suppose that u® and v are connected via a path in I'(G) for all
u,v € Ng(K) \ {1}. Then, by Theorem 2.3 and the definition of H := Ng(K),
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N¢g(K) acts fixed-point-freely on N. Thus G is a Frobenius group with kernel
N and complement H, hence (i) holds in this case.

Next suppose that there exist u,v € Ng(K) \ {1} such that v and v are
not connected in I'(G). Write L = Cg(K). Since I'(L) is connected, it follows
that L is a proper subgroup of Ng(K) and since |K| = ¢, Ng(K) = L(z)
for some x € Ng(K). Hence L > 1, x € Ng(L) and since L is connected, it
follows by Theorem 2.3 that ged(|L|,z) = 1 and (z) acts fixed-point-freely on
L. Thus Ng(K) = L x (z) and L is nilpotent. As N N Ng(K) = 1, we obtain
G = (N x L) x {(x). Since NL is normal in GG, the maximality of N implies, by
Theorem 2.3, that L acts fixed-point-freely on N.

Assume L has even order and P is a Sylow 2-subgroup of L. As a charac-
teristic subgroup of the nilpotent group L, we have P < Ng(L). Suppose that
y € P is an involution. Then P is either a cyclic group or a generalized quater-
nion group, since N L is a Frobenius group with kernel N and complement L.
Therefore y* = y, which contradicts the fact that (z) acts fixed-point-freely on
L. So, L has odd order. Since L is nilpotent with no elementary subgroups of
rank two, L is cyclic.

Finally, we show that there exist a € N and i € N such that 2* # 1 and
[a,2'] = 1. Let y € L\ {1}. Then Theorem 2.3 implies, by our assumptions, that
y“ and 2 belong to different connected components of I'(G). Let b € N\{1}. By
Theorem 2.6, b is connected to y“ or ¢ via a path in T'(G). But, by Theorem
2.3 and the maximality of N, there is not path in I'(G) connecting b and y©, so
b¢ is connected to 2% via a path in I'(G). If (x) acts fixed-point-freely on NL,
then N L is nilpotent and so is connected, which contradicts the maximality of
N. Hence there exist i € N such that 2° # 1 and a € N such that ay # 1 and
[z, ay] = 1. It follows that if b € N \ {1}, then we have b% < ¢ < (ay)® and
the maximality of N implies, in view of Theorem 2.3, that ay € N \ {1}. Thus
y =1 and [z%,a] = 1, as claimed. So (ii) holds in this case.

Conversely, assume that either (i) or (ii) holds. If (i) holds, then {a® | a €
N\ {1}} and {h% | a € H\ {1}} are the two distinct connected components of
I'(G).

Assume (ii) holds and let L = (y). First we show that Cq(y) = L. If aza’ €
Cq(y) with a € N and z € L, then

1= [y, aza?] = [y, 27][y, a2]” = [y, ][y, 21" [y, a]**’ = [y,27][y.a

But [y,2/] € L, [y,a]*® € N and LN N =1, so [y, 27] = [y,a] = 1. Since y # 1,
it follows from our assumptions that ¢ = 2/ =1 and aza/ = z € L, as claimed.

Now, by Lemma 3.1, Nilg(y) = L and hence the set {y | y € L} is a
complete connected component of I'(G). Since = ¢ 3 for each y € L, it follows
from Theorem 2.6 that I'(G) has two connected components in the case too.
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The proof is complete. QED

4 Induced subgraph of NCC-graph

In 2009 Herzog et al. considered the induced subgraph I'.(G) of CCC-graph
with vertices set {g | g € G\ Z(G)} and proved that if G is a periodic non-
abelian group, then I'.(G) is an empty graph if and only if G is isomorphic
to one of the following groups S3, Dg or (Jg. Recently, Mohammadian and et
al. [7] classified all finite non-abelian groups G with triangle-free CCC-graphs.
In this section, we consider the induced subgraph I',,(G) of NCC-graph with
vertices set V(I'(G)) \ {¢© | ¢ € Nil(G)} and classify all finite non-nilpotent
groups G with empty and triangle-free NCC-graphs. We begin the section with
the following result which shows that we can use Z*(G) for Nil(G) when the
group G is finite, where Z*(G) is the hypercenter of finite group G. So, we can
assume that vertices set of T',(G) is the set V(I'(G)) \ {(z*)¢ | z* € Z*(G)}.

Lemma 4.1 (|2, Lemma 3.1]). Let G be a finite group. Then the following
assertions hold:

(i) (x, Z*(Q)) is nilpotent for all x € G;
(ii) Z*(G) = Nil(G).

Theorem 4.2 ([6, Theorem 19]). Let G be a periodic non-abelian group.
Then I'.(G) is an empty graph if and only if G is isomorphic to one of the groups
-DS) Q87 or 53'

Theorem 4.3. Let G be a finite non-nilpotent group. Then I';,(G) is an
empty graph if and only if G = Sj3.

Proof. First we show that Z*(G) = 1. To find a contradiction, let z* € Z*(G)
be a p-element. Let © € G\ Z*(G) be a g-element with g # p. Then (z,zz*) is
nilpotent by Lemma 4.1, and since I',(G) has no edges, we have zz* = z9 for
some g € G. Thus |zz*| = |z|, which is impossible. Therefore, Z*(G) = 1.

Now Z(G) = Z*(G) = 1 and so I'.(G) is an induced subgraph of I'y(G).
Thus, Theorem 4.2 implies that G =2 S3.

Now, we state two important Lemmas of T. A. Peng [9] which are useful in
the proof of main Theorem of this section.

Lemma 4.4 ([9, Lemma 2]). Let G be a finite group. A p-subgroup P of G
lies in Z*(G) if and only if [P, OP(G)] = 1, where OP(G) is a subgroup generated
by all p’-elements of G.
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Lemma 4.5 ([9, Lemma 3]). Let G be a finite group. If a prime p divides
|Z*(G)|, then p divides |Z(G)|.

Theorem 4.6 ([7, Theorem 2.3]). Let G be a finite non-abelian group of
odd order. Then I'.(G) is triangle-free if and only if |G| = 21 or 27.

Theorem 4.7 ([7, Section 3.2]). Let G be a finite non-abelian group of
even order which is not a 2-group. Then I'.(G) is triangle-free if and only if G
satisfies one of the following conditions:

(1) Z(G) # 1 and G is isomorphic to Dig or Tig := (a,b | a* = b3 = 1,b* =
at);

(2) G is a centerless group and

(i) If G is non-solvable, then G is isomorphic to one of the groups
PSL(2,q) (9 € {4,7,9}), PSL(3,4), or SG(960,11357).

(ii) If G is solvable, then G is isomorphic to one of the groups Ss3, Dig,
Ay, Sy, SG(72,41), SG(192,1023), or SG(192,1025).

Theorem 4.8. Let G be a finite non-nilpotent group of odd order. Then
I',,(G) is triangle-free if and only if |G| = 21.

Proof First we claim that Z*(G) = 1. To reach to a contradiction, let z* €

( ) be a p-element z € G\ Z*(G) be a q element with ¢ # p. Then
{2C, (x71C, (22*)¢} induces a triangle, which is a contradiction. Therefore
Z*(G) = 1. Now since Z(G) = Z*(G) = 1, I':(G) is an induced subgraph
of T',,(G). Thus, by Theorem 4.6, |G| = 21, as required.

Theorem 4.9. Let G be a finite non-nilpotent group of even order. Then
I'(G) is triangle-free if and only if G is isomorphic to one of the groups Ss,
D107 D12a A47 T127 or PSL(27Q) (q € {4777 9})

Proof. First, we show that |z| has at most two distinct prime divisors for all
x € G\ Z*(G). Suppose on the contrary that there exists x € G \ Z*(G) such
that |z| = p*¢®r? for some distinct primes p, ¢, and r. Since z ¢ Z*(G) we may
assume without loss of generality that 27", 24" ¢ Z*(G). Then the vertices 2,
(zP*)¥, and (xqﬂ)G give rise to a triangle, which is a contradiction.

Now, we claim that Z*(G) = Z(G). Assume Z*(G) # 1. If the elements
of G have prime power orders, then GG is a p-group, which is a contradiction.
Therefore, G has a non-hypercentral element x whose order is not a prime power.
Assume that there exists z* € Z*(G) which is not of prime power order. Lemma
4.5, implies that there exists z € Z(G) which is not of prime power order. Since
the order of every element of G\ Z*(G), has at most two distinct prime divisors,
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we deduce that 7((z)) = 7((z)) = 7(G) = {2, p} for some odd prime p. Let Q
be a Sylow 2-subgroup of G and suppose there exists y € Q\ Z*(G). Then there
exists an element 2’ of order p in Z(G) such that the vertices y“, (yz')¢ and
(yz'~1)¢ induce a triangle, which is a contradiction. Thus Q < Z*(G) and by
Lemma 4.4, Sylow p-subgroup of G is normal. Therefore G is nilpotent, which
is a contradiction.

Hence, every element of Z*(G) has prime power order and so Z*(G) is a
g-group for prime ¢. Using Lemma 4.5 again, Z(G) is a g-group. Assume q is
odd and let ¢ € Z(G) be a nontrivial element of prime order ¢. Since |G| is even,
there exists a 2-element z € G\ Z*(G). Then {z%, (zc)%, (zc™1)“} induces a
triangle unless (z¢)¢ = (zc¢~1)Y. Hence (z¢)% = (x¢™ 1) and there exists g € G
such that z9 = zc2. But then |x| = |zc¢ 2| = ¢|z|, which is a contradiction.
Therefore Z(G) is a 2-group and accordingly Z*(G) is a 2-group.

Let a € Z*(G)\ Z(G) and b € Z(G). Then the vertices 3%, (yb)¢ and (ya)“
form a triangle for each p-element y € G'\ Z*(G) unless (yb)® = (ya)®, in which
case y¢ = yab~! for some g € G and so |y| = |yab~l| = 1|, which is a
contradiction. Therefore Z(G) = Z*(G), as claimed.

Finally, since Z*(G) coincides with Z(G), I'.(G) is an induced subgraph of
I',(G). Thus Theorem 4.7 implies that G is isomorphic to one of the groups
in the Theorem 4.7. Using GAP we can show that the I',,(G) has a triangle if
and only if G is isomorphic to one of the groups Sy, SG(72,41), SG(192,1023),
SG(192,1025), SG(960,11357), or PSL(3,4). The proof is complete.
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