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Abstract. In this paper, we aim to introduce a generating function for generalized Apostol
type Legendre-Based polynomials which extends some known results. We also deduce some
properties of the generalized Apostol-Bernoulli polynomials, the generalized Apostol-Euler
polynomials and the generalized Apostol-Genocchi polynomials of higher order. By making
use of the generating function method and some functional equations mentioned in the paper,
we conduct a further investigation in order to obtain some implicit summation formulae and
general symmetry identities for the generalized Apostol type Legendre-Based polynomials.
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1 Introduction

Generalized and multivariable forms of the special functions of mathematical
physics have witnessed a significant evolution during the recent years. In par-
ticular, the special polynomials of more than one variable provided new means
of analysis for the solution of large classes of partial differential equations often
encountered in physical problems. Most of the special function of mathematical
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physics and their generalization have been suggested by physical problems.

To give an example, we recall that the 2-variable Hermite Kampe’ de Fe'riet
polynomials H,(x,y) [2] defined by the generating function

o

t’n
exp(xt + yt?) = ZHn(m,y)ﬁ (1.1)
n=0
are the solution of heat equation
aH(m )= 82 Hy(z,y) Hy(z,0) = 2" (1.2)
ay y a 2 Jy ) n 9 - .

The higher order Hermite polynomials, sometimes called the Kampe’ de Fe'riet

polynomials of order m or the Gould-Hopper polynomials H, ( )(93 y) defined by
the generating function ([11], p.58 (6.3))

exp(at + yt"™) = ZH — (1.3)

are the solution of the generalized heat equation [7]

0 om

Also, we note that
H7(12)(x7y) = Hn(l‘ay)7 (15)
H,(2z,—-1) = H,(z), (1.6)

where H,,(z) are the classical Hermite polynomials [1].

Next, we recall that the 2-variable Legendre polynomials S,,(z,y) and R, (x,y)
are given by Dattoli et al. [8]

(3] hyn—2k
Sn(z,y) =n! 2 =2k ET (1.7)
and 00 k. .n—k, k
— 1) Egn—
Rn(‘rvy) = (n‘)2 Z [((n _) Qk)!]Q(k:!y)Q <1'8)

k=0

respectively, and are related with the ordinary Legendre polynomials P, (x)
[27] as
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From equation (7) and (8), we have

2151 .
Sp(x,0) = n!w, Sn(0,y) = y", (1.9)
R, (z,0) = (—x)", R,(0,y) =y". (1.10)

The generating functions for two variable Legendre polynomials S, (x,y) and
R, (z,y) are given by [§]

eVl Cy(—at?) = ZS a:y (1.11)

Co(xt)Co(— ZR (z,y) n, (1.12)

where Cp(x) is the 0-th order Tricomi function [27]

I

r=0

’I":L.T

(1.13)

The generalized Bernoulli polynomials B,(Ia) (z) of order a € C, the gen-
eralized Euler polynomials Efla) () of order av € C and generalized Genocchi

polynomials Gl (z) of order aw € C, are defined respectively by the following
generating functions (see [10], vol. 3, p. 253 et seq.), ([16], section 2.8) and [18]):

t “ xT - e tn e
(et—1> et = §OB;>(x>n!, (|t] < 2m;1% :=1) (1.14)
2 “ xt EOO: (a) " @

et +1

<2t>a ZG t—‘ (Jt] < m;19:=1) (1.16)

The literature contains a large number of interesting properties and relation-
ship involving these polynomials (see [3],[4],[5],[10],[12],[24]). Luo and Srivastava
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([20],[22]) introduced the generalized Apostol Bernoulli polynomials By (x; N)
of order o, Luo [17] investigated Apostol Euler polynomials B (x; \) of order

a and the generalized Apostol Genocchi polynomials Gl (z; \) of order « (see
also [18],[19],[21]).

The generalized Apostol Bernoulli polynomials BT(IO‘) (z; A) of order a € C,
the generalized Apostol Euler polynomials ET(,,a) (z; \) of order a € C' and gen-

eralized Apostol Genocchi polynomials G%O‘) (z;\) of order a € C, are defined
respectively by the following generating functions:

t “ X G « tn o
<)\6t1> =Y BO@N—, (A <2mlti=1)  (L17)

n=0

2 o o tn
()\et T 1) e’ = ZE&)@?; /\)ﬁ’ |t +1n A < 7;19:=1) (1.18)
n=0 '

2t \*® > n
<)\€t i 1) e = ZG%Q)(%A)%, (t+In A <m1*:=1) (119
n=0 ’

where, if we take z = 0 in the above, we have
B{(0;A) := BI(N), B (0;2) := B (V), GE(0:0) = G (N (1.20)

calling Apostol-Bernoulli number of order «, Apostol-Euler number of order «
and Apostol-Genocchi number of order «, respectivily. Also

B (z) := B (x;1), B\ (z) := E™(2:1), G (z) = G (x;1).  (1.21)

n n n

Srivastava et al. [29],[30] have investigated the new class of generalized Apostol-
Bernoulli polynomials Bff‘) (x; A;a,b,e) of order o, Apostol-Euler polynomials
Efla) (x; \;a,b,e) of order a and Apostol-Genocchi polynomials Gﬁf‘) (z;\;a,b,e)

of order «, are defined respectively by the following generating functions:

ot N B e e a o
(Abt_at) e _;Bn (2 X a,be) . (]tln<b>+ln)\|<27r,1 =1)

(1.22)
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2 Yt N @) t a e
<)\bt+at> € _nz;)En (xﬂ)\7a7bae)n!7 (\tln(b>—|—ln)\\<7r,1 = 1)
(1.23)

2t o4 ot o) (a) N tn a o
(M> € —y;)Gn (a3 A0, b,€) (|t1n(b)+1n/\\<7r,1 = 1)
(1.24)

If we take a = 1, b = e in (22), (23) and (24) respectively, we have (17), (18)
and (19). Obviously when we set A =1, a« =1, b = e in (22), (23) and (24), we
have classical Bernoulli polynomials B, (z), classical Euler polynomials E,(x)
and classical Genocchi polynomials Gy, ().

Recently, Luo et al. [23] introduced a generalized Apostol type polynomials

F,(La)(a:;/\; w,v) (a € No,pu,v € C) of order «, are defined by means of the
following generating function:

2 \Y L pla ¢
(1) @ = LR < looN) (129
where
F{ (s p,v) = F{ (054 1, v) (1.26)

denotes the so called Apostol type number of order a.
So that by comparing equation (17), (18) and (19), we have

BE) (@:A) = (~1)*F{ (@5 ~X;0, 1) (1.27)
B (@5 0) = F{ (a3 X:1,0) (1.28)
G (@3 \) = F{ (a3 X 1,1) (1.29)

The special polynomials of more than one variable provide new means of analysis
for the solutions of a wide class of partial differential equations often encoun-
tered in physical problems. It happens very often that the solution of a given
problem in physics or applied mathematics requires the evaluation of infinite
sum, involving special functions. Problem of this type arise, for example, in the
computation of the higher-order moments of a distribution or in evaluation of
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transition matrix elements in quantum mechanics. In [6], Dattoli showed that
the summation formulae of special functions, often encountered in applications
ranging from electromagnetic process to combinatorics, can be written in terms
of Hermite polynomials of more than one variable.

In this paper, we first give definition of the generalized Apostol type Legendre-
Based polynomials SFéa)(x,y,z;)\; i, v) which generalizes the concept stated
above and then find their basic properties and relationships with Apostol type
Hermite-Based polynomials nF® (x,y; A\; i, v) of Lu et al. [23]. Some implicit
summation formulae and general symmetry identities are derived by using differ-
ent analytical means and applying generating functions. These result extends
some known summation and identities of generalized Apostol type Hermite-
Bernoulli, Euler and Genocchi polynomials studied by Dattoli et al. [9], Yang
[31], Khan et al. [13]-[15], Pathan [25], Pathan and Khan [26], Yang et al. [32]

and Zhang et al. [33].

2 Definition and Properties of the Generalized Apos-
tol type Legendre-Based polynomials

In this section, we present further definition and properties for the generalized
Apostol type Legendre-Based polynomials SF,(LQ) (z,y,2; s, V).

Definition 2.1. The generalized Apostol type Legendre-Based polynomials

SF,(la) (x,y,2; A 1, v) (o € No, i, v € C) for nonnegative integer n, are defined
by

—  (a tr 24 \Y e
ZSF7(L )(xayaz;)‘;,u7 V)E = <)\6t + 1> eyt Co(—.’IJt2), (’t’ < |10g(_)‘))
(2.1)

so that

n %] ( )\ k
SFéa)(:an7zv)‘a w, v E — Qk)'k'(n — )' (22)
m=0 k=0

For o =1, in (30) we obtain the following generating function

> tn QMY 2
> shaleadimi)hy = (g ) @t (i < log(-)
n=0 )

(2.3)
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For = 0 in (30), the result reduces to Hermite-Based generalized Apostol
type polynomials of Lu et al. [23] is defined as

00 F(a) Y tm _ QLY @ yttat? | \ 9.4

ZH n (yuza 7M7V)a_ et + 1 € ) (|t|<|0g(— )) ()
n=0

As in the case y = z = 0 in (30), it leads to an extension of the generalized

Apostol type polynomials denoted by F,(La)(

n defined earlier by (25).

x; A\; u, v) for a nonnegative integer

The generalized Apostol type Legendre-Based polynomials SF,S,Q) (z,y,2; \; 1, v, €)

defined by (30) have the following properties which are stated as theorem below.

Theorem 2.1. For any integral n > 1, x,y,z € R, A € C and o € N. The
following relation for the generalized Apostol type Legendre-Based polynomials
SFT(LO‘) (z,y,2;A\; u,v) holds true:

SE (@, y, 230 vy e) = sE (2, 25\, v),
(=) F\ (x,y, 2, —X;0,1) = sB (,y, 2 \)

(2.5)
SF a)(xvy’z;)‘; 1,0) = SE'r(za)($aya zZ3 )‘)a

(
SE (z,y, 2,0 1,1) = sG' (2,9, 2, \)

n

SECT (@, y 4+ 2,0+ us A, v) =

n

> ( Z >sF( Ve 2o X ) aF (g, w i v) - (2.6)
k=0

SFrga+B)(x7y+UaZ;)‘;/‘L7V) =
> (4 ) sFO s xnED i) (2)
k=0

Proof. The proof of (34) are obvious. Applying definition (30), we have

oo tn
D SEE @y + 20w A v)
n=0

tk
<ZsF(“) T, 2,03 A5 1, v ) <ZHF y,u;/\;u,V)k!>

n=0
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[oe) n N tn
B Z (Z ( Z ) S\, 2,0 X ) Y (g, 0 s 1/)) n!

Now equating the coefficient of - £ in the above equation, we get the result (35).
Again by definition (30) of Apostol type Legendre-Based polynomials, we have

- " 26v \ P b2 )
ZSFT(LCX+B)($7y+vaz;>\;H7 V)ﬁ = ()\et T 1> e(y-l—'u) tz CO(—xt )
n=0 ’

24 N e 26tv \ P
— yt42zt 42 vt
<<Aet+1> e Col—at )> <<A6t+1> ¢ )

which can be written as

e t" o th
= sF )(x,y,Z;A;u,V)m > FP (0 s, V)
n=0

k=0

o0 n n tn
:Z;)<kz< k >SF( Uy X ) F )(U?)\MW)) nl
n=0 \k=0

Now equating the coefficient of the like power of % in the above equation, we
get the result (36).

3 Implicit Summation Formulae Involving Apostol
type Legendre-Based Polynomials

For the derivation of implicit formulae involving generalized Apostol type Legendre-
Based polynomials SF,SO‘) (x,y, z; A; 1, v) the same consideration as developed for
the ordinary Hermite and related polynomials in Khan et al. [14] and Hermite-
Bernoulli polynomials in Pathan [25], Pathan and Khan [26] and Khan et al.

[13]-[15] holds as well. First we prove the following results involving generalized
Apostol type Legendre-Based polynomials SFT(LQ) (x,y,2; \; u, V).

Theorem 3.1. For any integral n > 1, z,y,2 € R, A € C and a € N.
The following implicit summation formulae for the generalized Apostol type

(04)(

Legendre-Based polynomials ¢Fy /' (x,y, z; A; 4, v) holds true:

SE) (20,20 p,v) =
m,n m " )
Z < 3 ><k>(v— )tk F’rgw—&)-n splTv, 23 A v)  (3.1)

s,k=0
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Proof. We replace t by t + u and rewrite the generating function (30) as

2#(t+u)y “ 2(t+u)? 2
(Ae”“—kl) e Co(—z(t +u)?)

o u(ttu) Z O (g znpn) Y
m+n Yy 2 A, V) 1 (3.2)
m,n=0
Replacing y by v in the above equation and equating the resulting equation to
the above equation, we get

)(t+ t"u™
vy u) Z S m_i_nq:y,z;)\;M,V)am
m,n=0
tn m
Z s m+nxvz/\u, )n'm' (3.3)
m,n=0
On expanding exponential function (39) gives
o0
[(v = y)(t + )]V t" u™
N=0 m,n=0
t’n m
ZSernxUZ)‘/'L))'W (34)

m,n=0

which on using the following formula (28], p. 52(2))

Zf m+y me+n—‘y—' (3.5)

n,m=0
in the left hand side becomes
oo oo
(U k+s tk s o™
>, k;lsl > SEgn(@ . 2 X ) nlm!
k,s=0 m,n=0

tn m

_ZSm—f—n‘rUz}‘:U’a) (36)

lml
m,n=0

Now replacing n by n —k, s by n — s and using the lemma ([28], p. 100(1))
in the left hand side of (42), we get

k—f—s tn u™

F@ .
Z Z k;ll Fnis (@ y’Z)"M’V)(n—k:)!(m—s)!

m,n=0k,s=0
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0o
tm ™
- ZOSFT(na—‘,)-n(xavvz;)\;M7V>mm (37)
m,n=

Finally, on equating the coefficient of the like powers of t” and v in the
above equation, we get the required result.

Remark 3.1.1. Replacing A = =\, 4 = 0 and v = 1 in Theorem (3.1) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.1.1. The following implicit summation formula for the generalized
Apostol type Legendre-Bernoulli polynomials SBT({I) (z,y,2;A) holds true:

SBﬁr?-)kn(l“vUvZ;)‘) - Z < TZ > ( Z ) (v — y)SJrkSB?(v?—?-n—s—k(x’U’Z;)\) (3.8)
s,k=0

Remark 3.1.2. By taking 4 = 1 and v = 0 in Theorem (3.1), we immediately
deduce the following corollary.

Corollary 3.1.2. The following implicit summation formula for the generalized
Apostol type Legendre-Fuler polynomials SE}(LO‘) (z,y,2;A) holds true:

SES (v, 50 = Y < N > ( k > (v =) B, (@ ,20) (3.9)

S
s,k=0

Remark 3.1.3. By taking 4 =1 and v = 1 in Theorem (3.1), we immediately
deduce the following corollary.

Corollary 3.1.3. The following implicit summation formula for the generalized
Apostol type Legendre-Genocchi polynomials SG%O‘) (x,y,2;A) holds true:

SG(Q) (z,v,2;\) =

m-+n
Z < nSfL ) < Z > (’U B y)8+kSG£s}rnfsfk(x7Uaz§ )\) (3.10)

s,k=0
Theorem 3.2. For any integral n > 1, z,y,2 € R, A € C and a € N. The
following implicit summation formula for the generalized Apostol type Legendre-
Based polynomials SFéa) (x,y,2;A\; 1y v) holds true:

n

« n j «@
SE @,y + w2 X ,0) =) ( i >UJSF75_)J'($7y,Z;/\;u7V) (3.11)
=0
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Proof. Since

et
det +1

oo tn
> sEM @,y + w2 A, V)= (
n=0 ’

> “ e(y+u)t+zt2 Co(—a:tQ)

n
n!

= t
> sEM @,y +u, 2 A 1, v)
n=0

S t" O
ZSFqsa)(x,%z;)\;u, V)ﬁ Zujﬁ
n=0 =0

Now, replacing n by n — 7 and comparing the coeflicient of t"*, we get the result
(47).

Remark 3.2.1. Replacing A = —\, ¢ = 0 and v = 1 in Theorem (3.2) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.2.1. The following implicit summation formula for the generalized
Apostol type Legendre-Bernoulli polynomials SBSLQ) (z,y,2;A) holds true:

- n i «
sBW (z,y +u,z;\) = Z < j ) ustfL_)j(x,y,z; A) (3.12)
j=0

Remark 3.2.2. By taking 4 =1 and v = 0 in Theorem (3.2), we immediately
deduce the following corollary.

Corollary 3.2.2. The following implicit summation formula for the generalized
Apostol type Legendre-Euler polynomials SEﬁLa) (z,y,2;A) holds true:

o & n 1 o
SET(I )(Jr,y+u,z;)\) = E < j )UJSEy(L_)j(%y,ZQ)\) (3.13)
J=0

Remark 3.2.3. By taking p =1 and v = 1 in Theorem (3.2), we immediately
deduce the following corollary.

Corollary 3.2.3. The following implicit summation formula for the generalized
Apostol type Legendre-Genocchi polynomials SG%O‘) (z,y,2;A) holds true:

n

o n i a
SG% )(xay +u,z;\) = Z ( j > unggl_)j(x,y,z; A) (3.14)
7=0
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Theorem 3.3. For any integral n > 1, z,y,2 € R, A € C and a € N. The
following implicit summation formula for the generalized Apostol type Legendre-
Based polynomials SF,(La) (z,y,2; A\; u,v) holds true:

SE @,y +u, 2+ wi A p,v) = > ( :1 ) SEA (2, 2 X 1, v) Hopy (1, )
m=0

(3.15)
Proof. By the definition of Apostol type Legendre-Based polynomials and the
definition (1), we have

< 2" >a eytu)t+(ztw)t? C’o(—azt2) _

Aet +1
00 m 00 m
(Z SF,gk)(l‘,y,Z)nJ (Z Hm(u,w)m‘> (3.16)
n=0 ) m=0 ’

Now, replacing n by n —m and comparing the coefficient of ¢, we get the result
(51).

Remark 3.3.1. Replacing A = =\, ¢ = 0 and v = 1 in Theorem (3.3) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.3.1. The following implicit summation formula for the generalized
Apostol type Legendre-Bernoulli polynomials SBV(LQ) (z,y,2;A) holds true:

n

sB (my+u,z+w ) =Y ( :L )SB,(fi)m(%yvz;A)Hm(Ua w)  (3.17)

m=0
Remark 3.3.2. By taking 4 =1 and v = 0 in Theorem (3.3), we immediately

deduce the following corollary.

Corollary 3.3.2. The following implicit summation formula for the generalized
Apostol type Legendre-Euler polynomials SE,(ZO‘) (x,y,2;A) holds true:

SES @,y +u, 2+ wid) = Y < ;:L > SEN (., 2 N Ho(w,w) (3.18)

m=0

Remark 3.3.3. By taking u =1 and v = 1 in Theorem (3.3), we immediately
deduce the following corollary.
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Corollary 3.3.3. The following implicit summation formula for the generalized

(a)(

Apostol type Legendre-Genocchi polynomials Gy, (x,y, z; A) holds true:

n

sGO (@, +uz +wi ) = 3 ( . )sd (., 25 N) Hi (u,w) - (3.19)

m=0

Theorem 3.4. For any integral n > 1, x,y,z € R, A € C and a € N. The
following implicit summation formula for the generalized Apostol type Legendre-

(04)(

Based polynomials sFy ' (x,y, z; A\; i, ) holds true:

Tf L ) (0 1,0) S (. 9) 29!

SFéa)(l‘,y,Z;)\;,u,l/): m'j'(n—m—2j)'

(3.20)
m=0 j=0

Proof. Applying the definition (30) to the term (%)a and expanding the

exponential and tricomi function e¥t+2t*Co(—zt2) at t = 0 yields

«
< 2 > €yt+2t200(—g:t2):

Aet +1
() (eent) (B4
m=0

=0

tn
n!

ZSFT(LQ)(xa Y, z; )\7 M, V)n

00 n (o) 00 27
Fm ()‘7#7 Z/)Sn*m(l‘?y) n T
> (3 PGS (5t

n=0 \m=0 7=0

Now, replacing n by n—2j and comparing the coefficient of t", we get the result
(55).

Remark 3.4.1. Replacing A = —\, ¢ = 0 and v = 1 in Theorem (3.4) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.4.1. The following implicit summation formula for the generalized

(a)(

Apostol type Legendre-Bernoulli polynomials sBy, ' (x,y, z; A) holds true:

n—2j [5]
sBY (w,y,20) = Y

m=0 j=0

Bn?)()\)Sn_m_gj (z, y)zjn!
mljl(n —m — 2j)!

(3.21)
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Remark 3.4.2. By taking p = 1 and v = 0 in Theorem (3.4), we immediately
deduce the following corollary.

Corollary 3.4.2. The following implicit summation formula for the generalized

(a)(

Apostol type Legendre-Euler polynomials gFEy /' (z,y,2; A) holds true:

wﬁ

n—2j ]

Z E @) A)Sn—m—2;(z, y)zin!
m'j (n —m —2j)!

SEW) (2,1, 2 \) (3.22)

m=0 j=

Remark 3.4.3. By taking p =1 and v = 1 in Theorem (3.4), we immediately
deduce the following corollary.

Corollary 3.4.3. The following implicit summation formula for the generalized
Apostol type Legendre-Genocchi polynomials SG%a) (z,y,2;A) holds true:

n—2j (3] (a) ;
o7 . Gm ()\)Sn—m—Qj (.CU, y)zjn!
sGEN @y, 0 = Y T p—— 1 (3.23)
m=0 j=0

Theorem 3.5. For any integral n > 1, z,y,z € R, A € C and a € N. The
following implicit summation formula for the generalized Apostol type Legendre-

(04)(

Based polynomials gFy ' (z,y, z; A\; i, v) holds true:

sEO (@ y+ 1,5 ) =Y ( :1 ) SB (2, y, 2 2 1, v) (3.24)
m=0

Proof. By the definition of Apostol type Legendre-Based polynomials, we have

n

00 m 00
ZSF;’(LQ)('Z'73/+ 17Z7A7M7V>ﬁ - ZSFTEO[)(IE,y,Z,)\,,U,,V)E
= n=0

My @
— (2t> (et _ 1)6yt+Zt2CQ(—l‘t2)

et +1
oo " m oo im
:TLZ:;)SFTL (3575%2;)\;/%”)5 <T;)Tn'_1>
& n X um n
:ZSFéa)(xayvz;A;l%V)i’!Z:ofn' Z;]SF(Q nyaZ)\Ma )L
=0 m= n

_ZZS 2,9, M v V) ZSF xy,z;)\;ﬂ,u)g

n=0m=0
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Finally equating the coefficient of the like powers of t", we get the result (59).

Remark 3.5.1. Replacing A = —A, 4 = 0 and v = 1 in Theorem (3.5) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.5.1. The following implicit summation formula for the generalized
Apostol type Legendre-Bernoulli polynomials gBﬁLa) (z,y,2;A) holds true:

By 1z =Y ( " ) B (N (3.25)

m=0

Remark 3.5.2. By taking 4 =1 and v = 0 in Theorem (3.5), we immediately
deduce the following corollary.

Corollary 3.5.2. The following implicit summation formula for the generalized
Apostol type Legendre-Euler polynomials 3E7(LO‘) (x,y,2;A) holds true:

n

SE@(@,y+1,20) =Y ( " >5Effi)m(;c,y,z;A) (3.26)

m=0

Remark 3.5.3. By taking p =1 and v = 1 in Theorem (3.5), we immediately
deduce the following corollary.

Corollary 3.5.3. The following implicit summation formula for the generalized

Apostol type Legendre-Genocchi polynomials SGS{I) (z,y,2z;A) holds true:
(@) oS (7 @ .
sGy(x,y+ 1,25 M) Z < m >5Gn_m(x,y, z; ) (3.27)

m=0
Theorem 3.6. For any integral n > 1, x,y,z € R, A € C and o € N. The

following implicit summation formula for the generalized Apostol type Legendre-
Based polynomials SFSX) (z,y,2;A\; u,v) holds true:

SF @y, 2 mv) = 3 B v)s P,y 2 A 1, v) (3.28)
m=0
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Proof. By the definition of Apostol type Legendre-Based polynomials, we have

o0 (0%
t” onY .
> sEO @y, 2 hmv) = <)\et " 1) eV Co(—at?)

00 a—1

t" et et 2
E (o) ) [ yt+zt 42
- sky (‘/anvzv)‘aﬂay)n!_<)\et+1) <)\et+1>e CO( xt)
o0 tn
d " sF{M (2, y, 2 A p, v) =

<ZF(0‘ D p,v ) (Z sEn(z,y, 23\, v )tm>

Now replacing n by n — m then equating the coefficients of the like powers of
t", we get the result (63).

Remark 3.6.1. Replacing A = =\, 4 = 0 and v = 1 in Theorem (3.6) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 3.6.1. The following implicit summation formula for the generalized

(a)(

Apostol type Legendre-Bernoulli polynomials sBy, ' (x,y, z; A) holds true:

SB( @) (x,y,2; ) Z B(a L) B (z,y,z; ) (3.29)

Remark 3.6.2. By taking =1 and v = 0 in Theorem (3.6), we immediately
deduce the following corollary.

Corollary 3.6.2. The following implicit summation formula for the generalized

(a)(

Apostol type Legendre-Euler polynomials gFy /' (z,y,2z; A) holds true:

SE( (x,y,2;A) Z E(a 1) En(z,y,2; \) (3.30)

Remark 3.6.3. By taking 4 =1 and v = 1 in Theorem (3.6), we immediately
deduce the following corollary.

Corollary 3.6.3. The following implicit summation formula for the generalized
Apostol type Legendre-Genocchi polynomials SG(a) (x,y,2;A) holds true:

sG) (z,y, 2 \) Z G . Gm(x,y,z; \) (3.31)
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4 General Symmetry Identities for the Generalized
Apostol type Legendre-Based polynomials

In this section, we give general symmetry identities for the generalized Apostol
type Legendre-Based polynomials SF,SO‘) (x,y,2;\; u,v) by applying the gener-
ating function (2.1). The result extends some known identities of Lu et al. [23],
Yang [31], Khan et al. [13]-[15], Pathan [25], Pathan and Khan [26], Yang et al.
[32] and Zhang et al. [33]. As it has been mentioned in previous sections, a will
be considered as an arbitrary real or a complex parameter.

Theorem 4.1. For any integral n > 1, x,y,z € R, A € C and o € N. The
following identity for the generalized Apostol type Legendre-Based polynomials

SFT(LO‘) (z,y,2;A\; b, v) holds true:

Z < :L )bman_mSFéa)m(x,by, b2z A V)SF&O‘)(x,ay,agz;)\;u,u)

m=0

= Z ( ,’:/ZL ) a’mbn_msF’f(l(i)m('r’ ay, QQZ; )\’ /‘1’7 V)SF;"LOC) (l’, by’ bQZ, )\’ ,LL, I/) (41)
m=0

Proof. Start with

ab)’ 21420\2 a 2 o o
g(t) _ <(/\e(a(t j)_) 1?(/\217,5)_'_ 1)) e(a-i—b)yt-‘r(a +b%)zt (CO(_xtQ))Q (4'2)

and
Co(abzxt) # Co(axt)Co(bxt)

Then the expression for g(t) is symmetric in a and b and we can expand g(t)
into series in two ways to obtain

(at)n St () s\ (bt)m
n Z_:OsFm (x,ay,a Z7A7M7V)W

g(t) = sF\ (a,by, b2 s p, v)

n=0

= Z Z < 7:1 ) a”_mbmSFr(no‘)(x,by,bQ,z; A;u,u)sFég%(x,ay,aQ,z; A; )"

n=0m=0

On the similar lines we can show that

bt)" & at)™
( ? ZsF&“)(xyby,bQZ;A;M,V)(nj,
I !

g(t) = > sF\M (x,ay,az A p,v)

n=0

n
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=D > < :1 ) A" MG N (@, ay, 0%z X ) sESY (0, by, 0P A, )t

n=0m=0

Comparing the coefficient of ¢ on the right hand sides of the last two equations
we arrive at the desired result.

Remark 4.1.1. Replacing A = =\, ¢ = 0 and v = 1 in Theorem (4.1) and
then multiplying (—1)® on both side of the result, we immediately deduce the

following corollary.

Corollary 4.1.1. The following identity for the generalized Apostol type Legen-
dre-Bernoulli polynomials nga) (z,y,2;A) holds true:

Z ( :l )bma”_mSBiLoi)m(x,by,bQZ;)\)SB,gg‘)(x,ay,azz;/\)
m=0

= ( 7772 >ambn_msBr(La_)m(xvay,GQZ;A)sBﬁi‘)(x,by,b%; ) (4.3)
m=0

Remark 4.1.2. By taking 4 = 1 and v = 0 in Theorem (4.1), we immediately
deduce the following corollary.

Corollary 4.1.2. The following identity for the generalized Apostol type Legen-

dre-Euler polynomials SEfla) (z,y,2;A) holds true:

m

Z < " >bma"msEfloi)m(:c,by,sz;)\)SE,(,?)(:I:,ay,QQz;)\)

m=0

- Z ( :1 )ambn_mSEr(La)m(l“»ay,aQZ;)\)sEﬁf‘)(x,by, b2z \) (4.4)
m=0

Remark 4.1.3. By taking 4 =1 and v = 1 in Theorem (4.1), we immediately
deduce the following corollary.

Corollary 4.1.3. The following identity for the generalized Apostol type Legen-
dre-Genocchi polynomials SG%O‘) (x,y,2;A) holds true:

Z ( :l ) bmanfmsG,(Ia_)m(x, by, b2z;)\)5G£,OL‘)(x,ay, a’z; \)
m=0
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- ( 71:1 >ambn_mSGgoi)m(xvay,QQZ;)\)sGﬁ,‘f)(m,by, b2z \) (4.5)

m=0

Theorem 4.2. For any integral n > 1, xz,y,z € R, A € C and a € N. The
following identity for the generalized Apostol type Legendre-Based polynomials

SE&"‘) (z,y,2;A\; i, v) holds true:

n a—1b—1

LG LD 3 EVEE

m=0 i=0 j=0

p b. .
XSES%<wﬁy+a2+J&%uMuJ)SFQN%aaa%wMMV)

n b—1a—1
_ n mpn—m _\\i+g
SN ERTED 5 YO
m=0 i=0 j=0
xquﬁ‘i)m (x, ay + %i + 7, d%u; \; 1/) SFT(,LO‘)(x, bz, b?u; \; V) (4.6)
Proof. Let

(0 = ((ab)u22ut2u)2)a(CO(_th))Q(/\(_1)a+1€abt + 1)2eab(y—&-z)t—l—aQbQ(u—i—v)t2
g\t) = (heat + 1)atT(nebt 4 1)1

v a —ab
g(t) _ <2u(at) CO(_xt2)> eabyt+a2b2ut2 <1 — e t)

e + 1 Aebt +1
« QM(bt)VCU(_‘rtz) “ 6abzt+a2b2vt2 1- )\e—abt
Aebt +1 et + 1
From where we have
o] n n a—1b—1
_ m_n—m _\\¢+Hg
S DI GTTED 3) 3
n=0 \m=0 i=0 j=0
w o FD (b it () 200 \: r
Stn—m |, y+al+],bu>\7/,6,l/ SFm (.I',CLZ,CL’U,)\,,U,V) nl

(S (B e e

n=0 \m=0 1=0 j=0



40 N.U. Khan, T. Usman and M. Aman

tn
x sE\ (%a@/ + %i + §,a’us A l/) SE) (2, bz, b2 A; pu, V)) —

Our assertion follows from comparing the coefficients of % on the right hand
sides of the last two equations, we arrive at the desired result.

Remark 4.2.1. Replacing A = —\, ¢ = 0 and v = 1 in Theorem (4.2) and
then multiplying (—1)® on both side of the result, we immediately deduce the
following corollary.

Corollary 4.2.1. The following identity for the generalized Apostol type Legen-
dre-Bernoulli polynomials SB,(LO‘)(QT, Y, 2;A) holds true:

S (A L0 w VLY

m=0 i=0 j=0

o b .
x B\, <357 by + St bu; )\> B (2, az,a’v; \)

n b—1a-1
_ < n > ambn—mz (_)\)H—]
m
m=0 i=0 j—=0
a

x 5B, (w ay + 3+, a’u; A) sB\Y) (x,bz,b%0; A) (4.7)
Remark 4.2.2. By taking 4 =1 and v = 0 in Theorem (4.2), we immediately

deduce the following corollary.

Corollary 4.2.2. The following identity for the generalized Apostol type Legen-
dre-Euler polynomials SEﬁLa) (x,y,2;A) holds true:

SN (B L0 w WV

m=0 =0 j=0
@ b. .
x SEy(l_)m <x, by + —i + j, b*u; /\) SET(S) (z,az,a*v; \)
a
n n b—1a—1

— mpn—m _\\¢t+Hg
=3 (e e

m=0 i=0 j=0

X B (l, ay + %i + j, a?u; A) SE) (z,b2,0%0;\) (4.8)

n—m b
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Remark 4.2.3. By taking p =1 and v = 1 in Theorem (4.2), we immediately
deduce the following corollary.

Corollary 4.2.3. The following identity for the generalized Apostol type Legen-
dre-Genocchi polynomials SGﬁf“) (z,y,2;A) holds true:

n a—10b-1
Z ( n ) bman—mZZ(_)\)H—j
meo \ i=0 j=0

. b
x §G') (x,by + it b A) s (2, az,a%0; )

n—m

S () S S

m=0

x Sngoi)m (fC, ay + %i + 4, a?u; )\) ngg‘) (z,bz, b%v; \) (4.9)

5 Conclusion and Suggestion

By applying the 2-variable Legendre polynomial S, (z,y), which are defined
by means of a generating function (11), we have introduced and systemat-
ically investigated a family of the Legendre-based Apostol-type polynomials
SFT(LO‘) (z,y,2;A\; u,v) defined by means of the generating function (30). In the
readily-accessible literature on the subject, there exits a more general class of
polynomials than the 2-variable Legendre polynomial Sy (z,y). These general
2-variable polynomials R, (z,y) are popularly known as the 2-variable Legendre
polynomial and are defined by means of a generating function (12). Moreover,
it is good enough to say that to suitably extend the results asserted in this
paper holds true for the generalized Legendre-based Apostol-type polynomials
RFéa) (x,y,2; A\; u,v). The corresponding extension of the result in this paper

based on REEO‘) (z,y,2; A\; u,v) are still an open problem derived by means of
the generating function (12).
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