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Abstract. This paper is concerned with the existence and multiplicity of solutions for the
following Dirichlet boundary value problems involving the (p1(z),p2(z))-Laplace operator of

the form:
—div(|Vu["* ™ 72Vu) — div(|Vul|P2 P2 Vu) = f(z,u) inQ,

u=0 on 0.

By means of critical point theorems with Cerami condition and the theory of the variable
exponent Sobolev spaces, we establish the existence and multiplicity of solutions.
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Introduction

The purpose of this article is to show the existence of solutions of the fol-
lowing Dirichlet problem involving the (pi(x),p2(z))-Laplace operator of the
form

— div(|VuP*@=2Vuy) — div(|Vu[P2 @ 2Vu) = f(z,u) in Q,
u=0 on 08,

where Q C RV is a bounded domain with smooth boundary 99, p; € C(Q)
such that 1 < p;” := inf__5pi(z) < pj = sup, g pi(r) < +oo for i = 1,2, and
f(z,u) : 2 x R — R satisfies Carathéodory condition.

The operator Apyu = div(|Vu[P®)=2V4) is called the p(z)-Laplacian, and
becomes p-Laplacian when p(z) = p (a constant). The p(x)-Laplacian possesses
more complicated properties than the p-Laplacian; for example, it is inhomo-
geneous. The study of problems involving variable exponent growth conditions

(1)
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has a strong motivation due to the fact that they can model various phenom-
ena which arise in the study of elastic mechanics [22], electrorheological flu-
ids [1] or image restoration [7]. The differential operator div(|VulP*(®)=2Vu) +
div(|Vu|P2*)=2Vu) is known as the (p; (z), p2(z))-Laplacian operator when p; #
p2. When pi(z) and py(z) are constant, this operator arises in problems of
mathematical physics (see [3]) and in plasma physics and biophysics (see [8]).
If p1 = p2 = p, then we have a single operator the p(z)-Laplacian and problem
(1) becomes the p(x)-Laplacian Dirichlet problem of the form

—Apyu = — div(|Vuf2Vu) = f(z,u) inQ,

2
u=0 on 0L, @)

which have been studied sufficiently by several authors [14, 20] and the references
therein.
Define the family of functions

= {Gv PGy, t) = f@, )t — YF(x,1),7 € [2pn, 2p}] } ,

where pp,(z) = min{pi(x),p2(z)}, pp(r) = max{pi(x),p2(z)} for all x € Q,
P = i g5 P (%), Py = SUD e P () and F(x,t) = fg [z, s)ds.

Noting that when py(z) = p2(z) = pis a constant, F = {f(z,t)t—2pF (z,t)}
consists of only one element.

Throughout this paper, we make the following assumptions on the function

f:

(f1) There exist C > 0 and ¢ € C(Q) with ¢(z) < pj,(x) for all z € Q such
that
[F(a. )] < L+ [t

for each (x,t) € Q@ x R, where
Ci(Q) = {p(w) :p € C(Q), plx) > 1forall x € ﬁ}
and p}, is the critical exponent of pyy, i.e.,

Npy(x) if
piy(e) = { Towy D)

<N,
00 if pas(z) > N.

(f2) f(z,t) = 0(|t\pL_1) as t — 0 uniformly for a.e. z € €.

(fs) f(x,—t) = —f(x,t) for (z,t) € @ x R.
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(fa) limpy) @ = +o00, uniformly for a.e. z € Q.
[t]7 M
(g) There exists a constant 6 > 1 such that for all v,n € [2p,,,2p},] and
(s,t) € [0,1] x R, the inequality

0G(x,t) > Gy(x, st) holds for a.e. z € Q.

In [18] the authors consider problem (1) in the particular case f(x,u) =
Au|?®) =2y, where XA > 0. Under the assumptions 1 < pa(z) < ¢(z) < p1(z) < N
and max o q(y) < % for all = € €, they established the existence of two
positive constants \g, A1 with A9 < A; such that any A € [A1, 00) is an eigenvalue,
while any A € (0, \p) is not an eigenvalue of the above problem.

In [16] the authors consider problem (1) i.e., which is the well-known anisotropic
p(.)-Laplacian problem (see, e.g., [4] and references therein) in the case N = 1,2,
that is,

N
=3 0, (100D 20,0) = fl,u),
=1

Under proper growth condition and specially the well-known Ambrosetti-
Rabinowitz type condition:

Jv > pj/[, M >0 such that
reQ|t|>M = 0<vF(zt) < f(z,t)t, (AR)

they obtained some existence and multiplicity results.

The role of (AR) condition is to ensure the boundness of the Palais-Smale se-
quences of the Euler-Lagrange functional. This is very crucial in the applications
of critical point theory. However, although (AR) is a quite natural condition,
it is somewhat restrictive and eliminates many nonlinearities. Indeed, there are
many superlinear functions which do not satisfy (AR) condition. For instance
when pi(x) = pa(z) = 2 and § = 2, the function below does not satisfy (AR),
while it satisfies the aforementioned conditions.

[z, t) = 2tlog(1 + [t]). (3)

But it is easy to see the above function (3) satisfies (f1)—(f4).

As far as we are aware, elliptic problems like (1) involving the (p1(z), p2(z))-
Laplace operator without the (AR) type condition, have not yet been studied.
That is why, at our best knowledge, the present paper is a first contribution
in this direction. The purpose of this work is to improve the results of the
above mentioned papers. Without assuming the Ambrosetti-Rabinowitz type
conditions (AR), we prove the existence of solutions.
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Remark 1. If f(z,t) is increasing in ¢, then (AR) implies (g) when ¢ is

large enough, in fact, we can take § = ——— > 1, then

1_Pm
v

0G(z,t) — Gp(z, st) > f(x,t)t — f(x,st)st > 0.

But, in general, (AR) does not imply (g), see [20, Remark 3.4] when p;(z) =
p2(x) = p.

Now we are ready to state our results.

Theorem 1. Suppose that the conditions (f1), (f2),(fa) and (g) are satis-
fied. If q— > pj/[, then the problem (1) has at least one nontrivial solution.

Theorem 2. Assume that (f1), (£3),(f1) and (g) hold. If = > py;, then
problem (1) has a sequence of weak solutions with unbounded energy.

The present paper is divided into three sections, organized as follows: In sec-
tion 2, we introduce some basic properties of the Lebesgue and Sobolev spaces
with variable exponents and some min-max theorems like mountain pass theo-
rem and fountain theorem with the Cerami condition that will be used later. In
section 3, we prove our main results.

Throughout the sequel, the letters c,¢;,i = 1,2,..., denotes positive con-
stants which may vary from line to line but are independent of the terms which
will take part in any limit process.

Preliminaries

For the reader’s convenience, we recall some necessary background knowl-
edge and propositions concerning the generalized Lebesgue-Sobolev spaces. We
refer the reader to [9, 10, 11, 12] for details. Let © be a bounded domain of RY,
denote

pT =max{p(z) :x € Q}, p =min{p(z):x € Q},

LP@)(Q) = {u : u is a measurable real-valued function, / lu(z)[P®da < oo} ,
Q
with the norm
: w() p(a)
Ul o) = lulpy =inf A >0 [ | 5 [P e <153,
Q

becomes a Banach space [15]. We also define the space

W (@) = {ue (@) 1 |Vl € LO(Q)},
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equipped with the norm
[ullwree @) = 1ulree @) + VUl Lo @)

We denote by Wol’p(x) (Q) the closure of C§°(Q) in WhP®)(Q). Of course the

norm |[|ul| = [Vu|ppe) (q) is an equivalent norm in Wl’p(x)(Q).

Proposition 1 ([9, 12]). (i) The conjugate space of LP®)(Q) is L" (*)(Q),
where (1) (11,) = 1. For any u € L™ (Q) and v € L’ ®)(Q), we have

1 1
[ tuokde < (= + =)o lolyo) < 2l loler

(i) If p1,p2 € CL(Q) and pi(x) < po(x) for all z € Q, then LP2(®)(Q) —
L7 (®)(Q) and the embeddmg 18 continuous.

Proposition 2 ([12]). Set p(u) = [, |Vu(z)P@dx, then for u € X and
(ug) C X, we have

(1) ||ull < 1 (respectively = 1;> 1) if and only if p(u) < 1 (respectively
=1;>1);

(2) foru #0, ||ul| = X if and only if p(%) = 1;

(3) if llull > 1, then |[ull?” < p(u) < [|ul|*";

(1) if lull < 1, then [ull”” < p(w) < ul]?”;

(5) ||ugll = O (respectively — oo) if and only if p(ux) — 0 (respectively — o0).

For x € Q, let us define

Proposition 3 ([12, 13)). (i) W*P®)(Q) and Wéf’p(x)(ﬂ) are separable re-
flexive Banach spaces.

(ii) If ¢ € C(Q) and q(x) < p*(z) (q(x) < p*(x)) for x € Q, then there is a
continuous (compact) embedding X — Lq @)(Q).

(iii) There is constant C' > 0 such that

k.p(z
\u\p(x) < C’\Vu]p(x), Yu € WO P )<Q)
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We recall the definition of the Cerami condition (C') introduced by G. Cerami
(see [5]).
Definition 1 ([5]). Let (X, |.|) be a Banach space and J € C*(X,R), given
¢ € R, we say that J satisfies the Cerami ¢ condition (we denote condition (C.)),
if
e (i) any bounded sequence {u,} C X such that J(u,) — ¢ and J'(u,) — 0
has a convergent subsequence;

e (ii) there exist constants d, R, 8 > 0 such that

|7 @llul =8 Vue I (e-b,c+a) with [u] > R,

If J € C'(X,R) satisfies condition (C,) for every ¢ € R, we say that .J satisfies
condition (C).

Note that condition (C') is weaker than the (PS) condition. However, it was
shown in [2] that from condition (C) it is possible to obtain a deformation
lemma, which is fundamental in order to get some critical point theorems. More
precisely, let us recall the version of the mountain pass lemma with Cerami
condition which is used in the sequel.

Proposition 4 ([2]). Let (X,].||) a Banach space, J € C1(X,R), e € X
and r > 0, be such that ||e|| > r and

b:= inf J(u)> J(0) > J(e).

l[ull=r
If J satisfies the condition (C.) with

:= inf J(v(1)),
¢i= inf max (v(?))

I':={y € C([0,1], X)[v(0) = 0,~(1) = e},

then c is a critical value of J.

We also introduce the fountain theorem with the Condition (C) which is a
variant of [19, 23]. Let X be a reflexive and separable Banach space. Then, from
[21] there are {e;} C X and {e} C X* such that

X =(e,i eN*), X" ={(e,i € N*), (ej,€}) =i,

where ¢; ; denotes the Kroneker symbol. For k& € N*, put

k 00
X =Reg, Yy = ,@1Xi, Zy = A@kXi-
1= 1=

We have the following lemma.
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Lemma 1. ([16]). For q € C+(Q) and q(x) < pi,(x) for all x € Q, define

Br = Sup{|u|q(ac) : HUH =1, wue Zk}

Then limg_ 400 B = 0.

Proposition 5 ([17]). Assume that (X, ||.||) is a separable Banach space,
J € CY(X,R) is an even functional satisfying the Cerami condition. Moreover,
for each k =1,2,..., there exist px, > 1, > 0 such that

(A1) infruez,. ul|=re} J(u) = +00 as k — oo;
(A2) maxquey;: u=p;} J (w) < 0.

Then J has a sequence of critical values which tends to +o0.

Consider the following functional

1 1

O(u) = / |Vu|p1($)dm+/ ——|Vu|P?@dz, forall wue X,
api(z)  p2(z)

where X == Wy ™')(Q) n Wy ™) (Q) with the norm [[ul| = [[wlp, ) + [@]lpa (e,

Vz € Q. It is obvious that (X, ||.]]) is also a separable and reflexive Banach space.

By using standard arguments, it can be proved that ® € C'(X,R) (see [6]),

and the (p1(x),p2(x))-Laplace operator is the derivative operator of ® in the
weak sense. Denote L = &' : X — X*, then

(L(u),v) :/ ]Vu\pl(w)2Vquda:+/ |Vu[P2@) =24V de,
) Q

for all u, v € X, and (.,.) is the dual pair between X and its dual X*.

Proposition 6 ([16]). (1) L is a continuous, bounded homeomorphism
and strictly monotone operator.

(2) L is a mapping of type (S4), namely: u, — w andlimsup,,_, , o L(un)(un—
u) <0, imply u, — u.

Let us denote

pu(z) = max{pi (z),p2(z)},  pm(x) = min{pi(2),p2(2)}, Vo€ Q.

It is easy to see that pps(.), pm(.) € C4+(Q). For ¢(.) € C4(Q) such that ¢(z) <
pu () for any x € Q we have X := Wol’pl(x)(Q) ﬂWOI’pQ(x)(Q) = Wol’pM(m)(Q) —
L®)(Q) and the imbedding is continuous and compact.
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Definition 2. A function u € X is said to be a weak solution of (1) if
/ IVuPr@) =24V dr + / |Vu[P2@) 24Ty da — / f(z,u)vdr =0,
Q Q Q

for all v € X.
Define

1 1
D(u :/ Vupl(x)da:—i—/ Vu|P? @ dg, U(u :/Fx,u dx.
W= @ ™ opa@ W= J e

The Euler-Lagrange functional associated to problem (1) is

Under the hypothesis (f;), the functional .J is well defined, of class C!, and
the Fréchet derivative is given by

<J'(u),v>:/ |Vup1(x)2Vqudx+/ \Vu]m(‘”)QVqudx—/f(a:,u)vda:
0 Q Q

for all u,v € X. Moreover a weak solution of problem (1) corresponds to a
critical point of the functional J.

Proof of main results

First of all, we start with the following compactness result which plays the
most important role.

Lemma 2. Under assumptions (f1), (f4) and (g), J satisfies the Cerami
condition.

Proof. For all ¢ € R, we show that J satisfies (i) of Cerami condition. Let
{un} € X be bounded, J(uy,) — ¢ and J'(u,) — 0. Without loss of generality,
we assume that u,, — u, then J'(uy,)(u, — u) = 0. Thus we have

J (up) (uy, — u) = /Q [Vt [PHO 2V, (Y, — Vu)da
+/ IVun|P2®) =2V 0, (Vu, — Vu)de
Q

— / [z, up)(uy — u)de
0
—0
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From (f;), Propositions 1 and 3, we can easily get that [, f(z, un)(un —u)dz —
0. Therefore, we have

2
Z/ |Vt [P =2V, (Vg — Vu)daz — 0. (4)
i=1 78
Furthermore, since u,, — u in X, we have
2
Z/ IVulP =2 u(Vu, — Vu)dz — 0. (5)
i=1 7%
From (4) and (5), we deduce that
2
> / (ywnypf@)*?vun - yvu|Pi(z>*2vu) (Vup — Vu)dz —0.  (6)
i=1 79

Next, we apply the following well-known inequality

(Ier=2¢ = 1wl 20) (€ —w) = 27"|g — o), &weRY, (7)

valid for all » > 2. From the relations (6) and (7), we infer that

2
Z/ \Vun — VulPi®dz — 0, (8)
=179

and, consequently, u, — u in X.
Now, we check that J satisfies the assertion (7i) of Cerami condition. Arguing
by contradiction, there exist ¢ € R and {u,} C X satisfying:

J(un) = ¢, lunll =00, (1T (un) | [[un]| — 0. 9)

I (‘Vun‘pl(w) + ]Vun]m(x)) dz
Dn = z T ’
[ Ly p o PO

Choosing ||uy| > 1, for n € N, thus

o= ()~ L)

n——+oo n

:ngrfoo (pln/Qf(x,un)und:r—/QF(x,un)dx>. (10)
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Denote w,, = m, then ||wy|| = 1, so {w,} is bounded. Up to a subsequence,
for some w € X, we get
w, = w in X,
w, = w in LI®(Q),

wp(z) — w(z) a.e. in Q.
If w =0, we can define a sequence {t,} C R such that

J(tntin) = tuy,).
(tnun) tgl[gff]J(U)
1

For any B > 2})%, let b, = <2Bp1\+/[)awn, since b, — 0 in LI®)(Q) and
M

|F(x,t)] < C(1 + [t|9®), by the continuity of the Nemitskii operator, we see
that F(.,b,) — 0in L*(Q) as n — +o0, therefore

lim [ F(x,b,)dx =0. (11)

n—oo Q

1

Then for n large enough, <ZBp;‘,) "ar /llun]l € (0,1) and

J(tnun) > J(by)

p1(z) p2(2)
S L) i MY (B LT G M 1T
o pi(z) o p2()
1 1
> — 2Bpt, ) [Vwn PP ® da + / 2BpT, ) |Vw, [P2®) da
pi" Q < M) ‘ ’ p;- Q < M> ’ ‘

—/F(x,bn)dx
Q
223/ an|p1(z)d:b+23/ |an|p2(‘”)daz—/F($,bn)d$
Q Q Q
> 201 Bl|wn [P + 23 Blwn |77 —/F(m,bn)dx
Q
> 201B—|—2CQB—/ F(x,bn)d:v
Q

That is,
J(tpuy) — +00. (12)

From J(0) = 0 and J(u,) — ¢, we know that ¢, € (0,1) and

d
<J/(t”u”)’ tnun) = tn@ it J(tun) =0.
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Thus, from (12), we obtain that

1
1777 <\I/(tnun)’ tntn) — V(tnuy,)
tn

1
= Tj—(@'(tnun),tnun) — U(tpun) = J(thuy) — oo, (13)
tn

(D' (trnun),tnun)
D(tnun)
Let v¢,u, = Dy, and vy, = Dy, then v¢,v,,, Yu, € [2p;,, 2px/[]. Hence, G%nun ,Gry,, €

F. Using (g), (13) and the fact that inf,, % > 0, we get

as n — 0o, where p, =

1
[ / F(a,uy)da
Py Q

1

= — G T, Uy )dx
pn Yun, ( )

p (5/G%"“" x, tpuy )dx

D 1
t% <p<\I//(tnun)7tnun> — \I](tnun)> — +007
n tn

vV
i

which contradicts (10).
If w # 0, from (9), we write

/\Vun\pl(x)dx+/ ]Vun]pg(x)dx—/f(a:,un)undx
Q Q Q

= (J'(un), un) = o(1)|Junl|, (14)
that is,

f(xvun)un

1) = d
-, IV § Jy [P ’
(x,up) un
/ L, (15

|uanM
f (2, up ) up
’un’pM
Define the set Ag = {z € Q : w(x) = 0}. Then, for z € A\Ag = {z € Q:
w(x) # 0} we have |u,(x)] — +00 as n — +o00. Hence by (f4) we deduce

g () [P

L I P da,

|wn(:v)|pr — +00 as n — +oo.



80 M. Allaoui, O. Darhouche

In view of |[A\Ap| > 0, we deduce via the Fatou Lemma that

/ J@ tn)tn) e 5 400 as n— +os. (16)
MAg |ty P

On the other hand, from (f;) and (f4), there exists d > —oo such that

@ > d for t € R and a.e. x € Q. Moreover, we have on ]wn(m)]pﬂdac — 0.
|t] 21

Thus, there exists m > —oo such that

M!wn\p@dm > d/ fwnlPMtde = m > —o. (a7)
Ao |Un|pM Ao

Combining (15), (16) and (17), there is a contradiction. This completes the
proof of Lemma 2.
Proof of Theorem 1. By Lemma 2, J satisfies conditions (C') in X. To
apply Proposition 4, we will show that J possesses the mountain pass geometry.
First, we claim that there exist u, > 0 such that

Ju)>p>0, forall weX with |ul|=r.

Let ||u|| < 1. Then by Proposition 2, we have

C1 + ()] +
T = St + St - /Q Fla,u)da
1 2 (18)

c*

>l — / F(a,u)d,
Py Q

where ¢* = min{ci, c2}. Since p}; < ¢~ < q(z) < pi;(2) for all z € Q, we have
the continuous embedding X — LPQ(Q) and X — L7 (Q) and also there are
two positive constants, c3 and ¢4 such that

MPL <csllull and |ul,- < callul| for all ue X. (19)

+ *
Let € > 0 be small enough such that ecy™ < 2; 7 By the assumptions (f1) and

(f2), we have F(z,t) < e\t\p;\? +ce[t|7®) for all (z,t) € Q x R. Then, for |jul| < 1
it follows that

*
) > S Juf7 —e/ \u|prdx_c€/ @ dz
Puys Q 9]

>C
= F

+ _
ul|PAr — ech™ fluf[PAr — cees|lul]? .
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Therefore, there exist two positive real numbers p and v such that J(u) > p > 0,
for all uw € X with |Jul| = v.

Next, we affirm that there exists e € X\ B, (0) such that J(e) <0

Let vg € X \ {0}, by (f1), we can choose a constant

% Jo [VoolPr 7 dz + % Jo IVwo[P2(®)

fQ \volp?\rld:c
such that
F(z,t) > A|t|pj\r/f uniformly in € Q, [t| > Cy,

where C'y > 0 is a constant depending on A. Let s > 1 large enough, we have

1 1
J(svg) = /)]st(ﬂpl da:—l—/ T!VSU@\” x)dx—/QF(J;,svo)dx

§ /|Vvo|p1 dm+/|Vv0|p2
—/ F(:U,svo)da:—/ F(z, svy)dzx,
[svo|>Ca [svo|<Cya

s 1+ 51’2+
/ |Vvo|p1(w)dl‘+/ | V0o [P2()
1 JQ by JO

— AsPar / \volf‘%da} - / F(z, svg)dzx + A/ ]svolpLda:
Q [svo|<Ca [svo|<Ca
s 1’_ Sp;_
< _/ | Vool da + _/ |V [P2()
1 JQ by JO

+ +
—AspM/ |vo|PMdz + cg,
Q

IN

which implies that
J(svg) — —o0 as s — 4o0.

Thus, there exist so > 1 and e = spvg € X\B,(0) such that J(e) <0

Thereby, the Proposition 4 guarantees that problem (1) has a nontrivial
weak solution. This completes the proof.

Proof of Theorem 2. The proof is based on the Fountain Theorem.
According to Lemma 2 and (f3), J is an even functional and satisfies condition
(C). We will prove that if k is large enough, then there exist pp > 7 > 0 such
that:

(A1) by :=inf{J(u): u € Zy,||ul]| = rr} — 400 as k — +o0;
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(A2) ap = max{J(u): u € Yg,||ul| = px} <0 as k — +o0.

In what follows, we will use the mean value theorem in the following form: for
every v € C(Q) and u € LY (Q), there is ¢ € Q such that

/Q @z = u[1). (21)

Indeed, it is easy to see that

| ¥(z)
1= / dz.

On the other hand, by the mean value theorem for integrals, there exists a
positive constant x € [y~,7"] depending on « such that

¥(2) 1 K
/ [ul dx = / u| ") dz.

The continuity of 7 ensures that there exists ¢ € 2 such that v(¢) = k. Com-
bining all together, we get (21).

(Al): For any u € Zj such that ||u|| = 7y is big enough to ensure that
1l p, () = 1 and [[ul[p,(z) = 1 (1% Will be specified below), by condition (f;) and
(21) we have

J(u):/ ! |Vu]p1(x)da:+/ :(l |Vu]p2(‘r)dx—/F(§c,u)dm
Q Q

p1(z) o p2(x)
1 — —
> <Hu\§1(x) + Hu||§§($)> - 07/ [0 d — e
M Q
c* -
> fulP = erlul®S) — co, where ¢ € 0
Py
Ci Hu”p; —C7 — Cg if ‘u|q(z) <1
> Py - + .
pi ulPm —cr(Bellul)? —co  if ulge) > 1
M
c’ Pm q"
> —ullP™ — ez (Bellul)! — cio
M
o L Pm at et
=c" | —lullP™ =iy lull — c10-
Py

We fix 7, as follows

1
_ + 34" pm—at
TE = (Cllq By, )”m -,
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then

1 + })7’;1 + + JI;
= (Iﬁ(clocfﬁg )pm=t —en Bl (cgt B )pmﬁ) — c10
M

- 1 1
*.Pm
ZC Tk (pl'&_q'i'> — C10-

From Lemma 1, we know that 5 — 0. Then since 1 < p,, < p?& < g™, it follows
T — 400, as k — +o00. Consequently, J(u) — +oo as |lu|| = +oo with u € Zj.
The assertion (Al) is valid.

(A2): Since dimY}, < oo and all norms are equivalent in the finite-dimensional
space, there exists dj > 0, for all u € Y}, with ||u| big enough to ensure that
llullp, @) = 1 and [Jul|p,(z) > 1, we have

1 1
du) < — [ |[Vu@ dx—l—/VuV’?(z)
p1 Q
P
< THUle( y T 7HU||p2(x
m
1 +
< = ulf +THU”‘D2
m m
< maX(Cl,CQ)HquM <dk’u|p]u (22)

m

Now, from (f4), there exists Ry > 0 such that for all |s| > Ry, we have F(z,s) >
2dk\s\pr. From (f1), there exists a positive constant M}, such that

|F(z,s)| < My for all (x,s) € Q x [-Rg, Rg].
Then for all (z,s) € 2 x R we have
F(z,s) > 2dy,|s|Pr — M. (23)

Combining (22) and (23), for u € Y such that ||u|| = px > r, we infer that
Jw) = o) — / Fla, u)dz
Q

< _dk|u| +M|Q|

max(cl, c2)

< lull?3 + My,

m

Therefore, for py large enough (pi, > ri), we get from the above that

ay = max{J(u) : u € Yg, ||ul| = px} < 0.
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The assertion (A2) holds. Finally we apply the Fountain Theorem to achieve
the proof of Theorem 2.
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