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1 Introduction and main result

The field of affine differential geometry is well-established and still in quick
development (see e.g. [8]). Also, many basic facts about affine transformation
groups and affine Killing vector fields are known from the literature (see [4,
vol.I] and [3]).

On the other hand, homogeneity is one of the fundamental notions in geome-
try although its meaning must be always specified for the concrete situations. In
this paper, we consider the homogeneity of manifolds equipped with affine con-
nections. This homogeneity means that, for every two points of a manifold, there
is an affine diffeomorphism which sends one point into another. We shall treat
a local version of the homogeneity, that is, we admit that the affine diffeomor-
phisms are given only locally, i. e., from a neighborhood onto a neighborhood.

Let (M™,V) be an affine manifold. We say that the affine connection V is
flat if and only if the curvature tensor R vanishes on M. Moreover, the following
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result it is well-known. (See [2, p. 49]).

1 Theorem. Let (M",V) be an affine manifold. Then, the curvature tensor
and the torsion tensor vanish on M if and only if around each point there exists
a local coordinate system such that all Christoffel symbols vanish.

However, no result is known if the torsion tensor does not vanish. Thus,
our main porpoise is provided one new result in this direction. But we are only
going to work on two-dimensional manifolds. The reason is that there are many
locally homogeneous affine structures on 2-dimensional manifolds although two-
dimensional locally homogeneous Riemannian manifolds are those with constant
curvature. Moreover, it is remarkable that a seemingly easy problem to classify
all locally homogeneous torsion-less connections in the plane domains was solved
in 2004 in [10] (direct method) and in [7] (group-theoretical method). Unfortu-
nately, no relation between both classifications was given. See also the previous
partial results in [5] and [6]. Furthermore, the essential relationship between the
classifications given in [7] and [10] and the classification of all locally homoge-
neous affine connections with arbitrary torsion in the plane domains have been
obtained only recently in [1]. For dimension three, to make a classification seems
to be a hard problem.

The original result by the author and O. Kowalski [1] was the following:

2 Theorem (Classification Theorem). Let V be a locally homogeneous affine
connection with arbitrary torsion on a 2-dimensional manifold M. Then, either
V s locally a Levi-Civita connection of the unit sphere or, in a neighborhood
U of each point m € M, there is a system (u,v) of local coordinates and con-
stants a, b, ¢, d, e, f, g, h such that V is expressed in U by one of the following
formulas:

Type A
Vo, 0u = a0y + b0,, Vy,0, = cO, + do,,

Vo, 0u = €0y + fOy, Vo,0, = g0, + ho,.

Type B
vauau — a@u:bav ’ vauav — cBu:dav ,

Ou+f0v Ou+h0y
Vo,0u = Lt v, 0, = Puthos
where not all a, b, ¢, d, e, f, g, h are zero.

It is clear from Theorem 1 that if the Ricci tensor, Ric, and the torsion
tensor, 7', vanish on (M2, V), all Christoffel symbols can be made constant and
the corresponding affine manifolds are of type A. Nonetheless, an example which
shows that the last result (and, as a direct consequence, also Theorem 1) can
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not be extended to the flat connections with torsion has been given in [1]. More
explicitly, they have proved that the one-parameter family of connections

vauau = g_iau, vaua = _2€uau + %av’ vavau = 6uau + %av’
Vo, 0y = —2e%u30, — eud,, e#0,

which are flat and with nonzero torsion are not of type A.

Now, we shall study the case T # 0, VI' = 0 and Ric = 0 on 2-dimensional
affine manifolds.

In the next section, we shall recall some details and partial results about
the proof of the Classification Theorem. This information is needed in the last
section where we shall prove our main result.

3 Theorem (Main result). Let V be a locally homogeneous flat affine con-

nection on a 2-dimensional manifold M such that T # 0 and VT = 0. Then, V
s of type A.

2 Preliminaries

Let V be an affine connection on a manifold M. It is locally homogeneous, if
for each two points =,y € M there exists a neighborhood U of x, a neighborhood
V of y and an affine transformation ¢ : U — V such that ¢(z) = y. It means
that ¢ is a (local) diffeomorphism such that

Ve 0. =¢.(VxY)

holds for every vector fields X, Y defined in U.
Now, let us recall the following criterion describing affine Killing vector fields.
An affine Killing vector field X is characterized by the equation:

(X, VyZ] = Vy[X,Z] = Vixy)Z =0 (1)
which has to be satisfied for arbitrary vector fields Y, Z (see Proposition 2.2 in
Chapter VI of [4]). The following assertion is standard:

4 Proposition. A smooth connection V on M is locally homogeneous if and
only if it admits, in a neighborhood of each point p € M, at least two linearly
independent affine Killing vector fields.

JFrom now on, we assume that M is 2-dimensional. We choose a fixed co-
ordinate domain U(u,v) C M and we express a vector field X in the form
X = a(u,v)0y + b(u,v)d,. Then, for a connection V with arbitrary torsion in
U(u,v), we put

Vo,0u = A(u,v)0, + B(u,v)0,, Vg,0, = C(u,v)0, + D(u,v)0,,

2
Vo,0u = E(u,v)0, + F(u,v)0y, V5,0, =G(u,v)0, + H(u,v)0,. @)
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In the following, we will often denote the functions a(u,v), b(u,v), A(u,v),
B(u,v), C(u,v), D(u,v), E(u,v), F(u,v), G(u,v), H(u,v) by a, b, A, B, C, D,
E, F, G, H respectively, if there is no risk of confusion.

Writing the formula (1) in local coordinates, we find that any affine Killing
vector field X must satisfy eight basic equations. We shall write these equations
in the simplified notation:

—_

) Guu + Aay — Bay + (C + E)b, + Aya + Ayb =0,

) buu +2Bay + (F + D — A)b, — Bb, + Bya + Byb =0,
) @uw + (A= D)ay + Gb, + Cb, + Cya+ Cyb = 0,

) buy + Day + Ba, + (H — C)by + Dya + Dyb =0,

) aw + (A — F)a, + Gb, + Eb, + Eya + E,b =0,
)
)
)

S O = W N

buy + Fa, + Ba, + (H — E)b, + Fya + F,b =0,
ayy — Gay, + (C+ E — H)a, + 2Gb, + Gya + Gyb = 0,
byy + (D + F)a, — Gb, + Hb, + Hya + H,b = 0.

o

Moreover, after some direct calculations, we obtain the following formulas
for the Ricci tensor:

Ric(Dy,04) = By, — Fy + B(H — E) + F(A — D),

Ric(dy,0,) = D, — H, + CF — BG, n
Ric(dy,0,) = E, — A, + CF — BG,

Ric(dy,8,) = Gy — Cy + C(H — E) + G(A — D).

Furthermore, we obtain the following equations for vanishing of the covariant
derivative of the torsion tensor by a straightforward computation.

DE-CF+C,—-E, =0,
(C—E)B+A(F-D)+D,—F,=0,
(C—EYH+G(F-D)—-Cy,+E, =0,
DE - CF - D, + F, =0.

()

Now we are going to recall some results obtained in [1] to make our exposition
self-contained.

In [1] the authors have classified all locally homogeneous affine connections
with arbitrary torsion in the plane domains from the group-theoretical point of
view. This means that they always started with a specific transitive Lie algebra
g of vector fields from the list of P. J. Olver [9] and they were looking for all
affine connections with arbitrary torsion for which, in the same domain and
with respect to the same local coordinates, g is the full algebra of affine Killing
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vector fields. Such connections are called corresponding to g. It happened quite
often that the given Lie algebra of vector fields did not admit any invariant
affine connection or it only admitted torsion-less invariant affine connections.

Finally, they proved some simple algebraic lemmas which enabled to decide
very easily if a connection corresponding to a Lie algebra g had, in some local
coordinate system (u’,v’), Christoffel symbols of type A, or of type B, respec-
tively. In such a case it said shortly that such a connection is of type A, or of
type B, respectively. Due to those lemmas, the whole procedure depend only on
the structure of the algebra g.

Based on the computations, they illustrated the essential relationship be-
tween the classifications given in [7] and [10]. Moreover, they proved that, for
some Lie algebras g, all connections corresponding to such a g are simultane-
ously of type A and of type B. These facts can be easily checked in the table
that they used to summarize their results. Now, we shall reproduce it to make
easier the understanding of the main result’s proof.

This table is a refinement of the tables 1 and 6 from [9] completed by ad-
ditional information. In each case, or subcase, they got a Lie algebra of vector
fields given by its generators. They were looking for all locally homogeneous
connections which (in the same local coordinates) are corresponding to a Lie
algebra in question. Moreover, T' denotes the torsion tensor, “VCS” means that
all Christoffel symbols vanish with respect to the given coordinates (u,v) and
the label “flat” means that the Ricci tensor vanishes. In the column 7" # 0, “in
general” means that the torsion tensor is different from zero except some special
cases.

Properties of connections associated with the (refined) Olver list.
| Case || Generators | Remarks | Type A | Type B | T+ 0 |
a’ua
1.1 U0y — Uy, No Yes In general
020, — 2uvd,.
V is the
Levi-Civita
Oy, connection of
1.2 0y — UOy, a Lorentzian No Yes Never
v20, — (2uv +1)0,. | metric with
constant
curvature.
ava
1.3 00y, Uy, Yes Yes Never
020y — uv0y. (Flat)
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| Case | Generators | Remarks | Type A | Type B| T#0 |
81)7
1.4 00y, 120, No corresponding invariant
Ou, Oy, u20y. affine connection.
Oy, The functions 71 (v),. .., nx(v) satisfy a k"
1.5 71 (V)Ou, - .., Nk (V)Dy, | order constant coefficient homogeneous linear
ke, k>1. ordinary differential equation D[u] = 0.
1.5 a) Oy, Oy k=1 Yes No In general
1.5 b) 0y, €0,,. k=1 No Yes In general
1.5 ¢) Ou, Oy, k=2 Yes Yes In general
ev0y.
1.5 d) Oy Oy, k=2 Yes No In general
00y -
a’u; eavau’
1.5 e) eP0,, a # 1, This case becomes equivalent to
a, B #£0. the case 1.6 ¢’)
Oy, €*V0y,
1.5 f) 0¥ Oy, This case becomes equivalent to
a # 0. the case 1.6 {7)
e cos(v) 0y,
1.5 g) e sin(fv) 0y, This case becomes equivalent to
0y, B # 0. the case 1.6 g”)
771(“)81“ ERE)
1.5 h) N (0)Oyy Doy No corresponding invariant
k> 2. affine connection.
Oy, Uy, The functions 71 (v),. .., nx(v) satisfy a k™
1.6 71 (V)Oy, - ., Nk (v)Dy, | order constant coefficient homogeneous linear
ke, k>1. ordinary differential equation D[u] = 0.
1.6 a%) Oy, Oy k=1 Yes No In general
U0y,
1.6 b’) Oy, €Y0y k=1 Yes Yes In general
U0y,
1.6 ) Ou, Oy, k=2 Yes Yes In general
€0y, UOy.
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| Case | Generators | Remarks | Type A | Type B| T#0 |
1.6 d%) Oy, Oy, k=2 Yes No In general
VO0y, UOy.
81)7 eavauv
1.6 €) eBvd,, ud,, k=2 Yes Yes In general
o # B8, 0,840,
8’1)7 e azu
1.6 ) e, ud,, k=2 Yes Yes In general
a # 0.
e“’ cos(Bv)0,,
1.6 g°) e sin(Bv)0,, k=2 Yes No In general
Oy, Uy, B #£ 0.
m (/U)aua cee
1.6 Iv’) N (V) s O, No corresponding invariant
Uy, k > 2. affine connection.
k=1, a=0 Yes Yes In general
k=1,
a=1/2,2
or Yes Yes Never
Oy, Oy, k=2, a=2 (Flat)
1.7 0y + U0y, k=1,
V0y,. .., VP10, a#0,1/2,2
ke, k>1. or Yes Yes Never
k=2, a#2 | (VCS)
k>2 No corresponding invariant
affine connection.
Oy, Oy, k=1 Yes Yes Never
1.8 v, + (ku + v¥)0,, (VCS)
00y,. .., VP10,
ke, k>1. k>2 No corresponding invariant
affine connection.
Ous Oy, k=1,2 Yes Yes Never
1.9 00y, Uy, (VCS)
00y,. .., VP10,
ke, k>1. k>2 No corresponding invariant
affine connection.
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| Case || Generators | Remarks | Type A | Type B| T# 0 ]
Oy, Ou, VOy,..., VF 10,
200, + (k — 1)ud,, No corresponding invariant
1.10 020, + (k — 1)uvd,, affine connection.
ke k>1.
Oyy Ouy V0, . vk_lauv
00y, Uy, No corresponding invariant
1.11 020, + (k — 1)uvd,, affine connection.
kel k> 1.
au; aua
2.1 a(vdy, + udy,) Yes Yes Never
FuDy — V0. (VCS)
V is the
Oy, Levi-Civita
2.2 vy + UOy, Connection No Yes Never
(v2 — u?)0y + 2uvd,. of the hyper-
bolic plane.
V is the
UGy — V0, Levi-Civita
2.3 || (1+v*—u?)d, + 2uvd,, | Connection No No Never
2uvdy, + (1 — v? + u?)dy. | of the sphere.
au; aua
2.4 00y + Uy, Yes Yes Never
w0y — V0, (VCS)
au; aua
2.5 00y — UOy, Yes Yes Never
uQy, V0. (VCS)
au; aua
2.6 U0y, Uy, Yes Yes Never
uQy, V0. (VCS)
Op, Oy, 00y + U0y, Uy — VO,
2.7 (v? — u?)dy, + 2uvd,, No corresponding invariant
2000, + (u? — v?)0,. affine connection.
Oys Oy V0, Uy, U0y, VO,
2.8 020, + uvd,, No corresponding invariant
wvdy + u20,. affine connection.

Finally, we only summarize in detail the information obtained in [1] about
the cases 1.1, 1.5 b), 1.5 ¢) and 1.6 ¢’) of the refined Olver list.

5 Proposition. The Lie algebras from the cases 1.1, 1.5b), 1.5 ¢) and 1.6
e’) of the refined Olver list produce just the following homogeneous connections:
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a) For Case 1.1, the Christoffel symbols are given by

A(w)= =1, Bu)=0, Clu)=cu, D(u)=—,
2u . 2u (6)
E(u) =eu, F(u)= 20 (u) = gu®, H(u) = (c+e)u,

with three arbitrary parameters c,e,g. Here the torsion tensor, T, is not
zero if and only if ¢ # e and the Ricci tensor, Ric, is zero if and only if
g=—2e?, c= —2e.

b) For Case 1.5 b), the Christoffel symbols are given by
A(u) = CrutCs,  B(u) =C1, H(u) = Cru® — (C3 + Cs)u+ Cr,
C(u) = - Cu? + (C3 — Cy)u+ Cy, D(u) = —Cu+ Cs,
E(u) = — Clu2 =+ (05 — CQ)'LL =+ 067 F(u) — _Clu + 057
G(u) = Cru? + (Co — C5 — C5)u® + (C7 — Cy — Cs — 1)u + Cs,

where C1,...,Cg are constant parameters. Moreover T # 0 if and only if

Cg 7& C5 or C4 7& CG.
¢) For Case 1.5 ¢), the Christoffel symbols are given by

A=B=D=F=0, C(u)=2c, E(u)=2c,

H(u) =1+2(c1 +¢2), G(u) (®)

C3,
where ¢y, c2, c3 are constants. Moreover T # 0 if and only if ¢1 # cs.
d) For Case 1.6 ¢’), the Christoffel symbols are given by

A=B=D=F=0, Cu)=—-a—L0+2(c3 — c2),

E(u) = 2co, H(u)=2c3, G(u)=afu, (9)

where ¢, c3, a £ 0, B # 0 are constants and o« # 3. Moreover, T #£ 0 if
and only if 2c3 —4cg —a— B # 0.

3 Proof of the main result

The only cases from the refined Olver list such that the torsion tensor T
could be nonzero and the connections corresponding to the Lie algebra are not
of type A, are the cases 1.1 and 1.5 b).

In the particular case a) of Proposition 5 (Case 1.1 of the refined Olver list),
the conditions T' = 0 and VT = 0 are equivalent. This is a straightforward
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computation using (6) and (5). Thus, this case is in contradiction with the
assumptions of Theorem 3 and we can omit it.

Now, it remains to start from Case 1.5 b) of the refined Olver list. According
to Proposition 5, part b), all such connections are described by the formula (7).
Because we shall put additional geometric conditions on these connections, we
must admit also occurrence of non-corresponding connections to Case 1.5 b)
given by the formula (7). What we are going to show is that the connections
satisfying assumptions of Theorem 3 are corresponding either to Case 1.5 ¢) or
to Case 1.6 €’). In both cases, the corresponding Lie algebras give connections
of type A.

First, we shall found the family of connections such that T £ 0, VI' = 0
and Ric = 0. From Proposition 5 b) we know that 7' # 0 if and only if C5 # C5
or Cy # Cg. From (7) and (5) we know that VT = 0 if and only if

1)C3Cs — C4Cs = 0,

Cy(—C3+ C5) + C1(Cy — Cg) =0,
(C3 — C5 +2(C5Cs — C4C5)) =0,
(Cy — C)Cr + (C5 — C3)Cs = 0.

)
i7)
)

1
From (7) and (4) we know that Ric = 0 if and only if
U)(Cg — 03)05 + Cl(l —Cg + C7) =0,
’Ui)Cg, + C5 + CyCs5 — C1C5 =0,
’Ui’i) Cy+ C5 + CyC5 — C1Cs = 0,
) 1-Cy —Cg— CyCs+ Cr 4+ Cy4Cr 4+ CrCs — C3Cs = 0.

(11)
VL) —
Substituting 4) in i7i) we obtain C3 = C5. Then, the condition VI = 0 and
the equation i) give Cy # Cg and C3 = C5 = 0. Consequently, from i), iv)
and vii) we obtain C1 = Cy = C7 = 0. Now, the equation viii) gives Cy = —1
(or, equivalently, Cs = —1). Therefore, we obtain the following subfamily of
connections:

A(u) = B(u) = D(u) = F(u) = H(u) =0,

C(u)=-1, E(u)=Cq G(u)=—Cgsu+ Cs, (12)

where Cg, Cg are constant parameters and Cg # —1.

If now Cg = 0, it is clear that the Christoffel symbols are the same as in the
formula (8), with the additional conditions ¢; = —1/2, ¢o = 0, which is a special
subcase of the case c) in Proposition 5, i.e., a special subcase of Case 1.5 ¢) of
the refined Olver list. These connections are of type A.

Finally, if Cg # 0 we change the coordinate system in the following way:
u =u— 8—2, v/ = v. Then, in the new coordinate system, which we denote again
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by (u,v), we have still the same generators {0,, e"0, }. Moreover, the Christoffel
symbols (12) get the new form

A(u) = B(u) = D(u) = F(u) = H(u) =0,

Cu)=—1, E(u)=Cs Gu)=—Cgu, (13)

where Cg € R\ {0, —1}. Now, it is easy to check from (3) that the connection
given by (13) has two additional Killing vector fields ud, and e~*“¢4,. Thus we
found the equivalence with Case 1.6 €’) of the refined Olver list. This concludes
the proof.
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