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Abstract. We consider Trigonometric series with real exponents Ay:
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Under an assumption on the gap vy between Ax, we show the inequality
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and we show for a class of problems that the limit as M — 400 leads to the Parseval’s equality.
The role of constants cys in the above formula is one of the key points of the paper.
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1 Introduction

In this paper we establish direct and inverse inequalities involving Trigono-
metric series ZZS ze*t under assumptions that ensure Parseval’s equality as
a limiting case.

The inequalities are here obtained for finite M- sums 22/[:1 zpe' ' then we
investigate the behavior of the constants ¢ s, c2 ar and of the gap vy, appearing
on them, as M — +oc.
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The method used here takes into account the arguments in [2]. In that paper
the author is interested to obtain estimates for the single coefficient xj in the
critical time T = 7 /. However many of his arguments have to be adapted to
the proofs of this paper. The role of the function & in (2.13) is also inspired by
[2], as well as the choice of the polynomials P and Q: here we introduce a new
couple of polynomials R and S helpful to define the constant cp;, that appears
in the main result of the paper (see formula (2.2) in Theorem 2), and whose
limit as M — +oo gives the expected result. During the development of the
theoretical part of the paper, we had in mind an application that we describe
in Section 3. In the application we prove Parseval’s equality in the limit.

For any fixed M € N and any set (z3))_,, € C*"T! we consider gps : R — C
defined by

M .
gu(t) = > ape™. (1.2)
k=—M

The orthogonality of the set {e**}  in Lo(—m,7) leads to the identity
x M
ORI (1.9
d k=—M
For any g € L?(—m, ), the limit as M — +oc gives Parseval’s equality,
T oo
GRS S (14)
- k=—o00

valid for any sequence (zj)rez such that > po __|zx|? < +oo with

Let (Ax)kez be a sequence of real numbers. We consider

M e
)= D" ape™ fl) = ) ape™ (1.6)
k=M

k=—o0

and we investigate the problem to find inverse and direct inequalities, that is
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where yas, ¢1,0, c2. v are real positive constants. The novelty of this note is to
establish inverse and direct inequalities as (1.7) with accurate estimates of the
constants c1 a7, ¢z p- The estimates narrow, as M — +o00, to the equality

[ =2 Y (1)

k=—o00

However we are unable to give general conditions under which the theorem
holds. We give an application of general interest to support the validity of the
estimates we obtain.

As a reference in this study we recall Ingham’s theorem with explicit con-
stants on non-harmonic Fourier series (see [1], see also the Young’s textbook [6],
and [3].)

Here we recall Ingham’s theorem. The result is largely used in control theory
and it is the basis of the Fourier series method in observability problems. The
explicit constant on the right hand side of formula (1.9) may be deduced from
[3] pg 63 by a change of variables. For the explicit constant on the left hand
side of formula (1.9) we refer to [1] pg. 369.

Theorem 1. Assume the following gap condition: there exists v > 0 such
that

Akl — Ak =7

Then for any fized T > 0 the following inequality holds for all square summable
sequences (zx)kez € C -

4T 1 7T2 i | |2</T| i i)\kt|2 dt < 4T—|—47T i ‘ ‘2
— |1l - == x xTe — x
- 72,2 kTS . k < 5 k
k=—oc0 k=—o0 k=—o0
(1.9)
Remark 1. To get positive constants in (1.9) we need
- S0 e 75T
T2 gl
Ingham’s theorem does not generalize Parseval’s equality since if
T — 7 we obtain

<1_> Z g |? < / | Z w2 dt<47r<1+ > Z |
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2 The result

To simplify, we assume that k € N, the arguments used here can be adapted
to k € Z. Let

M
fu(t) = Zxkei’\kt. (2.1)
k=1

The main result of the paper is the following

Theorem 2. We assume that the sequence (Ap)ren 1S increasing and it
satisfies a gap condition

Iyar > 1 such that A\gy1 — N\ > v, VEe{1,2,...,.M —1}

Then there exists a positive constant cyr < 1 such that

2 M 9 /M 2 L 9
Tp|” < t t < T 2.2
ol < [ ioPa < B S el @)

-7/ M
Proposition 1. Assume that

li =1 d li =1
i e =1 and - Jim

then Parseval’s equality holds
YRGS I
T n=1

The proof of the proposition follows from formula (2.2).
Proof of the theorem 2. Let j,q € {1,2,..., M}, and set

Kjg = Aj — Aq

with fiq,j = —f1,q-
We consider the integers m;, uniquely defined by the relations

vl if ¢g<j<M
Mjq = § —Myq,j if j<g, (2.3)
0 j=q,q€{l,...,M}.
The sequence of integer numbers my 4, M2 4, ..., Marq is strictly increasing, for

any fixed ¢ € {1,..., M}. It is useful to observe that, by the definition (2.3),
the numbers m; , and p; 4 have the same sign for j # ¢, and for j > ¢ we have

M < TM Mg <1, (2.4)

Hij.q Hij.q
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We denote by Ty the set {(j,q) € {1,2,...,M}%:j # q} and we consider the

polynomials
U u
R(u) = (T - 1) Swy=u [] (fme- - 1). (2.5)
Ga)ezn (:a)€Tm 4
We set R
ey = lim MR _ T 1M (2.6)
|u|—o0 S(u) ) Uiq
(J,0)€Lm
We see that Rw) Plw)
u u
=cuy , 2.7
S~ Q) 27
with
Pwy= ] (w-mqe)  Qu=u J] (w-rumu).  (28)
Assuming simple roots, we look for the decomposition
P B B
R R s (2:9)
(4,9)€Tnr Mg
we find the coefficients By = 1 and
B, = cuy P(VMml,r) = ey YMMYr — iy H YMMYr — Hjq
" Q' (yarmuy) VMM Yar (Mg, —myjq)

(j7Q)€IM7(j7q)7é(l’T)

By the previous computation we get

1+ Z Bl,q =CM

(2.10)

(2.11)

To end the proof we observe that for every (I,7) € Zy each By, is negative.

Indeed since
TMMU e < Hjq < YMMUr < YMMjq

YMMY r— B
YMMY

YM My r—Hj,q
VMM —YM M q
then for every (I,r) € Zys each By, is negative.

Hence by (2.11)

all the factors are positive, on the contrary

1—cy = — Z B, = Z B4

(J7q) €Iy (]7(1)61

is negative,

(2.12)
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We are going to define the functions k, whose Fourier transform verifies the
properties:

E(An = Ag) = klng) =0, Vn#q, k(0) = k(ugq) > 0.

Inspired by the Ingham paper [2], we can set as k function the following

1 4 —1)™ia B, je™Mi.a§ if €] < .

0 if |€] > 7 /7.

The Fourier transform of the function k is

. /Y . ‘
k(u) :1/ M (1+ Z (_1)mz,qu7qezmz,q§)e—zfudg:

2 —/m (L,a)€Tm
1 [sin 7% sin(=(u — ymmig))
T [W + Z (=)™ 1By, quff YMm ] -
(La)€Im ba

1 [sin I% B
[WM + Z L B sin(ﬂ-u)] =
U

(L)Lt U= YMMiq ™
ot 2 -
(La)EIm 4 M
1 Plu) . =« 1Rw) . =
= ;cMmsm %u = S(u) sin V—Mu
Then
lim k(u) = i
u—0 YM

Moreover, since the function % is regular in all the zeros of the polinomial

Q(u), and P(X\; — Ay) = 0 for (j,q) € Ly, it follows

{l%(Aj ~A) =0 V(i) €Ty 214
R 1 .
k(0) = v
Moreover we have the estimate

k() >1— Y [Bjg =cu (2.15)
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k) <14+ Y |Bygl=2-cu (2.16)
(jvq)EIM
Therefore
/M T/ YMm
/ k<t>|fM<t>|2dtz(1— 5 rBj,qr> [ iptopa =
—m/ T (J,9) €M —7/ M
T/vYMm )
e |far(t)[7dt  (2.17)
—7/YM
and
/Y M T/YMm
/ k<t>|fM<t>|2dts(1+ 5 rBj,q|> [ iptopa =
—m/ M (4,9) €T —7/ M

/Y
e—an) [ lfuwPar 219

=7 /Y
By the properties of k, see (2.14)
T/YMm . M
[ k@t Pt = 2mk(0) Y o P
—7/vMm n=1
we get the estimate

M M
2 /M 2m

— oy D |l S/ |far(#)dt < > lzal”. (2.19)

(2 —em) = Y- CMYM E

3 Application

3.1 Perturbed wave equation

At first, consider the one dimensional interval, (0,7"), T > 27, and the wave
equation with Dirichlet boundary conditions:

fu(x,t) = fox(z,t) =0 in (0,7) x (0,7),
f(@,0) = fo(z) in (0,7),

fe(z,0) = fi(z) in (0,7),

f(0,t) = f(m,t) =0 in (0,7)

(3.1)
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The solution of (3.1) is given in terms of Fourier series by
t) = Z zpe* sin k.
keZ*

The system (3.1) is the dual observability problem of the exact controllability
boundary control problem for the wave equation, the observation functions are
fzinz =0, or/and in z = 7. We have

t) = Z kajettnt fa(m,t) = Z (—1)Fkae*t.
keZ* keZ*

We write g < h if there exist two positive constants «, 8 such that ag < h < Sg.
With this notation we have

1200, 7200y = D lkawl® |l fulm, )72y = D |kaul*.

keZ* keZ*

Due to the orthogonality of trigonometric polynomials, T' = 27 gives

fo(oat)H%Q(O’T) - 27T Z |]€$k|2

keZx

However Ingham’s theorem does not include the critical time T' = 27 as v = 1.
We consider the wave equation with a perturbation of zero-order.
For any c such that |c¢| < 1, we consider

fre(x,t) = foa(z,t) — A f(x,t) =0  in (0,7) x (0,7T),

f(mv 0) = fO(x) ?Il (Oa 7['), (32)
ft(l’,O) = fl(x) m (077[-)7

f(0,t) = f(m,t) =0 in (0,7).

The solution of (3.2) is given in terms of Fourier series by

= E et sinnx

neL*
with
2
An = sgn(n)vVn? —c2 =ny/1— 0—2
n

For large n we have

62

Ap N — —.
nn2n
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3.2 An application of the main result

For any real positive number a we consider the set of real numbers
(@) =X, n=1...M, with

1 1
Ap=n—— Al —Ap =14+ —— 3.3
" an 1 + an(n + 1) (3:3)
Then
)\n+1—)\n>’yM, VTLE{l,Q,...,M—l}
with )
=14 —— 3.4
W= M 1) (34)
Iy = {(j, q) € {1,2,...,M}*suchthatj > q}
and
+oo
T= | In
M=1
Then, with the same meaning of pj, and m;, of previous section we set as
previously
Rw) = ] (l - 1). (3.5)
(J.9)€Zm Hia
Sty =u [] ( fn —1) (3.6)
(4.9)ETm MM

and can be determined as

R (-1 Inimig
w=lim gy =dm IL~oe—e= T 50 60
(j7Q)EIIV[ ('mej,q - ) (j7q)EIIM 4

The aim of this section is to show

Proposition 2. Let ¢y be as in (3.7). Then

lim cp; = 1.
M—o0

To give the proof of the above proposition we recall some basic facts on the
notion of limit for generalized sequences
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3.2.1 Limits for generalized sequences
For any (j,q) and (r, s) belonging to Z we write
() = (r,s) <= jzrandg=>s.

The set 7 endowed with > is a partial ordered set, the set 7 is a direct set
and the generalized sequence

, ajq
,q) €T — — € R,
(J,9) P
.. . . . . aM(M-1)
is increasing and bounded in Zj;, with maximum value (A=) 11"

Lemma 1. With the previous notations

. 1 ajq
lim H (1 + ) . =1
Moo G aM(M +1))ajq+1

Proof. We consider

) ) ) M(M—1) )
ajq ajq
1 (vron )2 = .
M(M +1 1 M(M+1 1
(1,9)€ETm “ ( + ) ajq -+ ¢ ( + ) (J,9)EZn ajq+
Since
M(M—-1)
fim (14—t ) ° 3
— €2a,
Mso aM(M + 1) ¢

The geometric mean theorem implies

2
¢ \ MO M(M —1
lim | | .ajq = lim aM( )
M—so00 \ ajq+1 M—oo aM (M — 1)+ 1
(4,9)€EZm

hence
P 11 ajzjj— T << 11 ajC;j—(iJ— 1) ) B
(4,9)€EZMm (4,9)€EZm
M(M—1)
lim < aM(M —1) > =1
M—oc0 aM(M—1)+1 ei

Plug the limits in the formula

. 1 ajq
1 1 =1
Moo ,H < +aM(M+1)>ajq+1
(4, 9)E€ETm

QED
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Proof of the Proposition.

We recall that o
ey = H : Ja

Then we compute
; An — A j — 1
TMMq Y[ An — Al > o — J—4q I <1+ ) ajq__
Mg An = Am G—a) 1+ 55) aM(M +1) ) ajq+1
It follows
YM Mg 1 ajq
1zey= [ == ] <1+ ) =
; M(M+1 1
Gaen ' Gaez aM(M+1) ) aja+
the result will follow by the lemma 1
: 1 ajq
1 1 =1. 3.8
A 11 < +aM(M+1)>ajq+1 (38)

(4,9)€Tm
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