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A METRIC FOR WEAK CONVERGENCE OF MULTIPLE DISTRIBUTION FUNCTIONS

(%)
Carlo SEMPI

SOMMARIOQ. S4 Anthroduce una metrnica neflc spazio dedle funziond dd

napandizionemul tiple e 4 mestra che fa convengenza (n tale nme tr{ca

cquivale alla convergenza deboele delle Auncziond di 1dpactdizione,

1 - INTROCUCTION.

As was shown in [3], weak convergence in the spacc A, of

multiple distribution function (d.f.'s) 1is slightly different
from the convergence in the product topology of the space
AxAx..oxh, A being the space of simple d.f.'s. A metric d
can be introduced in A such that convergence in ¢ 1s equivalent
to weak convergence of (simple) d.f.'s; in fact, two such
metrics exist (see [3],[1],[2]). It is thus natural to ask

whether a metric on A, exists such that convergence 1in that

metric 1s equivalent to weak convergence in b, (r > 2). To

answer this question 1s the purpose of +the present note. All
the results and their proofs are given in the case r1=2; for

r>2 everything can be repeated with the obvious changes.

2. THE METRIC ON A

2
Let the functions dap R - [ﬁ,l] (a,beQ a<b) be defined
as in [2], i.e.
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+ oo

. -1 .
dap(x)F= (b-a) [x Ifa,bj(”jdt .

By a suitable enumeration, one can define a sequence of functions

""I_ a ﬁz > [ﬁilj(rejbl) b)” Tr(xi}r) = ¢;ﬂb(x) $Cd(}?) oI Yr(x’}!)= djab(x)
or again by Y_(x,y) = ¢Cd(y) (relN,a p,c deQ; a<b, c<d, (x,y)dﬁz).

We shall shortly show that the mapping d2 : &2 X i‘az + R’ defined

o ~ (
(1) d,(F,6):i= 2, 277 [ L, .(x,y)dE(x,y)- .égfg(x,deG(x,y)l

is the requested metric on ﬂz (see theorems 2 and 3 below).

- The proofs rest on the following formula of integration
by parts for double Lebesgue-Stieltjes integrals.

LEMMA 1. 14 F € ﬂz then, fon everny a,b,c, deQ, with a<b and c<d,

one has
b d
2 f (x) (y) d E(x,y) = (b-a) '(d-c) ™" Cax | F(x,y)dy
[: J _2 ¢ﬂb X ¢’Cd Y :{,}’ }:,}; - ; JE 3 *
R

- = 2
Proof. Let P be the probability measure on GRz,éﬂﬂR )) correspon

ding to the d.f.F. Then

(b-a) (d-c) ¢ab(x) b Cd[}’)dpix,yj =

2

ﬁl‘-‘--—w.

| N

l,+m f+m _
, dP(x,y) ; T[a,b]£5] ds ! T[C’dm{tj dt =

L

b d b d

{f

( (
fdﬁ J dt P([-»,s] x[-=,t])=] dx J Fix,y)dy.
a ¢ @ ¢ Q.E.D.



A metric for weak convergence ... 81

THEOREM 2. The function dzzﬁzxﬂz >R deqined by (1) 48 a metrndc

on &2.

Proo4.The only property that is not immediately obvious
is the implication dg(F,G] = F=(G. This we set to prove.

_ T2t ) S0 —
d,(F,G)=0 == rLy 2 |:m2 Y, dF LRZTT dG| = 0 =

(3)
7 Yy dG (VrelN) .

This last equality implies three kinds of relationship according
as to whether, for a given reN, vr(x,y) = $ab(xJ ¢Cd[y) or

Tr(x,YJ - ¢ab(x} or Yr(x,y) = q;cdtyJ. We shall deal separately

with the three cases.

(i) Yr(x.y}= ¢ab(xJ ¢Cd(y). In this case equality (3) implies
F(x,y) = G(x,y) v (x,y) e R”.
case

In fact, (3) reads, in this

{Ez ¢'ab{x) ¢'Cd(}r) di,}’F(x!}F) ::{RZ ¢ﬂb[x) q'{,jﬂ[}rjdx v G{K,}"]

{va,b,c,de-ﬁ, a<b, Er:dj.

Because of (2), this last inequality entails

rb rd b d

(3) ] dx J F(x,y)dy = J dx f G(x,y)dy (Va,b,c,de@, a<b, c<d);
a C a ' C

(4) 1mplies the assertion F(x,y) = G(x,v) ?{x,y)ﬁmz. Indeed,

.
assume, ab absurdo , the existence of a point (x.,y.)elR" such
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that F(X.,¥Ye) # G(Xo,¥Yo), Tfor instance F(Xo,¥o) < G(Xo,¥5).

Set € = {6(Xo,¥Yo)-F(Xo,¥0)} /2. Since F 1is right-continuous
and non-decreasing in both variables, there exist x' and vy'eR,
with x"> x, and y'>y.,, such that

F(Xe,Ye) < F(x,y,) < F(Xo,¥Ye) + €/2 (xe[Xo,x"])

and

F(Hn:}'n) i F(xiyﬂ') i F(}{',}’u) ‘:_ F(K‘FYI) i F(xﬂi}rﬂ) + €

Thus, if a,be[x,,x'] and c,de[y.,y'] one has

b d
I dx I F(x,y)dy <(b-a) (d-c){F(x.,ys) +¢} =
a C

b d
= (b-a) (d-c){F(xo,yc)+G(X0,y0)}/2 < (b-a)(d-c) G(Huh)f_[ dx.[ G(x,y)dy
a C

which contradicts (4).

(ii) If Tr[x.y) = ¢ah(x), then (3) impies

j-g ¢ﬂb(x) dF (x,y) =£_

= ]RZ ¢ab{x]dG(x,yj (a,b < Q, a<b)

orT

Jrﬁ?f o (X) dF (X)) fﬁ¢ab(x) G, (x) (a,beQ, a<b)

where IH_ and G, are marginals of F and G respectively: Fl(xj:=F(x,+cn),
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G;(x) = G(x,+=). But then theorem 4 in (2], applied to F, and
(ii1) If 'Tr(x,y] = fbcd{y} then the same argument as above

yields F, = G, where F, and G, are the marginals Fz(y)::F(+nay)

and G, (y):=C6(+=,y).

Then one can conclude from (i) that F and G coincide on

the set {(x,y)eR%:x< +w, y <+w} and from (ii) and (iii) that
both marginals of F and G are equal. Therefore F = G
Q.E.D.

W

THEOREM 3. Let F , Fe &, (neN); then d,(F ,F) >0 iff F —4F
(weakly, L.e. Fn(x.y) +  F(x,y) at eveny podint (X,y) at which

F 48 continucus).

Proo§. (==>) Assume d,(F ,F)~> 0. Set

S, (r,n):=| J 5y (xyy)dE (x,y)- J 5 v (X, y)dE(x,y) | (r,neN).
R IR

Then

(5) 0 < §,(r,n) < 20 d,(F ,F)

so that iim ﬁz[r,n) = 0 VrelN. If Tr{x,y) = ¢ﬂh[xj ﬁtd[y),

then on account of (2), this means

b d b d
(6) lim J dx[ Fn(x.yjdy ={ dx ( F(x,y)dy (Va,b,c,del},a.b,c«d).
n—+o < a C I a e

We shall presently show that (6) implies Fn[x,y) - F(x,vy)

if (x,vy) e;m2 is a point of continuity for F.
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Set F*(x,y):=lim sup Fn{x,y). Then, because of (6)

n —+«

(b-a)(d-c)F*(a,c) = lim sup (b-a)(d-c) Fn(a.C) <

) Rt

b d b d
< lim sup f dx,[ Fn{x,y]dy =,I dx_{ F(x,y)dy < (b-a)(d-c)F(b,d),
n-e a C a C

t.e. F*(a,c) < F(b,d). Let b+a to obtain F*(a,c) < F(a,d),

then let dv¥c to obtain F*(a,c) = F(a,c). Let (x,y) € R2 be

such that x < + ® and y < + « and take a >x,c >y,a,ceQ; then

F*(x,y) < F*(a,c) < F(a,c). Let a¥x and cvy so that F*(x,y)<F(x,y).
A similar argument vyields F,(x,y):= iLhniann(x.?) > F(b-0,d-0)

Il = oo

where b < x, d<y, b,d € Q, so that

F(x-0,y-0) < Fy(x,y) < F*(x,y) < F(x,Yy).

Therefore if (x,y) 1is point of continuity for F, then

lim Fn[x,yj = F(x,y). If, on the other hand,at least one,say

T o0
y, of the coordinates of the continuity point (x,y) equals

+ © then, considering the terms 1in d2 with Yr(x,y} = ¢ab(x),

one has from (5)

b b
lim j Fn(x,+m)dx =J F(x,+w)dx (a,be, a<b).
n+= a d

From this last equality it follows as in theorem 5 [2] that

lim Fn{x,+-m) = F(x,+ «). An analogous argument holds for a

continuity point of the type (+=,y).

(<= ) Conversely, 1if Fn-lirF, then 62(r.n}—+ 0 (VreN). Since

0 < ﬁz{r,n) < 2, one has

B

1im dz(Fn,F) = lim

N —+oc Il +co

=
I

-T 6 _
] 2 2{r,n) = 0
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by the dominated convergence theorem applied to the counting

measure on IN.
Q.E.D.
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