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ON THE DERIVATIVES OF THE WEIERSTRASS FUNCTIONS WITH RESPECT TO
THEIR INVARIANTS

E. FERRARI (™)

ABSTRACT. On the baosis of earnlien nesults on the differentiation
Jﬁ eLiptic functions with nespect to the parametern, and by usding the
nomogenedity phoperty of the Wedlerstrass functions, a closed foamula
{4 obZained forn the dernivatives of the Weienstrass functions with re
spect 2o the Anvariants g,:8+ at f4ixed argument. The trheatment inclu

des also the Limiting case A = 0,

In this paper 1 want to show that it is possible, by elementary
methods, to obtain a set of simple, closed formulae for the
derivatives of the Weierstrass functions @(ulg,.g:), ¢t (ulg,,gz)
and q(u|g2,33) with respect to the invariants g,,87 at fixed
u. The following proof of the above statement will be partly
based on the results of the analysis carried out in a previous
paper [1], where a closed formula for the derivative with respect
to the parameter has been obtained for all elliptic functions

depending on a single parameter, such as Jacobi functions, generali-
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zed trigonometric functions (GTF) (*), and also a subclass
of Weierstrass functions (with a particular choice of the periods)
that can be directly expressed in terms of GTF (cf.[2]). Let
me recall the result obtained in the case of Jacobi functions:
by denoting an arbitrary combination of such functions by G,
the following formula has been proved to hold:

E=G—H{xk)~§g (1)
3 k2 ° ox

where Gﬂ is another suitable combination of Jacobi functions
(to be determined case by case) and H(x.kz) is a transcendental

function defined as follows:

X

2., .2
H[}{,l{z] =% J SHZ(K ;kZJ Ch.'.' (2)
o dn (x',k)

In order to apply the method used in [1] to the case of
Weierstrass functions, one has first to consider the well-known
homogeneity property of the Weilerstrass function {P(ulgz.g3).

which can be written in the following form

P (ulg,.g5) = t° P (x[G,,65) (3)

(*) Generalized trigonometric functions, introduced in an earlier work [2],
provide a new representation of elliptic functions obtained through
an algebraic-geometrical definition of unconventional type. As discussed

ﬁ this definition allows one to establish a general procedure
ﬂf differentiation with respect to the parameter, which has been straight-
forwardly applied to elliptic functions.
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where the argument and the invariants on the 1l.h,s. and on

the r.h.s. of eq.(l1) are linked by the following relations:

u = x/t
4

g, = t'G, (4)
6

gz = t 63

Relations similar to eq. (3) can be written also for the
other basic Weierstrass functions, by changing the exponent
of t on the r.h.s. (which becomes 3 for P'(u), 1 for Z (u),

-1 for o(u), and so on).

As shown in [2], by a suitable choice of the invariants
62,63 as functions of a single parameter ) , it 1is ©possible
to express ﬂ%x|62,63) in terms of GTF of argument x and parameter
»: the use of eq.(3) can then provide an expression 1in terms
of the same GTF for all Weierstrass functions having the same
ggfgg ratio. If one restricts to real invariants for simplicity,
it 1is possible to Kkeep A in the interval between -1 and 1,
and two different expressions (involving the same GTF) are
obtained for the representation of the P 's with A< 0 and
the ®'s with A > 0, where the discriminant A 1is defined as

follows (*):

(*) This is the definition given in [}]; many texts define A with a change of sign.
The two ®'s (with A < 0 and A > 0) corresponding to the same A are conne
cted by a second-order transformation of the periods. The two functions match
at A = + 1, corresponding to degenerate Weierstrass functions (with A.= 0).
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S - g5/27 (5)

b = 83 - 8

Furthermore, an explicit expression for the derivative of
G{leZ(EJ, Gs(l)) with respect to » at fixed x can be easily
obtained on the basis of the procedure outlined in (1]. At
this point, eqs. (4) can be considered as defining a change
of variables, from u, g5,,87 to X, A,t; since the derivatives
of the r.h.s. of eq.(3) with respect to x,),t can be calculated
explicitly, it 1is clear that the derivative of any Weierstrass
function with respect to g, or g5 at fixed u can be obtained
by elementary methods. Let me refer to the case A >0 for definite-
ness: since the final result will be expressed 1in terms of

u, g, and g3 only, it will have a general validity.

In order to help the reader to get to the final resulrt,
it will be wuseful to recall a few preliminary formulae from

[1},[2], namely, the expression of G, and GB as functions of

(=

A -

4 2 8 ) 2
G — — f— £ ; = ——-— mm-. _L}:l f}
2 T 3 (7-3); G = = (98X (6)

and the derivative of ®(x16,0 "), “3{ ~)) with respect to 2

at fixed x (*):

(*) The second equality in eq. (7) has been obtained by expressing the transcenden
tal function J(x) introduced in [2] in terms of E{x|ﬂ,,G]]: the formula has
been given in a previous work (in Italian)[ﬁj. Repeated use of eqs. (47) of
[g] has been made in order to convert GTF into Weierstrass functions and to

obtain the r.h.s. of eq. (7) in its present form.
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Px) _ 2,
a3

TJxINP'(x) =

(7)

b xR ()920(x) - B @) + - A x®(x)]
2(1-1°) “

wir

By wusing eqgs.(3) to (7) at different stages, one arrives
at the following «closed expressions for the derivatives of

¢’[u|gz,g3} with respect to the invariants:

) - 2 et + 20 W)l

6

P(u) 1 ) :
5, 184 [-g,8,+3g, (2 (WP (W) +2P

(8)

P __ 1 2 2 ‘ 2 |

By integrating eqs. (8) between 0 and u two times, and by
taking account that, at the normalization point u=0, the deriva-

tives of «r(u) and logo(u) with respect to g,,87 must vanish (*),

(*) This is not in contrast with the fact that (u) and log og(u) are singular
at u=0 (cf. a discussion on the argument in Cl ).It should be pointed out
that it is the explicit presence of u in the last term of eqs. (8) to (10)
that cancels the singularity at the origin, but not at the other poles of
the Weierstrass functions (as must be expected, since the positions of the
poles other than the origin are parameter-dependent). However, nonsingular
derivatives can occur also at those poles, when g8, O g, is zero.
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one obtains the following expressions for the derivatives of

z(u) and logo(u):

3z (u) 1 1 iy L g”

ggl; = Taa L7 8854 - 38z (C@P+ 5 @1 (w)+ g gy Pw)-g(u))] (9
p) 1 1 2 T &

‘:;';; = an U g gur2e, (tw) Pw) + 5 @' (w)-3g, (ul )% (w) )]
dlogo(w) 1 A - +-§g 2u)- LR -

og,  18A [a 8851+ 285(5 (W)-Plw)-g g, (ut (w)-1) ]

(10)

ologotw) _ 1 . 1 22 2. . -

ogy  18A 17 84 g6 (W= PW) + 3gyluzw) - 1]

Eqs. (8) to (10), which provide the requested closed formulae
for the derivatives of the Weierstrass functions with respect
to the invariants, are already essentially contained in one
of the Weierstrass papers [4], where, although not explicitly
written, they can be easily deduced (*). However, Weierstrass
arguments are rather involved, complicated and of difficult

comprehension, whereas the present approach is simple and direct.

(*) If one takes eqs. (A) and (B) of the Weierstrass text together, they
constitute a linear system in ac / BEE and Jo/d 8q» which, for A # O,
can be solved and yields eqs. (10).
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Furthermore, it allows the evaluation of the limiting case
A= 0, which 1is excluded in the Weierstrass paper. Indeed, 1in
the previous analysis it is sufficient to look at the A behaviour
of all quantities in the vicinity of the values A = + 1, For
the function logo(u) (the other cases being easily obtained
by differentiation with respect to u) eqs. (10) in this limit

reduce to:

Ly 64t
d o)
logo(u) _ T [b(tu)2+ 15 tu cot(tu) + cusz(tu] - 16] (11)
g 0
3 64t
for
4 4 8 6 2 2 2
and
Blifﬂ(u] _ 14 [fZ(tu)2+7tucth (u) - % cushz{tu} - E%—'j
&2 641t
(12)
ologolu) _ 1 - [6(tu)® - 15 tu cth(tu) -cosh®(tu) + 16 ]
833 64t
for
4 4 8 6 _ 2 - 2 2
gz = 3 t g = —5 t- ,P(u) =t [ 3+Lth (tu)]

It can be seen that eqs. (11) go into eqs. (12) and viceversa if

one replaces t by 1-t.
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The limit t - 0 yields the wultra-degenerate case g2=g3=ﬂ,

for which, however, the derivatives can be more easily obtained

from the well-known power-series expansions around u = 0:
9 P (u) | u’ . _dP(u) ) ul (13)
dg .20 7 3g 28
2 lgz_gs_ﬂ S gz_g3_0
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