
148 S. Dierolf

INTRODUCTION. Given two l o c a l l y c o n v e x s p a c e s  E,F, and

a  s e t  .M o f  b o u n d e d  subsets  o f  E , l e t  YM(E,F) denote t h e  s p a c e  o f

al1  l i n e a r  c o n t i n u o u s  m a p s  f r o m  E  i n t o  F ,  p r o v i d e d  w i t h  t h e

t o p o l o g y  o f  u n i f o r m  convergente  o n  al1 s e t s  i n  dfl. T h i s  t r e a t i s e

i s m a i n l y  d e v o t e d  t o  t h e s t u d y  o f the f o l l o w i n g  q u e s t i o n :

If t h e  d u a l  s p a c e  Ei (:=L$(E,IK)) and F both have  some property

P, d o e s  t h e n  YB(E,F) a l s o  p o s s e s s  t h i s  p r o p e r t y  ( a t  l e a s t  u n d e r

r e a s o n a b l e  a d d i t i o n a l  h y p o t h e s e s ) ?

For c u m p l e t e n e s s  p r o p e r t i e s  P , A . G r o t h e n d i e c k  h a s  g i v e n  a

p o s i t i v e a n s w e r  ( u n d e r mild r e s t r i c t i o n s )  t o t h i s quest ion

[15;p.9J, w h e r e a s  f o r  t h e  p r o p e r t y  o f  b e i n g  a  S c h w a r t z  s p a c e ,

D.J.Randthe gave a p o s i t i v e answer (see  117;p.353,1.Thm]).

- I n  t h i s  t r e a t i s e  w e  will m o s t l y  b e i n t e r e s t e d  i n  p r o p e r t i e s

which are i n v a r i a n t under the f o r m a t i o n  o f certain f inal

l o c a l l y convex t o p o l o g i e s ,  i n which case the above  p r o b l e m

i s c l o s e l y related  t o the quest ion whether the f u n c t o r s

q#(E,. 1 and G(.)(. .F) a r e  compatible  with t h e  f o r m a t i o n

o f certain induttive and proJective limits, r e s p e c t i v e l y .

Therefore  t h e  s e a r c h  f o r  s u c h  compatibility s t a t e m e n t s  w i l l  b e

p a r t  o f  o u r  i n v e s t i g a t i o n s .

In s e c t i o n one  we f i r s t reca11 some fundamental facts

about the spaces i’& and then i n v e s t i g a t e under what

h y p o t h e s e s  t h e  c a n o n i c a 1  c o n t i n u o u s  l i n e a r  i n j e c t i o n s

0: 21  %(E*FG + P’(E,1 221  F,) and

Y: ,& L$E,J) + Y&(,$I  E, .F),  r e s p e c t i v e l y ,

are topologica1 isomorphisms.
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In the special case that I is countably infinite and thatMc2

incides  with the system $9  of al1 bounded subsets,  these  hypotheses

are just the “countable boundedness condition” (cbc) for

E and the “countable neighbourhood condition” (cric) for F,

respectively. Both these  properties as well as the property (fsb)

of having a fundamental sequence of bounded sets, are investigated

in the first part of section two. By making use of these

properties we f ind hypotheses for a pair (E,F)  o f  l o c a l l y

convex spaces which yield that a subset X in (Pb(E,F)  (:=P&(E,F))

is b o u n d e d  i f  a n d  o n l y  i f  there  e x i s t s  a  b o r n i v o r o u s  barre1

U in E such thatX(U) is bounded in F.

Furthermore, c a r r y i n g  o n the compatibility investigations

of section one we show:

A  l o c a l l y  c o n v e x  s p a c e  E  s a t i s f i e s  ( c b c )  i f  a n d  o n l y  i f  t h e

canonica1 map 0 : .& yb(E,Fn) + Pb(~,nb~n) i s  a  t o p o l o g i c a 1

isomorphism for every sequence (Fn)na o f  H a u s d o r f f  l o c a l l y

convex spaces, and a Hausdorff locally convex space F satisfies

(cric)  if and only if the canonica1 map Y: n&,IYb(En,F)+~b(n&En,F)

is a topologica1 isomorphism for every sequence (Enlnm  of

locally convex spaces.

The methods used in the proofs give rise to examples of the

f o l l o w i n g  k i n d :  E v e n  f o r  r a t h e r  “nice” s p a c e s  E,F t h e  s p a c e s

pb(E,cp)  and (iib( w,F)  need not even be countably quasibarrelled.

These results show that a  decent  b e h a v i o u r  o f yb(E,F)

can only be expected if E satisfies (cbc) and F satisfies (.cnc) ,

which leads us close to A. Grothendieck’s f amous quest ion

[14;p.120]:
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If E is a metrizable l o c a l  l y  c o n v e x  space and F a DF-

(*) space, i s  thenYb(E,F)  again a  D F - s p a c e ?

Unfortunately, t h i s problcm remains unsolved; n e v e r t h e l e s s

the contents O f the sect ions t h r e e t o  ,five o f  t h i s  t s c a t i s e

a r e  m e a n t  t o  b e  c o n t r i b u t i o n s  t o  i t s  s o l u t i o n .

In contrast  to problem (*) it IS well knorn that for two

DE-spaces G,F t h e  prolective tensor product G @, 1: 1s  again

a DF-space. I n  s e c t i o n  t h r e e  w e  r e c a 1 1  u n d e r  w h a t  c i r c u m s t a n c e s

t h e  n a t u r a 1 c o n t i n u o u s  linear injection Eb 66, F  + ~p.1~)

c a r r i e s  t h e  D F - s p a c e  p r o p e r t y  o f  Ei B1,F o v e r  t o  yb(E,F).

S e c t i o n  f o u r 1s  d e v o t e d t 0 the f o l l o w i n g  Si>CClnl case o f

p r o b l e m  (*): L e t  E  b e  a  B a n a c h  s p a c e  a n d  F=indFn  a n  L B - s p a c e .
n-+

W h a t  c a n  b e  said a b o u t  yb(E,F)? I n  particular, i s  t h e  c a n o n i c a 1

map

Q: i n d  Yb(E,Fn) + Yb(E,indFn)
n+ n-t

a topologica1 isomorphism?

W e  obtain  - r o u g h l y  s p e a k i n g  - t h e  f o l l o w i n g  r e s u l t s .

( 1 )  F o r e v e r y  L B - s p a c e  F  t h e  s p a c e ~b(ll(I).F) 1s  a Dl:-space.

(2) If F = indFn i s  a  r e t r a c t i v e  L B - s p a c e ,  t h e n
n+

@ : indYb(ll(I),Fn) + Yb(ll(I), ind  En)
n+ n+

is a topologica1 isomorphism.

(3) For every 1 < p < m there exist reflexive LB-spaces ind F- n

s u c h  t h a t @ : indyb(lP,Fn)
n+

+ Yb(lP,indFn)  i s  notnzpen.
n+

I n  s e c t i o n  f i v e - w h i c h  i s  t o  a  l a r g e  e x t e n t  d u a l  t o  s e c t i o n

f o u r  - w e i n v e s t i g a t e another s p e c i a l c a s e  o f p r o b l e m  (*) :
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Let F be a Banach space a n d  E  b e  a  F r é c h e t  s p a c e , represented

as the p r o j e c t i v e l i m i t projEn of a pro j ect ive s e q u e n c e  o f
+n

B a n a c h  s p a c e s  En (neIN).

W h a t  c a n  b e  s a i d  a b o u t  yb(E,F)? I n  particular, i s  t h e  c a n o n i c a 1

map
y : i n d  Yb(~n,F) + -4Pb(proj  E,.F)

n+ +n

a topologica1 isomorphism?

W e  p r e s e n t  t h e  f o l l o w i n g  r e s u l t s :

( 1 ’ )  F o r  e v e r y  F r é c h e t  s p a c e  E  t h e  s p a c e  yb(E,lm(I)) i s  a  D F - s p a c e .

( 2 ’ )  I f  E  =  projEn i s  a  q u a s i n o r m a b l e reduced p r o j e c t i v e  l i m i t
*n

of a sequence of  Banach spaces En,  then the map

Y :  i n d  pb(En,lm(I)) + Yb(E,lm(I))
n+

i s  a  t o p o l o g i c a 1  i s o m o r p h i s m .

( 2 ” )  L e t  E  =  projEn b e  t h e  s t r i c t  p r o j e c t i v e  l i m i t  o f  a  s e q u e n c e
+n

o f  B a n a c h s p a c e s  (i.e. the c a n o n i c a 1  p r o j e c t i o n s  E  + En

(neN) are al1 s u r j e c t i v e ) and l e t F be a Banach space

w i t h  t h e  i e x t e n s i o n  p r o p e r t y  f o r  s o m e  x 2 1 .  T h e n

‘4’  :  i n d  pb(En,F)  + yb(E,F)
n-+

i s  a  t o p o l o g i c a 1  i s o m o r p h i s m .

( 3 ’ )  F o r every 1 c q 5 m there e x i s t r e f l e x i v e  F r é c h e t  s p a c e s

E = projEn such that Y : inn:Yb(En.lq) -+ yb(E,lq) i s  n o t
+n

open.

Furthermore, a  d e t a i l e d  d e s c r i p t i o n  o f  s t r i c t  p r o j e c t i v e  l i m i t s

of  a sequence of  Banach spaces is  worked out.

1  w o u l d  l i k e  t o  t h a n k  P r o f .  D r .  W . R o e l c k e ,  w h o  f o r  y e a r s

p a t i e n t l y encouraged me t o  w r i t e such a  piece  o f  w o r k . Next



152 S.Dierolf

1 would like to thank my husband Prof.Dr.P.Dierolf, who pointed

out to me the c o n t e x t  o f spaces yb(E,F) a s  a n  i n t e r e s t i n g

field of research. Finally 1 would like to thank Prof. Dr.K.Floret

and Dr.A.Defant, who took attive interest in my investigations,

spent n u m e r o u s  h o u r s  o f  discussions  w i t h  m e  o n  t h i s  s u b j e c t ,

and made many helpful comments.



On spaces of cor JOUS linear . . . 153

NOTATIONS AND TERMINOLOGY

Let E be a locally convex space. By ‘7co  ( E  1 w e  denote t h e

f i l t e r  o f  al1 z e r o - n e i g h b o u r h o o d s  i n E and by a(E) the system

o f al  1  bounded subsets of E. E’ denotes t h e  t o p o l o g i c a 1  d u a l

of E and E* i t s  a l g e b r a i c  d u a l .  F o r  a  dual  p a i r  c F,G> w e  denote

by u(F,G), B(F,Gj. -r(F,G)  t h e  w e a k ,  t h e  s t r o n g ,  a n d  t h e  M a c k e y

t o p o l o g y  o n  F , r e s p e c t i v e l y , whereas by B*(F,C) w e  denote

t h e  t o p o l o g y  o n  F  o f  u n i f o r m  convergente  o n  al1 B(G,F)-bounded

subsets  o f  G . We w i l l  w r i t e  ES,Eb,  a n d  El,* i n s t e a d  o f  (E,o(E,E’)),

( E ,  B(E,E’)), (E,B*(E,E’)), r e s p e c t i v e l y ,  a n d  u s e  s i m i l a r  n o t a t i o n s

f o r  E ’ i n s t e a d  o f  E . For a subset A in E we denote by T A  i t s

a b s o l u t c l y c o n v e x  hull , by [A-l i t s  l i n e a r  s p a n ,  a n d  b y  A”:=

{feE’: /f(x) 1 5 1 for al1 xeA .t its polar. A subset A c E is called

tota1 in E if its linear span I Al is dense in E. - Given a

1 inear subspace L c E, we denote b y E/L the c o r r e s p o n d i n g

q u o t i e n t  s p a c e  p r o v i d e d  w i t h  t h e  q u o t i e n t  t o p o l o g y .

L o c a l l y  c o n v e x  s p a c e s  a r e  n o t  t a c i t l y  a s s u m e d  t o  b e  H a u s d o r f f .

T h u s  w e  will s p e a k  o f p s e u d o m e t r i z a b l e  l o c a l l y  c o n v e x  s p a c e s

E (which meansthat Qo(E) has a countable basis)  and of  seminormable

spaces E  ( w h i c h means that E has a  b o u n d e d and a b s o l u t e l y

c o n v e x  z e r o - n e i g h b o u r h o o d ) .

IK stands for one  of t h e  scalar  f i e l d s  I R  o r  (f,  IR: denotes

t h e  s e t  o f  ( s t r i c t l y  ) p o s i t i v e  rea1  n u m b e r s ,  a n d  I N  =  {1,2,3,...}

t h e  s e t  o f  p o s i t i v e  i n t e g e r s .

A map f : E + F  b e t w e e n t w o  l o c a l l y  c o n v e x  s p a c e s  E ,  F

i s  c a l l e d  a t o p o l o g i c a 1  i s o m o r p h i s m  i f  f  i s  a  l i n e a r  h o m e o m o r p h i s m
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onto F. T h u s  a  t o p o l o g i c a 1  i s o m o r p h i s m i s  b y  d e f i n i t i o n  a l w a y s

s u r j e c t i v e . If a map f : E + F  h a s  t h e  p r o p e r t y  t h a t  t h e  i n d u c e d

map E + f(E), x * f ( x ) ,  i s a  t o p o l o g i c a 1 isomorphism (where

f(E) c a r r i e s t li e relati\,e t o p o l o g y i n d u c e d  b y F) 9 t h e n  w e

w i l l  cali f  a  t o p o l o g i c a 1  i s o m o r p h i s m  o n t o  i t s  rangc.

G i v e n  a  f a m i l y  ( E ,  )  ieI o f  l o c a l l y  c o n v e x  s p a c e s ,  w e  denote

by HEIeI 1 the c o r r e s p o n d i n g  p r o d u c t space p r o v i d e d  w i t h the

product topo1ogy a n d  b y l$IE  I i t s  l o c a l l y  c o n v e x  d i r e c t  s u m .

P K: leIII E, + EK ,(X1  ) IEI * ‘K> denotes  t h e  c a n o n i c a 1  p r o j e c t i o n

and J, : E, + ,fIE,, x I+ (&,,x) ,eI (where 6 :=1.  if 1  = K )
IK 0 I#K

stands

for the natura1 injection ( K~I).  If E,  = E for al1 ieI, w e

w r i t e EI i n s t e a d  o f lgIE* We also use the n o t a t i o n s w for

P= ngmIK a n d  ‘9 f o r  .C& M.

Let E be a linear space. If (x, ) t, IS a family in E such

that K:={ieI: x,# 0) i s  f i n i t e , l e t ,4 I x , = r1 KX, * If (* A e1

is a family of subsets i.n E such that OeA, (reI), let c A, :=1 e1

KcI ,K”f initb c AieK I’ F i n a l l y ,  i t  (Ei ) leI i s  a  f a m i l y  o f  l i n e a r

spaces  and A, a  subset o f  E , containing 0 (1.~1).  we will sometimes

use the notation  1 A ,leI i n s t e a d  o f lgIJl(Al)  (=I~I*Pl$!I%)  ClgIE,-
As f a r  a s  t h e  g e n e r a l  l o c a l l y  c o n v e x  t e r m i n o l o g y  i s  concerned,

w e  f o l l o w  J.Horvath [16-i a n d  G.Kdthe  120,21].
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91. THE SPACE yf’(E.F)

L e t  E  a n d  F  b e  l o c a l l y  c o n v e x  s p a c e s ,  a n d  l e t  Y(E,F) denote

t h e  v e c t o r space o f  al1  c o n t i n u o u s  l i n e a r  m a p s  f r o m  E  i n t o  F .

L e t  & b e  a  subset o f  t h e  s e t  g(E) o f  al1  b o u n d e d  subsets o f  E .

B y  aCk(E,F) w e  denote t h e  s p a c e  aP(E,F)  p r o v i d e d  w i t h  t h e  t o p o l o g y

o f  u n i f o r m  convergente  o n  al1  s e t s  i n  ~2’. a n d  w e  u s e  t h e  abbrevia-

tion
%

i n s t e a d  o f JR (EX). C l e a r l y , YA(E,F) i s  a  l o c a l l y

c o n v e x  s p a c e .  T h e  s e t s

@‘(M,U):={TeY(E,F):T(M) c  U) ( M e  K,Ue  o//~(F))

f o r m  a  s u b b a s i s  o f  ?Vo(YA  (E,F)); t h e y  f o r m  a  b a s i s  o f  Q,(y&(E,F)),

if .kf is s t a b l e u n d e r  f i n i t e  u n i o n s . I t  s h o u l d  b e  m e n t i o n e d

t h a t  t h e  notation W(M,U)  i s  n o t  w i t h o u t  a m b i g u i t y  since n e i t h e r

E  n o r  F  o c c u r  i n  t h e  s y m b o l .  N e v e r t h e l e s s  w e  w i l l  s o m e t i m e s

use t h i s n o t a t i o n , w h e n  i t w i l l  b e clear from the c o n t e x t

w h i c h  s p a c e s  E,F  a r e  u n d e r  c o n s i d e r a t i o n .

I m p o r t a r i t  e x a m p l e s  o f  s e t s  4V a r e ,  f o r  instante,

the set 9(E)  of al1  finite subsets  of E; we write y-;(E.F)

a n d  E; i n s t e a d  o f  J?$,,(~)  (E,F) a n d  E&(E) =  (E’ ,u(E’  ;E)),

r e s p e c t i v e l y ;

t h e  s e t  V ( E )  o f  al1 c o m p a c t  subsets  o f  E;

t h e  s e t  O ( E )  o f  al1  b o u n d e d  subsets  o f  E; w e  w r i t e  c;Pb(E,F)

and Eb i n s t e a d  o f  Yg(E)(E,F) a n d  E’rs(E) =  (E’,B(E’,E)),

r e s p e c t i v e l y .

Since %‘(MvU) is closed in dFs(E,F)  for every M c E and every

c l o s e d subset U c F, we obtain that 90(9M(E,F))  always has

a  b a s i s  c o n s i s t i n g  o f  s e t s  w h i c h  a r e  c l o s e d  w i t h  r e s p e c t  t o
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pointwise convergente. The identity map HA + Ys(E,F)

is continuous if d covers  E.

F i r s t  o f al1  we will collect some elementary statements

about the interrelations between the formation of FM(E .F)

and initial or fina1 locally convex topologies. Straightforward

proofs will be omitted.

( 1 . 1 . )  (See G.Kothe [21;p.151]  .)

Let E be a locally convex space and A?C 3?(E).

(a) For al1  l o c a l l y  c o n v e x  s p a c e s ,  F,G a n d  al1 S~Y~(F,G) t h.e

canonica1 linear map

uM(E.F) + -y,(E,G), T * S 0 T,

is continuous.

(b) Let G be a locally convex space and F c G a linear subspace.

Then the canonica1 injection

pA(E,F) + YA(E,G), T * J 0 T >

induced b y  t h e  i n c l u s i o n  m a p  J : F  - G ,  i s  a  t o p o l o g i c a 1

isomorphism onto its range.

(c) For every family (Fr ),eI of locally convex spaces, the map

-$@v AF,) + r&~$+FJ 9 T I-, (PloT)  ,eI’

is a topologica1 isomorphism.

( I n  fact, since  the map is bijective, it suffices to compare

s u b b a s e s  o f  Q, o f  t h e  demain  s p a c e  a n d  t h e range space;

t h i s  c a n  b e  done i n  t h e  u s u a l  w a y :  K.EI( P, 0 w(M,  riIlI,))=

= KEI~(M,UIC1 (Me&  Ure eo (reI), w h e r e (ieI:U,#F,)is

f i n i t e ) . )
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( d )  W h e n e v e r  a  l o c a l l y  c o n v e x  s p a c e  F  c a r r i e s  t h e  i n i t i a l

t o p o l o g y  w i t h  r e s p e c t  t o  a  f a m i l y  (F,  ),eI o f  l o c a l l y ,  c o n v e x

spaces and l inear maps S,  :  F  + F  , (teI), t h e n  z&(E.F) c a r r i e s

t h e  i n i t i a l  t o p o l o g y  w i t h  r e s p e c t  t o

Y(E,F) -+  P&(E,F,), T *S, 0 T, (1 E I ) .

( I n  fact, t h i s  s t a t e m e n t  f o l l o w s  e a s i l y  f r o m  ( b )  a n d  ( c ) .

Remark:  T h e  question  w h a t  h a p p e n s  if F  c a r r i e s  a  f i n a 1  l o c a l l y

c o n v e x  t o p o l o g y  ( e . g . , i f  F  i s  a  d i r e c t  s u m  o r  a n  induttive l i m i t )

i s  m o r e  i n v o l v e d  a n d  will b e  dealt  with later; see (l.ll),(Z.lO),

(2.11),(4.2),(4.7).(4.8),(4.12),(5.16)(d).

( 1 . 2 )  (See G.Kothe  [21;p.147]  .)

L e t  F  b e  a  l o c a l l y  c o n v e x  s p a c e .  R o u g h l y  s p e a k i n g ,  w e  w a n t

t o  f i n d  a  c o n n e c t i o n  b e t w e e n  s p a c e s yN (E1.F) a n d
1

y$ (E2.F)
2

with r e s p e c t  t o 1 inear cent inuous maps El + E2.  New  clcarly,

one cannot say anything unless the systems .li behave  w e l l

under continuous 1 inear maps. T h u s  w e will f o r the moment

assume t h e  f o l l o w i n g s i t u a t i o n : Let A be a functor from the

c a t e g o r y o f  l o c a l l y  c o n v e x  s p a c e s  i n t o  t h e  c a t e g o r y  o f  s e t s ,

w h i c h  a s s i g n s  t o  e v e r y  l o c a l l y  c o n v e x  s p a c e  E  a  subset M(E) c  B(E)

such t h a t  T (  M ( E ) )  c  A(F) f o r  al1 l o c a l l y  c o n v e x  s p a c e s  E,F

a n d  al1  TeY’(E,l) . (The s y s t e m s  9(E), V ( E ) ,  B(E) a n d  m a n y

o t h e r s arise  f r o m  s u c h  a  f u n c t o r i a l concept  . ) I t  w i l l  c a u s e

n o  c o n f u s i o n  w i t h  o u r  p r e v i o u s  n o t a t i o n s  i f  w e  w r i t e yM(LF)

instead of  y&(R) (E ,F)  .

( a )  F o r al1 l o c a l l y  c o n v e x  s p a c e s  E,H a n d  e v e r y  SePY(S,H)

the canonica1 l inear map:
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$&H,F) + p&(E,F), T  » T  0 S ,

is continuous.

(In fact, l e t Me.,@(E) and uet~~(F)  - Then S(M)e A(H) and

71 (S(M)  .u) 0 S cw(M,U).)

(b) Let E be a locally convex space, let L c E be a linear

subspace, and let Q : E -f E/L denote  t h e  q u o t i e n t  m a p .

Assume that for every M e & (E/L)  there  exists a finite
- - -  _ -_

subset  J(- c d(E) such that rQ(  u M)  > M. Then the canonica1

injection

2’ (E/L,F)+Y ( E , F ) ,  T  -t T  0 Q ,Jz7 45t
is a topologica1 isomorphism onto its range.

(In fact, b y  t h e injectivity and c o n t i n u i t y  o f the map,

it suffices to show that for every Me&‘(E/L)  and LI = me Goa(F)

the set W(M,U) O Q  i s  a  z e r o - n e i g h b o u r h o o d  i n  t h e  r a n g e

of the map. Choose .,V  c  A(E) according  t o  t h e  h y p o t h e s i s .

Then W : = NenJ w(N,U)e  qo(YA(E,F)) a n d  w h e n e v e r  T  0 Q  EW ,
_-__  - -

then T(M) c T(PQ(u&‘)  c TNyN(T 0 Q)(N) c TU = U.)

(c) For every f a m i l y  (E, )  ,eI o f  l o c a l l y  c o n v e x  spaces,  t h e

map

sd Ig!IE ,lF) + ,&@E,3). T  ‘+ CT  0 J,lleI  9

is a topologica1 isomorphism.

( In  fact, it  again suffices to show that for every Me.&?(,&E,  )

a n d  U=  Oe Q , ( F ) ,  t h e  s e t ,$( Y# (MvU) 0 J, ) belongs to

@OC
,e, Y$,(E I ,F)). B y  t h e  c o n t i n u i t y  o f  t h e  p r o j e c t i o n s

P,: gE +E,KI K (leI)* we have that P, (M)e .k(E.,  ) (1 EI ) .

Moreover, as M is bounded in ,&E, , the set K:={r eI:P, (M) $51

i s  f i n i t e . 1N o w  p u t  f, :=w(P, ( M ) ,  -card K U) c 9 CE,  .F)
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(1 e1). Then i!I W, e .yo(  ,gI yA(E1  ,F))  a n d  w h e n e v e r

(T,),eI e ,eI%$ a n d  (x,),eI e M c ,&E,, then

,&T,(x,~  = lEKT, (x,) + I~I\KTJXJ e l$K & uitmc cl = u;

hence (T,),,I e ,iI( WLM,U) o .Jl)  .)

( d )  L e t  E  b e  a  l o c a l l y  c o n v e x  s p a c e  c a r r y i n g  t h e  f i n a 1  localiy

convex topology with respect to a family (E ,), eI of locally

convex spaces and linear maps S, : E, + E. - Suppose that

f o r  e v e r y  M  e A’(E) there e x i s t s  a finite subset K c 1

and for every 1 e K a finite subset y; c ,&(E, ) such that

M c <y,S, (\:<N;  ) .

Then yd(E,F) c a r r i e s  t h e  i n i t i a l  t o p o l o g y  w i t h  r e s p e c t

t o  Y(E,F) +p&(E,  .F) > T » T 0 S, 1 (IEI).

( I n  fact, i f  U&(E)  c (0 E , then T*(E,F)  carries the coarsest

topology and there is nothing to prove. Thus we may assume

that U&(E)  $ {-OTE. Since  f o r  e v e r y  xeE\{-o) a n d  e v e r y  yeE

there is TeIP (E,E)  such that T(x) = y. we obtain by the

functorial properties of .k’ that A%‘(E) covers  E. Now one

deduces  f r o m  t h e  above h y p o t h e s i s  t h a t &S, (E, )  i s  d e n s e

in E, whence iEISi  ( E  ,) =  E  ( a s  E  c a r r i e s  t h e  f i n a 1  l o c a l l y

convex topology); now the assertion follows from (b) and (c).)

Remark:  T h e  question what happens i f  E  c a r r i e s  a n  i n i t i a l

t o p o l o g y  ( e . g . , if E is a product  space o r  a p r o j e c t i v e  l i m i t )

is  again more involved and will be dealt  with later; see (1.12),

( 2 . 1 3 ) .  ( 2 . 1 4 ) .  ( 5 . 2 ) .  (5.3),  (5.7),  ( 5 . 8 ) .  ( 5 . 9 ) ;  ( 5 . 1 5 ) .

W h e n e v e r  E,F a r e  l i n e a r  s p a c e s , f  a  l i n e a r  f u n c t i o n a l  o n

E and yeF, we denote  by f 64 y the linear map
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fOy:E +F, x  v+f(x)y .

T h e  f o l l o w i n g  w e l l - k n o w n  p r o p o s i t i o n  (see  G.Kothe [21;p.132  (2’)])

ostab!ishes  a c o n n e c t i o n  b e t w e e n Y&(E,F) a n d  t h e  s p a c e s  Ei

and F.

( 1 . 3 . )  L e t  E,F b e  a  l o c a l l y  c o n v e x  s p a c e s  a n d  l e t x@  c O ( E ) .

( a )  F o r  e v e r y  y  e  F\m t h e  m a p

0: Ei Y$(E,F), f4+ f  0 y  ,

i s  a  t o p o l o g i c a 1  i s o m o r p h i s m  o n t o  a  t o p o l o g i c a l l y  c o m p l e m e n t e d

subspace o f  yM(E.F).

( b )  A s s u m e  t h a t  UJ# i s tota1 rn E. T h e n  f o r  e v e r y  feE’\{O}

the map

‘4: F + ~A(E,F), Y++f@Y 9

i s  a  t o p o l o g i c a 1  i s o m o r p h i s m  o n t o  a  t o p o l o g i c a l l y  c o m p l e m e n t e d

subspace o f  9’Y’(E  .F) .

Proof. C l e a r l y ,  Q and y a r e  b o t h  l i n e a r ,  c o n t i n u o u s ,  a n d

injective.

(a) Let P : F + F  b e  a  c o n t i n u o u s  l i n e a r  p r o j e c t o r  s u c h  t h a t

P(F) = [Y]. F o r  e v e r y  TeY’(E,F) there e x i s t s  a unique

fT e E’ such that P 0 T = fT P y. The map

i :y$(E,F)  + Si , T ‘-. fT

i s  l i n e a r ,  c o n t i n u o u s ,  a n d  & o@ e q u a l s  t h e  i d e n t i t y  m a p ;

c o n s e q u e n t l y ,  Q 0;  :  Y&(E  ,F) +aP  ( E , F )  i s  a  l i n e a r  c o n t i n u o u s
e4-f

p r o j e c t o r  o n t o  @(El), w h i c h  f i n i s h e s  t h e  p r o o f  o f  ( a ) .

(b) Since f#O and U,H is tota1  in E, there is xeul such

t h a t  f ( x )  # 0 .  T h e  m a p

b :y&(E,F) + F, T * -&T(x) ,
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i s  l i n e a r , continuous and P 0 Y equals the identity map:

consequently, yoy is a linear continuous projector onto y(F),

which finishes the proof of (b).

Thus, as EA and F can be looked  upon as complemented subspaces

o f  ~M(E,F),any reasonable property that y&(E,F)  m i g h t  have,

belongs a l s o  t o  E ’J5t and to F. In this situation one may ask

what can be said about the converse implication.

(1.4) Question: Given two locally convex spaces E and F, such

t h a t  E’
dtv

and F both have a certain p r o p e r t y  ( I P ) ,  d o e s  t h e n

.$‘&(E,F) a l s o  p o s s e s s  t h i s  p r o p e r t y  ( a t least under reasonable

additional hypotheses)?

One h a s  f o l l o w i n g  c l a s s i c a 1  r e s u l t  o f  t h i s  t y p e due to

A.Grothendieck [lS;Intr. ;p.9]:

THEOREM.  Let E and F be two Hausdorff locally convex spaces such

t h a t  y(E,F) = (iP(E,FS)  .  (This assumptio:? is satisfied,if,for

instante, E is a Mackey space.) Moreovez  let Acg(E)  satisfy

u.&= E.

~f E'
A?

a nd F  are complete, then also yM(E,F)  i s  c o m p l e t e .

Remark.The  hypothesis that “Y&;(  = E cannot be dropped as

the following example shows.

L e t  E  denote  a  product  ,$IE, of Banach spaces which contains

the space cp a s  l i n e a r  s u b s p a c e .  T h e n  cp i s  n o t  c o m p l e m e n t e d

in E as E is a Baire space and cp i s  n o t . Let -‘@:={B c  E : B

is finite and Bc cp] and put F:=cp. F is clearly complete; moreover,

the Hausdorff locally convex space associated  with E’ ( i . e .  ,the.
q u o t i e n t  EA / (Cl?@

dl?
) is topologically isomorphic to cp’,=~p’~=w,
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hence c o m p l e t e .  E ,  b e i n g  a  Baire s p a c e ,  i s  c e r t a i n l y  a  M a c k e y

space. W e  w i l l  s h o w  n o w  t h a t  y‘(E,F) i s  n o t  e v e n  s e q u e n t i a l l y

c o m p l e t e .  I n  fact, choose a n  i n c r e a s i n g  s e q u e n c e  (Ln)na o f  f i n i t e

d i m e n s i o n a 1  linear s u b s p a c e s  o f cp s u c h  t h a t cp= n”&Ln.  F o r

e v e r y  neN l e t  Tne Y(E,F) b e  s u c h  t h a t  T , ( E )  =  Ln a n d  Tn(x)=x

f o r  al1 xeLn. T h e  s e q u e n c e  (Tn)nm i s  c l e a r l y  a  C a u c h y  s e q u e n c e

in T&(E, F) . Assume that (Tn)neIW converges  t o  a  m a p  T  i n  P”(E,F).

Then T(x) = x f o r  al1  xeULneIN n = ‘P=  F, w h i c h  i s  c o n t r a d i c t o r y

t o  t h e  fact t h a t  cp i s  n o t  c o m p l e m e n t e d  i n  E .

One  w o u l d  l i k e  t o  have  t h e  above  t h e o r e m  o f  A.Grothendieck  a l s o

v a l i d ’ f o r  o t h e r  compieteness  properties s u c h  a s q u a s i c o m p l e t e n e s s ,

s e q u e n t i a l  c o m p l e t e n e s s ,  l o c a 1  c o m p l e t e n e s s ,  i n s t e a d  o f  c o m p l e t e n e s s

i t s e l f  ( c f . G.Kothe  [21; p.1431). I n  o r d e r  t o  provide  a  g e n e r a l

statement covering al1 the above cases,  w e w i l l i n t r o d u c e

t h e  f o l l o w i n g  a b s t r a c t  concept.

( 1 . 5 )  L e t  JZ/  b e  a  f u n c t o r  f r o m  t h e  c a t e g o r y  o f  l o c a l l y  c o n v e x

spaces and c o n t i n u o u s  l i n e a r  m a p s  i n t o  t h e  c a t e g o r y  o f  s e t s

and maps, w h i c h  s a t i s f i e s  t h e  f o l l o w i n g  t w o  c o n d i t i o n s :

( a )  F o r  e v e r y  l o c a l l y  c o n v e x  s p a c e  E  t h e  s e t d(E) i s  a  subset

o f  t h e  p o w e r  s e t  Y(E) o f  al1 subsets  o f  E .

( b )  W h e n e v e r  E ,  F  a r e  l o c a l l y  c o n v e x  s p a c e s  a n d TeY(E,F),

t h e n  d(T) :  d(E) e&(F) s a t i s f i e s  &(T)(A)=T(A) f o r  al1 Aed(

I n  o t h e r  w o r d s :  d a s s i g n s t o  e v e r y  l o c a l l y  c o n v e x  s p a c e  E

a set d(E) of subsets  of E such that T(.d (E)) c d(F) for

al1  Te9 ( E , F ) . ( C o m p a r e  w i t h  t h e  f u n c t o r  J.@  introduced  i n  ( 1 . 2 )

w h i c h  i s  a  s p e c i a l  c a s e  o f  t h e  above  notion.)
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(1.6) Definition. Let S#  be a functor as described in (1.5). and

let E be a locally convex space.

A subset  D c E is called an d-complete subset of E, if for every

Ae& the intersection AnD is contained in a complete subset  ofD.

E is called an .&-complete  l o c a l l y  c o n v e x  s p a c e , if E is

an &-complete subset  of itself.

A subset  D c E is cal.led .zJ-closed  i n  E ,  i f  A.-il-DE c D for

al1 A  e & ( E ) .

(1.7) Remark.  Let&  be as in (1.5).

(a) A locally convex space E is &-complete if and only if

iiE is complete for every Ae&(

(b) An d-closed subset  D  o f  a n 2z?  -complete locally convex

space E is d-complete in E.

(cl An d-complete subset  L  o f  a  l o c a l l y  c o n v e x space E which

is also a linear subspace, is  an &-complete locally convex

space.

(d) Arbitrary products of d-complete locally convex spaces

are again &-complete.

Proof. (a) If A is contained in a complete subset  D, then

AE  i s  a  closed  subset  o f  t h e  c o m p l e t e  subset  DE.

( b )  L e t  Ae& ( E ) .  Since  AE i s  c o m p l e t e ,  a l s o  A-6DE i s  c o m p l e t e

and clearly AnD c Ar\TSE c D.

(c) holds since  by (1.5) every Ae& belongs to d(E).

(d) Let (E, ) ieI be a family of &-complete locally convex

spaces and let Aed ( iEIE, ). Then, by (1.5). the set P, (A)
- -

belongs to d(E 1) for every I EI.  Now, by (a), P,(A) is a complete
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subset of E i (I e1). T h u s & P, (A) is a complete subset  of

, &IE, which contains A.

(1.8)  PROPOSITION.  Let  d be functor  a described  i n  ( 1 . 5 ) .

Let E,F be locally  convex  spaces  such that 9 (E,F)= 9(Z,Fs)  and

let ICB(E) satisfy ~dfif= E.

If E'
JN

and F are d-complete, then alsos(E ,F) is @'-complete.

Proof. If a locally convex space G  c a r r i e s the coarsest

toPologY  9 then also y&(E,G)  carries the coarsest topology. Thus,

by (1.1) (cl. we may assume that F is Hausdorff. - Let AE&(~~(E.F)).

We have to show that A is complete or - equivalently (see

[26;0.45]) - t h a t  e v e r y  C a u c h y  n e t CT1 ) l . e1 in A converges

i n  9& (E,F).

Let  CT,  II EI b e  a  C a u c h y  n e t  i n  A .  T h e  i n c l u s i o n  $(E,F) + FE,

where FE carries the product t o p o l o g y ,  i s continuous since

u.M=  E . B y  ( 1 . 7 )  ( d )  t h e  p r o d u c t  s p a c e FE is &-complete.

Therefore (T, )ieI converges in FE to a map T : E + F, which

is linear as F is Hausdorff.

Next we will show that T is continuous. Because of p(E,F) =

9(E,Fs)  i t  s u f f i c e s  t o  s h o w  t h a t  foTeE’  f o r  al1 feF’. L e t

feF’  . The map y&(E,F)  + Ei ,S»f 0 S, is linear and continous

b y  (1.1)(a).  M o r e o v e r ,  5 i s d-complete, whence (foT  i) I eI

converges in E’M to some geE’. In particular, (foTi) ,eI converges

to g i n  lKE provided with the product topology. On the other

hand, by the continuity of f, the net (f 0 T, ) 1  eI converges

to fa T in ME. T h e r e f o r e  fo T  =  g , whence f 0 T is . continuous.

Finally, since @o(y$(E,F)) has a basis consisting of Zs(E,F)-
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closed  s e t s a n d  (T,),eI c o n v e r g e s  t o  T  i n  Ys(E,F), w e  o b t a i n

that CT,) ,eI converges to T in Y’(E,F).

(1.9) In order to show that Proposition (1.8) has many applications,

we give a list of comp.leteness  properties which are of type”&-complete”.

complete: put d(E) : = .9(E)

quasicomplete: put d(E) := g(E) ;

p-complete: put&(E):= { AcE; A is precompact 1 ;

sequentially complete: Put d(E):= 11 xn:neEV}:  (xn)nti e I?

is a Cauchy sequences in E};

convex compactness property (in the sense of A.Wilansky  [3O;p.134]):

put d(E) := {TK: K is a compact subset of E 1 ;

metric convex compactness property: put d(E) := {T K: K is a

compact and pseudometrizable subset  of E};

locally complete (in the sense of “Mackey sequentially complete”,see

P . D i e r o l f  [lo]):

p u t  d ( E ) : =  {T( Cxn:neIN1):  (x~),.~~I? c o n v e r g e s  t o  z e r o )

( o r  d ( E ) : =  {{x, :  n  e N): (x~)~~IN” ElN is a loca1 Cauchy sequence}).

(1.10) Remark.  Semireflexivity does not behave well in the

situation of (1.4). In fact, the Banach space yb(12,12)  contains

an isometric copy of 1 m and is thus not semireflexive. This

example shows t h a t  Yb(E ,F) d o e s  n o t inherit separability from

Eb and F.

We will insert now two more compatibility statements of

t y p e  (1.1)(c)  a n d  ( 1 . 2 ) ( c )  ( c f . G.Kothe [21;p.151  (12);p.148 ( 5 ) ;

p.149 (8)]), which are less  obvious than (1.1) and (1.2).
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CONVENTION. Let E be a locally convex space and -,@C%(E).

We introduce the notation d4?:= { UN: NcJl i s  f i n i t e } .

Then, f o r  e v e r y  l o c a l l y  c o n v e x  s p a c e  F  one h a s JQ,(E,F)  =

PiCE  ,F) and the sets W(M,U)  (Mei , Lle.JYTO(F))  f o r m  a  b a s i s  o f

QoWd (E.F)).

(1.11) PROPOSITION.Let  E be a locally convex space, let ,&' c&?(E),

and let (TIte be a f a m i l y  of Hausdorff locally convex spaces.

(a) The c,anonical  map

i s  linear,continuous, and injective.

( b )  Let E satisfy: There  exists  a tot.31 subset  XcE such that

(XnlnV&  e x IN (Pn>n&W"@q)  N
Ip,x,:ndNl e B(E).

Then @ is also surjective.

(c) Assume that 1 is countable  and that U,&f is tota1  in E.

Furthermore  let&g(E)  be such that (compare Definition (2.1))

(*)  (Mn)$&Ne im (Pnln&  2 mq) IN n”a P,  Mn  e N.

Then @ : &-y# (E*F,) + YN(E,I$&  F , )  is open.

Proof. (a) Linearity and injectivity are obvious; continuity follows

from (1.1)(a).

( b )  L e t  Te9 (E , $IFi )* A s s u m e  t h a t  f o r  e v e r y  f i n i t e  subset

K  c 1  w e  have t h a t  T ( E )  # FK:= ,EKJ1 (F, ). T h e n  w e  i n d u c t i v e l y

f i n d  a n increasing s e q u e n c e  (Kn)na o f  f i n i t e  subsets  o f  1

and a sequence (Xn)nelN in X such that T(xn)eFK \ FK (here
n+l n
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we use that F K is a s e d  l i n e a r  subspace  i n ,$IF, as al1 F,

are Hausdorf f) . Let P,,),.~w” (R:)IN be such that B:= {p nxn:neIN}

is bounded in E. T h e n  T ( B )  i s  a  b o u n d e d  subset  o f  Fu
INKn ’

hence

contained  i n some FK cagain u s i n g  t h e  fact t h a t al1 F1 are
m

Hausdorff), which is a c o n t r c d i c t i o n  t o T( P,x,)P~ . Thus

T(E) C FK f o r  s o m e  f i n i t e  subset  K  c  1 ,  w h e n c e  T=@((P,omT) reI)e

e @(&6p(E.F,)).

(c) We may assume that  1 = IN. Since  the hypotheses of (c) imply

those of (b), the map 8 is surjective.

Let U e @o(n’&N9’~ (E,Fn)). There a r e  s e q u e n c e s  (Mn)neIN eiN

and (Vnlna e n$IN qo(Fn)  such that nZ&N  W(Mn.Vn)  c IJ .By hypothesis

there  is ( ~~1,~~ e CR;) IN such that: N: = nUEWpnMn e .N .

Now ngN WMn9Vn)  Jn&“W(N,  P,V,)  and n&N~nVn  belongs to o(,.&N  Fn).

Thus it remains to prove that W(N ,nc~~nVn) c @ Cn& W-CN,  pnVn))  .

L e t  T e  W (N,,E& PnVn).  B y  t h e  .surjectivity o f  0 ,  there  i s

(Tn)neIN ’ n(&N  A?(E ,F,) s u c h  t h a t  n&NJn  o Tn = T. F o r  e v e r y  nelN

a n d  xeN one h a s  Tn(x)  =  P,(T(x))ep,V,,  w h e n c e  TneW  ( N ,  p,V,).

Remark.  The hypothesis that al1 s p a c e s  F, b e  H a u s d o r f f  i s

essential for (b) and (c). In fact, every linear map T:E +r&{TF1

is continuous; thus > if E is infinite dimensiona1 and if for

infinitely many 1 e1 the space F, is not Hausdorff,  we easily

find Te9  (E.I&F,) which does not belong to the range of @ .

Statements i n  (2.11),(2.12),(2.15)  ( a )  w i l l  s h o w  t h a t  t h e

o t h e r  h y p o t h e s e s  o f  ( b )  a n d  ( c )  a r e  a l s o  i n d i s p e n s a b l e  ( a n d

even sharp). Cf. also (2.10).

Naturally, our n e x t  a i m  w i l l  b e  t o  p r o v e  a  s t a t e m e n t  “dual”
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to (1.11) ,i.e., to investigate spaces of the form G( l&E, .F).

For this purpose i t  w i l l  b e  convenient  t o  s t a r t  f r o m  a  f u n c t o r

A a s described i n  ( 1 . 2 )  r a t h e r  t h a n  t o  consider  s y s t e m s

~2 c B(,gIE,), Al ca (E ,) (1~11.

(1.12) PROPOSITION. Let (E,&eI be a family of locally convex  spaces

and F be a Hausdorff locally COll".SX Sp.3C.9. MOreOVer, let

&? be a functor as described in (l-2),  i-e., JX a s s i g n s  t-3

evéry  locally convex  space E a set M(E) c B(E)  such that T(,&‘(E))c/Lf(G)

far al1 Tep(E,G). (we will again  write  p&(E,G) instead of

-Y,H(E)(E*G)-)

is linear, continuous, and injective.

(b) Let F satisfy the following condition:

There e x i s t s  a COarSel- Hausdorff locally COll"eX topology

g OR F such that

(“n)neN t: Q~(F.c?II IN (un)na 2 (LlR:)” n%‘nUn”  *O*

Then * is also surjective.

(c) Assume that 1 is countable. Let NC28( &E,)  be such that

II M,e.H far
lEI ~11 (M,)  ,eI~,$l ,flTE,),and  let F satisfy the

following condition (compare with Definition (2.1))

(“) (UnIn* OR:)" $fn uI, e ao(

2'hen Y : 69
IE I E, *FI is open.



O n  s p a c e s  o f  c o n t i n u o u s  l i n e a r . . . 169

Proof. ( a )  L i n e a r i t y and i n j e c t i v i t y  a r e obvious; continuity

f o l l o w s  f r o m  ( 1 . 2 ) ( a ) .

( b )  L e t  T  e P’( ,gIE,  , F ) .  A s s u m e  t h a t  f o r  e v e r y  f i n i t e  subset

K c 1 we have  that T( ltI,K E, ) # { 03 . Then we inductively

f i n d  a  s e q u e n c e  (  i(n)),, i n  1 s a t i s f y i n g  i ( n )  # i(m) (n#m)

and a sequence (xnlneN e n&,$l(n) s u c h  t h a t  T(J,(n)  (xn))#O

(neN) ( w h e r e  JK : EK  + ,& E 1 denotes  t h e  c a n o n i c a 1  i n j e c t i o n

(KeI)). I n  fact, whenever K c 1, the set ,eI, KJI (E, )  i s  t o t a 1

i n I i!I\  KEi  ; c o n s e q u e n t l y , if T( ,gI,KJ, (Ei  )) = { 0 1 then

T(,:I\K  1E  )  =  {OI since F  i s  H a u s d o r f f .

F o r  e v e r y  neN there i s  Une  ylo(F,Y) s u c h  t h a t  T(J,(n, (x,))$U,.,

Let (unIna  e (R:)H b e  s u c h  t h a t  U:=n~~onbne~o(F). The sequence

(J I (n) (‘nXn))neN converges t o  z e r o  i n  ,EIE, ,  w h e n c e  T(J,(,)(omxm))e

e u c umUm f o r  large m  which  1s  a  c o n t r a d i c t i o n  t o  T(J,(m)(~m))$Um.

Thus T( izI,KE,  )= (0 1 for some finite subset K c 1, whence

T = ~(U”J,),EI) E ‘y:&%E ,F)).I
( c )  W e  m a y assume that I=IN. Since t h e  h y p o t h e s e s  o f  ( c )  i m p l y

t h o s e  o f  ( b ) , t h e  m a p  Y  i s  s u r j e c t i v e .

Let ue  @o(n&,&$AEnJ3). There  a r e  s e q u e n c e s  (Mn)na  e ,R&  i(En)

and (Vn)nae ao( s u c h  t h a t  n& ~(Mn,Vn) c  u .(*). B y

hypothesis there i s  (on)nti e (RT) IN such that V:= n~pnVn” Q/~(F).

(“1 B y  t h e f u n c t o r i a l  p r o p e r t i e s o f  & we have  t h a t 101  e J,‘(E)

f o r  al1 locally convex s p a c e s  E .  W e  t h u s  m a y  a s s u m e  t h a t

0  E Mn f o r  al1 ne!lN.
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Since homotheties are 1 inear and continuous, the functorial

properties of 6%’  imply that u,M,eA’(E,) (nelN),  whence N:=nEaanMne,lr

Now n$lN W (M,,V,)  1 ,,& W( o nMn,V),  a n d  i t  r e m a i n s  t o  p r o v e

that W(N,V) c Y(n&NW(onMn,V)).  Let TeW(N,V).  By the surjectivity

of Y there is (Tnlnm  e n& Y(En  , F )  s u c h  t h a t n5NTn 0 P,=T.

For every neN and XE u Mn n one h a s  Tn(x) = T(Jn(x))eT(N)cV,

whence Tne $&anMn ,V) .

Remark.  The hypothesis that F be Hausdorff is again essent ial

for (b) and (c). In fact, i f  F  c a r r i e s  t h e  c o a r s e t  t o p o l o g y ,

then every linear map ZIE +I F is continuous, not only those

which vanish on I& KE, for a suitable finite subset  K c 1.

Statements in (2.14). (2.15), (2.12) (a) will show that

t h e  o t h e r  h y p o t h e s e s  o f  ( b )  a n d  ( c )  a r e  a l s o  i n d i s p e n s a b l e .

Cf. also (2.13).



On spaces of continuous linear . . .  1 7 1

52. THE PROPERTIES (fsb). (cbc), AND (cric)

The a i m  o f this s e c t i o n  i s  t o investigate the quest ion

whether u,(E,F) inherit.s  f r o m  Ei and F such properties as

being barrelled, bornological , or quasibarrelled. Here the following

three properties of locally convex  spaces will play an important

role.

(2.1) DEFINITION. A locally convex space E is Said to

(a) have  (fsb) (= fundamental sequence of bounded s e t s )  i f

there e x i s t s  an i ncreasinq sequence (Bn)nm

of absolutely  convex  bounded subsets  of E such that

Seti ( E )  n?JN
B c Bn

(such  a sequence (Bn)na will be called  a fundamental

seguente  of bounded sets in E );

(b) satisfy (cbc) (= countablf! boundedness condition) if

(B 1n naNeB (EP
(pn)nwe m:jN n%?nBneg  (E) ’

(c) satisfy (cric) (= countable neiqhbourhood condition)  if

(UnIna  : +Y~(E)  IN

(Cf.(l.ll)  a n d  ( 1.12); the countable neighbourhood

condition has been defined by K.Floret  (in [13;p.222])

and others.

(2.2) Remarks.

( a )  W e  r e c a 1 1  t h a t  A . G r o t h e n d i e c k [14;p.63/64] has called

a  l o c a l l y  c o n v e x space E a DF-space, if E has (fsb) and if

E is countably quasibarrelled (i.e., every bornivorous intersection
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of a sequence of absolutely convex zero-neighbourhoods in E

b e l o n g s  t o  eo(E

E v e r y  D E - s p a c e  E  s a t i s f i e s  (cric). In  fact, l e t (Un)n~e90(E) IN

and let  (Bnlna be a fundamental sequence o f  b o u n d e d  s e t s

in E. We may assume that every Un is absolutely convex. For

neIN l e t on> 0 be such that Bn c unUn. Then nna unUn  is bornivorous

( a s  (Bn)nm  i s  i n c r e a s i n g )  hence a  z e r o - n e i g h b o u r h o o d  i n  E.

(See also K.Floret [13;p.223]  .)

(b) Seminormable spaces c l e a r l y  have ( f s b )  a n d  s a t i s f y  ( c b c )

as well  as (cric).

Moreover, a locally convex space E  w i t h  ( f s b )  s a t i s f i e s

(cbc) i f  a n d  o n l y  i f  EbX  i s  s e m i n o r m a b l e .  I n  fact ,if (Bn)neIN
is a fundamental sequence of bounded sets in E and if (Pn)n&q)N

is such that B:=nU~pnBne 58  (E) = @(Eb*)  , then the closed absolutely

convex hull of B is a bounded zero-neighbourhood in Eb*.

Let 1 be an uncountable set ; consider the Hilbert space

12(1)  and denote  by B its closed unit ball . The sets

cB + 12(I\ K) (e> 0 ,  K  c  1 countaole)

form a basis of %o(l‘(I).~) for some locally convex topology

9-n 12(I). One e a s i l y  v e r i f i e s  t h a t  9 i s  s t r o n g e r  t h a n  t h e

weak topology o(12(I),12(I)) a n d strictly coarser than the

norm topo1ogy. Moreover, (12(1), =y-) i s  a  D F - s p a c e .  ( I n  fact,

any bornivorous intersection V of a sequence of -y-zero-neighbourhoods

contains cB for some c > 0 and 12(1 1 K) for some countable subset K c 1.)

Consequently, (12(I)& has (fsb) and satisfies both (cbc) and (cric) without

being seminormable.
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(c) Pseudometrizable locally convex spaces satisfy (cbc) (J.Horvath

[16;p.116,Prop.3]). Moreover, for a pseudometrizable locally

convex space E on has:

E has (fsb) - E is seminormable - E satisfies (cric).

(The f irst equivalente follows f r o m  G.Kothe r2O.p.393  (2)],

the second is easy to verify.)

(d) Let E be a locally convex space. Then the following statements

hold.

Ca> E; satis.fies ( c b c )  - Eb* s a t i s f i e s  (cric);

(8) Ei s a t i s f i e s  (cric)  - E  s a t i s f i e s  ( c b c ) ;

(y)  Et, is  metrizable - E  h a s  ( f s b ) ;

(6) Eb has (fsb) - Eb* is pseudometrizable.

Al1 four equivalences follow by elementary duality arguments.

From (y)  and (a) one obtains

(E) E has (fsb) - Eb* has (fsb) and satisfies (cric).

We will insert now a brief study of the stability properties

o f  (fsb),(cnc), a n d  ( c b c ) .

( 2 . 3 )  C l e a r l y ,  ( f s b )  i s  s t a b l e  w i t h  r e s p e c t  t o  t h e  f o r m a t i o n

of linear subspaces and countable direct sums.

On the other hand, ( f s b )  f a i l s  t o  b e stable with respect

to uncountable drrect sums (consider a linear space of uncountable

dimension provided with the strongest locally convex topology)

and to countable products ( c o n s i d e r  w ). The completion of

a space w i t h  ( f s b )  need n o t  have ( f s b )  ( t h e  c o m p l e t i o n  o f

(  rp, o( cp,w)) i s  t o p o l o g i c a l l y  i s o m o r p h i c  t o  t h e  t o p o l o g i c a 1

product  KR). A  l o c a l l y  c o n v e x space E need not have ( f s b )
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even if it contains a linear subspace  L such that L and E/L

have (fsb) (see [27;p.27,3.4 Example]  ) . Furthermore, the

following example shows th’at  (fsb) is not inherited by quotients.

L e t  (E,.y) b e  a  l o c a l l y  c o n v e x  s p a c e  o f  c o u n t a b l y  i n f i n i t e

dimension such that every bounded set i n  (E,r) h a s  f i n i t e

dimensiona1 linear span and such that (E,y) contains a dense

1 inear subspace  L  o f  i n f i n i t e  c o d i m e n s i o n . Such a space can

b e  o b t a i n e d  a s  a  s u i t a b l e  l i n e a r  subspace  o f  I.Amemyia’s  a n d

Y.Komura’s separable incomplete Monte1 space (see  [l] and

[18]). L e t ?? be a metrizable but not normable locally convex

topology on the quotient space E/L, a n d  l e t  r denote  t h e  i n i t i a l

topology on E with respect to the identity map E -i (E,y) a n d

the quotient map E + (E/L,CV). By [27;p.22.2.9 Lemma], the quotient

topology Z/L is equa1 to 8 . T h u s  (E,s) i s  a  l o c a l l y  c o n v e x

space with (fsb) (the bounded sets in (E..Z?‘J have finite dimensiona1

l i n e a r  s p a n  a n d  t h e  d i m e n s i o n  o f  E  i s  c o u n t a b l e ) admitting

the quot ient space (E,S)/L=(E/L,CV )  w h i c h  c l e a r l y  d o e s  n o t

have ( f s b ) .

(2.4) The property (cric)  is stable with respect to the formation

of 1 inear subspaces, quotients, completions, and countable

direct sums (see  K.Floret [13;p.223.  Proposition]).

On the other hand, (cric)  i s neither stable with respect

to countable products (consider w a n d  u s e  ( 2 . 2 ) ( c ) )  n o r  w i t h

respect to uncountable direct sums ( i n  fact, i n  o r d e r  t o show

that r& IK d o e s  n o t  s a t i s f y  (cric) i t  s u f f i c e s  b y  ‘(2.2)(d)(8)

to prove t h a t  Ik? d o e s  n o t  s a t i s f y  ( c b c ) ; as (cbc) is clearly
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stable with r e s p e c t  t o 1 inear s u b s p a c e s ,  i t  i s sufficient

to show that ( cp, u( cp,~)l c IK! does not s a t i s f y  ( c b c )  w h i c h

clearly holds).

We finally show: Let E be a locally convex space containing

a  l i n e a r subspace  L  s u c h  t h a t  L  a n d  E/L s a t i s f y  (cric). T h e n

also E satisfies (cric).

In fact, let Q : E + E/L denote  t h e  q u o t i e n t  m a p  a n d  l e t

(“n)nelN e eo( We may assume that Un = TU,, (neIN). T h e n

there are ( on)neIN ’ (R:? a n d  V  e Qo(E), v = rv, such that

2V C-J  L  c  nne’ pnUn. M o r e o v e r ,  there  a r e  (  on)nae [I, m)N and

We eo such that Q(W) c nn&,nQ(VNn).

Now W c n&(on(VnUn)  +  L) whence

w nv  c nna( anwnUn)+Ln(v+ o,w) c ;&c o,(vnU,)+  u,(L n(v+v)>

C nn&q  (un(VnUn)  +  un P,U,) c nn&q  (un  +  UnPn)Un  -

( 2 . 5 )  T h e  p r o p e r t y  ( c b c )  i s  s t a b l e  u n d e r  t h e  f o r m a t i o n  o f

1 inear subspaces and countable products (the latter statement

follows v i a  (Z.Z)(d)(  8) f r o m the s t a b i l i t y  o f (cric) under

countable direct sums and f rom the fact that the strong dual

of a product coincides . w i t h the l o c a l l y  c o n v e x  d i r e c t sum

of the strong duals of the factor spaces).

On the other hand, (cbc) is neither stable under uncountable

p r o d u c t s  ( i n  ( 2 . 4 )  w e  p r o v e d  t h a t  II?  d o e s  n o t  s a t i s f y  ( c b c ) ) ,

nor under countable direct sums (consider, for instante,  cp ) ,

nor under c o m p l e t i o n s  ((12, o(12.12))  s a t i s f i e s  ( c b c )  b u t  i t s
.

completion w21*. u((12)*,12))  i s topologically isomorphic
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t o  Kdim l2 = IK? thus does not satisfy (cbc).

The following example will show that a locally convex space

E which does not s a t i s f y  ( c b c )  m a y  contain  a  l i n e a r subspace

such that L and E/L satisfy (cbc).

W e  f i r s t  recali: KR 1s topologically 1SOIiIOrphlC  to the completlon

of (cp, d<Pvw)) - a  s p a c e  Of i n f i n i t e  CIlmenSlOn ln WhlCh  e v e r yf
bounded set has a finite dimensiona1 linear span. Consequently,

w h e n e v e r  I i s  a  l o c a l l y  c o n v e x  t o p o l o g y  o n  Il? stronger than

the product topology , t h e n  .(If?,z,) d o e s  n o t  s a t i s f y  ( c b c ) .

- L e t  ( E ,  9) denote  t h e  s p a c e  II? p r o v i d e d  w i t h  t h e  p r o d u c t

topo1ogy. B y  w h a t  w a s  s a i d  above (E,ZQ c o n t a i n s  a  d e n s e  llnear

subspace. L which is 2t o p o l o g i c a l l y  i,somorphic t o  ( 1  ,u ( 1 2,12)) >

hence satisf ies (cbc) . L e t  ?/ b e  a  m e t r i z a b l e  l o c a l l y  c o n v e x

topology on the quotient space E/L. Then, according to [27;p.22,2.9

Lemma 13 the space E endowed with the i n i t i a l  t o p o l o g y  3 w i t h

respect t o  t h e  i d e n t i t y  m a p  E + ( E  ,Y) a n d  t h e  q u o t i e n t  man

E + (E/L,?Y), provides  t h e  a n n o u n c e d  c o u n t e r e x a m p l e  since  -

because  of S>Y - it does not satisfy (cbcl w h e r e - a s  (L,YjL) =

= (LSIL) a n d  (E/L,T/L) =  (E/L,m b o t h  s a t i s f y  ( c b c ) .

Finally, the following example shows that (cbc) is not

stable with respect to quotients.

Let E be a linear subspace  of lm c o n t a i n i n g  c. such that

dim(E/co)  i s  c o u n t a b l y  i n f i n i t e ,  a n d  l e t Y denote the norm

t o p o l o g y  induced  b y  ( l ” ,  11 II,) o n  E .  Since  dim(E/co)  i s  ‘countable,

the quotient s p a c e  (E/co, Y/co) h a s  a  s e p a r a b l e  w e a k  d u a l  ( i t

is contained  i n  w ).Consequently, there  exists a metrizable

wetik topologygon E/co which is coarser than the norm topology r/co.
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As L! is metrizable and clearly nonnormable. there exists an

increasing sequence (Bn)nelN of absolutely convex closed bounded

subsets  o f (E/co.3) such that Bn d o e s  n o t  a b s o r b  Bn+I (nelN)

and such that Bl is a zero-neighbourhood in the normed space

Wco.~/co>. Let ?Y denote  the strongest locally convex topology

o n  E/co s a t i s f y i n g  $?(Bn = =W, f o r  al1 neIN.  B y  W . R o e l c k e

[25;p.64  Thm.41 t h e  s e q u e n c e  (Bn)na is a fundamental sequence

o f  b o u n d e d  s e t s  i n  (E/co.$Y), w h i c h  i m p l i e s  t h a t  (E/co,‘?Y)  d o e s

not satisfy (cbc).

L e t  3 denote t h e  i n i t i a l  t o p o l o g y  o n  E  w i t h  r e s p e c t t o  t h e

identity map E + (E,a(E.ll)) =  (E.o(l”.l’)lE) a n d  t o  t h e  q u o t i e n t

map E + (E/co,g). A s  c.i s  d e n s e  i n  (E,a(E,ll)), [27;p.22,2.9

Lemma] yields that the quotient topology kL”/Co i s  e q u a 1  t o  9.

Thus our example will be completed  if we show that (E.3) satisf ies

(cbc). I n  fact, since  (Y/c,)IBl ZJ ‘%IBI, we obtain by W.Roelcke

[25;p.74,Lemma  81  t h a t  Y-/co>$?  .  C o n s e q u e n t l y ,  YI~D o(E,ll).

A s  a(E, c(E,ll)> =  a(E.9) a n d  (E,Y) i s  n o r m e d , we obtain that

(E 3) satisf  ies (cbc)  .

After this deviat ion we return  t o the invest igat ion o f

spaces 40,(E,F). ‘Our next aim is to say something about the

system of al1 bounded sets in pb(E,F).

L e t  E,F t o  l o c a l l y  c o n v e x  s p a c e s . As in sect  ion one w e

define w(A.C):= { Te2 (E.F):T(A) c  C  1 w h e n e v e r  A  c  E ,  C  c  . F .

A subset HcY ( E , F )  b e l o n g  t o  S?(pb(E,F)) i f  a n d  o n l y  i f  f o r

every BeOg  (E) the set%(B) := T’&T(B) belongs to .a(F).
.

I n  fact, JI”eB  (pb(E,F)) M
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Be%(E) Ue%JF) pB,u3>0
%‘y”c  PB,” %‘(B.U) -

Be&(E) Ue%o(F) PB,U3  ‘O
x(B) c ‘B,u u - V JEC(B)eg (F).

Be%?  (E)

Moreover, f o r  e v e r y LJeqo(Eb*)  a n d  e v e r y  B e & ? ( F ) t h e  s e t

W(U,B) b e l o n g t0 S@,(EvF)) > as U absorbs al1 the sets in

B(E). The following proposition provides c o n d i t i o n s  o n  E

and F under which every 29 e D (pb(E,F)) is  contained  in - W(U,B)

f o r  s u i t a b l e  U e  @,(Eb*) a n d  B e  1 ( F ) .  I t  i s  clear t h a t  s u c h

a statement cannot be valid without some hypotheses (consider

x:= {Id), w h e r e I d  i s  t h e  i d e n t i t y  m a p  o f  a  q u a s i b a r r e l l e d

but not seminormable locally convex space).

Cf. also the localization principle i n A.Defant, K.Floret

[8;p.6 f f ] .

(2.6) PROPOSITION. Let E and F be locally convex  spaces  and

let one of the following conditions be satisfied:

(a) E has (fsb) and F satisfies (cbc);

(b) Eb* satisfies (cric) and F is pseudometrizable;

(cl E satisfies (cbc) and F  has ( f s b ) ;

(di Eb* is pseudometrizable and there exists a locally convex

topology $!f  on F coarser  than B*(F.F’)  such that L@(F,b)=  L@(F)

and such that (F,ay) satisfies (cric) .

Tben

ue3@o  @.,*)
X’(U)  eO(

Proof. J.,et 3?YEg  (y,(E,F)).
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( a )  L e t  (Bn),.,&  b e  a  f u n d a m e n t a l  s e q u e n c e  o f  b o u n d e d  s e t s

in E. T h e n  f o r  e v e r y  nelN t h e  s e t  A,:= X(Bn) i s  b o u n d e d  i n

F. As F satisfies (cbc) there  is ( pn)nEw e (R:,]N such that

A : =  r,,'& P,A, b e l o n g s  t o B(F). lJ:= rnUflpnBn is a bornivorous

barre1 in E, h e n c e  -a zero-neighbourhood in Eb*. For every

Te& one has T(U) c A, whence S(U) cg(F).

( b )  L e t  (Vn)nti  b e  a  b a s i s  o f ‘4Yo(F), V,=K, (neIN). F o r  e v e r y

neN the set Un:=T&  Tel(Vn)  i s a  b o r n i v o r o u s  barre1  i n  E ,

h e n c e  b e l o n g s  t o *o(E,,*) * As  Eb* satisf ies (cric), there  i s

(o,-,),,~ e CR:? s u c h  t h a t  U:=,,~&J~U,,~@~(E~~).  A:=nn~~nVn  c l e a r l y

belongs tc B(F)  and .8(W) c A.

Cc> Let @,JnfN be a fundamental sequence of bounded sets in F such that Bn = Er,

n(neN).For  every neN the set Vn:=Te.#T-l(B,) is closed in E and absolutely convex.

A s s u m e  t h a t  f o r  e v e r y  nehl there  i s  Ane g(E) s u c h  t h a t  Vn d o e s

not absorb An. A s  E  s a t i s f i e s  ( c b c ) ,  there  i s  (  Pn)n~e(R~)N

such that A:=n"a~nAneG3  (E). Since  S(A) i s  b o u n d e d  i n  F ,  there

i s  meTN  s u c h  t h a t 2(A)  c Bm; i n  particular X’(P,A,) c Bms

hence p Am  m c Vm  which is a contradiction.

Consequently. there  i s  neWsuch t h a t  Vn is b o r n i v o r o u s  a n d

hence belongs to ao(Eb*). C l e a r l y X(Vn) i s  contained  i n

Br, and therefore bounded in F.

(dl Let  (UnIna be a basis of  eo(Eb*).

A s s u m e  t h a t  f o r  e v e r y  neIN there i s  V,,e @,(F,9/) s u c h  t h a t  V n
does not absorb aun>: A s  (F,g) s a t i s f i e s  (cric), there  i s

(Un),& e (y)N such that V:= nn&.pnVn"'L'o  (F.g) = -@oo(Fb*) .

T h u s  T$,T-l(V) contains a  b o r n i v o r o u s  b a r r e 1  i n  E , whence



there  i s  m  s u c h  t h a t .@(Um) c v. I n  particular. wtI~r,) c zm\m.

which is a contradiction.

Consequently, there  i s  neIN s u c h  t h a t  .X(Un) i s  b o u n d e d in (F. 3

and hence in F.

Remark.  Comparing the four hypotheses of (2.6) with each other.

one n o t i c e s : the following condition

(al Ei and F satisfy (cbc);

is implied both by (a) and by (b) (use (2.2) (d), ( e 1 and [ a)) ,

and the following condition

(E) E,!, s a t i s f i e s  (cric)  a n d  there  exists a  l o c a l l y  con\.ex  topology

9 on F coarser  than &*(F,F’)  s u c h  t h a t &‘(F,%)  = ‘ A ( F )  a n d

such that (F,?Y) satisf ies (cric);

is implied both by (c) and by (d) (use (2.2)(d)(c)).

N a t u r a l l y  one w o u l d  l i k e  t o know whether the c o n c l u s i o n  o f

(2.6) remains valid if only ( C Y ) or ( B) are satisfied. We do

not know an answer to this question. I n  fact, w e do not even

k n o w  a  l o c a l l y  c o n v e x  s p a c e  E  s a t i s f y i n g  ( c b c )  s u c h  t h a t  Eb*

is not pseudometrizable.

A s  a  corollary o f  ( 2 . 6 )  w e  o b t a i n  t h e  f o l l o w i n g  s t a t e m e n t

( c f .  ( 1 . 4 ) ) .

(2.7) PROPOSITION. Let E and F be locally convex  spaces  such that

Ei
and F both have  Cfsb). Then also  pb(E,F) has (fsb). Moreover,

if (An)nf51N is a fundamental seguente  of bounded sets in

Eli
a n d  if S(Bn)nfl is a f undamental sequence  of bounded

sets in F then the sets wA;,Bn) (nelN) form  a fundamental

seguente  of bounded setsin 2b(E,F).
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Proof. It sufficesto prove the last assertion. And this one follows

immediately from (2.2)(d)(6) and (2.6)(c).

The following statement can be regarded as another contribution

t o  ( 1 . 4 ) .

(2.8) PROPOSITION. Let E and F be locally convex spaces such that

Ei and F both satisfy (cric  ). Then also yb(E,F) satisfies (cric).

Proof.  Let (Wn)nelN f: ao (~b(E,F))N. F o r  e v e r y  neIN there  a r e

Bne  w(E)  a n d  Une  qo(F)  s u c h  t h a t  W(Bn,Un)  c  Wn’ As E satisfies

(cbc) by (2.2)(d)(  B 1. and a s  F  s a t i s f i e s (cric)  , there are

( pnlnaN’  ( u~),,~~(R:)~ such that B:=,,&  ~,B,eg ( E ) and such

that U:= &&.,‘Jne  +TZ,(F).

Now nnm &,,Én, 2 W(BnvUn) 1 n~~~Y(~nBn.unUn)~W(n~~nBn.nn~unUn)=

W(B.U)e  @o(~b(EsF)).

(2.9) PROPOSITION. Let E , F be locally convex spaces and

assume that one of the following conditions is satisfied:

(al  Et; is metrizable  and F satisfies (cbc);

0) E; satisfies (cbc)  and F is pseudometrizable.

(Both hypotheses imply thetEBana  F satisfy (cbc).)

Then Yb(E,F)  satisfies (cbc).

Proof. If (a) is satisfied. t h e n  (2.2)(d)(  y ) a n d  ( 2 . 6 ) ( a )

y$eld  that the sets w(U.B)  (Ve @,(Eb*).Be~(F))  form a fundamental

system of bounded s e t s  i n yb(E,F). - If (b) is satisfied,

t h e n  t h e  same statement f o l l o w s  w i t h  t h e  h e l p  o f  ( 2 . 2 ) ( d ) ( a )

and (2.6) (b).

N o w  l e t  (An)na b e  a  sequence  i n ?i?( yb(E,F)). F o r  e v e r y
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neN  there  a r e  Une  $o(Eb*) and B,,eB (F) such that An c YV(Un,Bn).

Since  E.,, satisf ies (cric) and F  s a t i s f i e s  ( c b c ) , there are

( ’ n)nelNl’ ( pnln&R:lN such t h a t  U :=nnIt,l un ciI, e @,(Eb*) and

B:= Una~nBn”  B(F).

Now nUa -+f, c n”a 2 WJn,Bn)  c n”*  W(O un n. P,U,)  c w(U.B)  e
a

eBWb(E,F)).

Remark.  We do not know whether the implication

Eb a n d  F  s a t i s f y  ( c b c )  ==J yb(E,F) s a t i s f i e s  (cbc)

is always trua?

We w o u l d  l i k e  t o  mention t h a t  o u r  strutture theorem ( 1 . 1 1 )

has the following corollary (in the special case I=lN and &=Jv=.%).

(2.10) PROPOSITION. Let E be a locally convex space satisfying

(cbc). Then for every  sequence  (Fn)na of Hausdorff  iocally cotivex

spaces, then canonica1 map

Q: n& YbG.Fn)  -, ~b@$&Fn), UnIna -+  ,,hJnoTnv

is a topologica1 isomorphism.

T h e  f o l l o w i n g  s t a t e m e n t  w i l l  s h o w  t h a t  t h e  h y p o t h e s i s  f o r

E to satisfy (cbc) is indeed essential.

(2.11) PROPOSITION. rnt E be a locally convex  space .containing

a linear  subspace  L such that L 'does  not satisfy ( cbc  ). Then

is not relatively open (i.e.,not  an open map onto its range).

M o r e o v e r ,  i f  L has no quotient topologically isomorphic to



On spaces  of continuous linear . . . 183

Cp, then Yb ;E,cp) is not countably barrelled (*) . If L contains

a tota1  bounde set, then 9 (E,cp) is not even countably quasibarreb
lled. (A locally convex Sp.3C.S containing a tota1 bounde:l

set in particular  doeOs not admit cp as a quotient.)

Proof.There  exists a.sequence (Bn)nd  in a(L) c a(E) such that

&p,B, is unbounded for every sequence (@n)nae(R:)N.

Let us first assume that 0 : n$NEb + g,(E.cp)  is relatively

open. Then there  exist B= Ee (E) and Le 'uo((p),  I-=  TP. such

that W:= @(,,Q& Eb)n ITe9 (E,<p):T(B)  c U) c n$JN  J o Bi,  wheren
Jn oBA:={J,,of:  feB;)  (neTN).

Now there  is kelN  such that Bk is not absorbed by B. Fix P > 0

such that z:=(6 knp)nmeLJ.  Since pBk $ B = B"", there  is feB"

and xeBk such that f(ox)  '1.

The map f B z : E + q , y + f(y)z, clearly belongs to $6 .

Consequently there  is a sequence (fn)na  E ,.,h  B; n n&E'

such that f B z = n& J,,of,,, hence pf=Pko(fhdz)=Pk  o(~C~J~~  fn)=

= fk (where Pk : cp + M denotes  the projection onto ,the k'th

coordinate). This is a contradiction, as xeBk. fkeBi;. and

Pf(X)  = f(PX) >l.

Next choose  an increasing sequence (Yn)na  of finite dimensiona1

linear subspaces of e such that <p = n"flyn' For every neN let

'n = rune  a,( 9) be such that Yn c Un and Un # cp. Then for

(*) A locally  c:onvex  space G is called  countably (quaSi)barrelled
if every absorbent (bornivorous) intersection of a sequence
of absolutely convex zero-neighbourhoods is itself a zero-
neighbourhood.
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e v e r y  neIN t h e  s e t W,:=  ‘W(Bn,Un) i s  a  closed  a n d  a b s o l u t e l y

convex zero-neighbourhood in pb(E,rp). Put f :znn-e&  $$r.

I f  L  h a s  n o  q u o t i e n t  t o p o l o g i c a l l y  i s o m o r p h i c  t o  rp , then

f o r  e v e r y  T e  9 (E ,  (p) t h e  subspace  T ( L )  i s  f i n i t e  d i m e n s i o n a l ,

h e n c e  contained  ‘ i n  Un f o r  al1 n  > n ( T ) ;  f r o m  t h i s  w e  c l e a r l y

obtain that v/ is absorbent i n  Ip(E,rp)  ( r e c a 1 1  t h a t  Bn c  L  f o r

al1 neIN).

If L.contains a tota1 bounded set A, then -i/ is even bornivorous.

I n  fact, l e t  3 c  Yb(E,F) b e  b o u n d e d . H(A)  i s  b o u n d e d  i n

cp, w h e n c e  dim[ X(A)] < oJ  . T h e r e f o r e  there  i s  n(X) e I N  s u c h

that X(L) c [X(A)] c Yn( x1 c Yn c un ( n  2 n  (2)). S i n c e

there  is a 2 1 such that H’ c ~1
n<nW ^W(BnvUn). we obtain that

S CaV.

Now the proof will be finished if we show that f$ @,wb(E, cp)).

Let us assume the contrary. Then there  is  Ce9  (E) and V =TVe  eo

such that iv(C,V)  c y . Again there  is melN  such that Bm  is

not absorbed by C”“. Choose uecp \ Um  and o > 0 ‘such that CYlleV.

Since uBm  $ C”“, there  i s  geC”  a n d  yeB,  s u c h  t h a t  g(o y) > 1 .

S:=og P u e 9 (E, cp) belongs to w(C,V)  a s  geC” a n d uueV.

T h e r e f o r e  Sev c  W(Bm,Um)  w h i c h  i s  n o t  t r u e  a s  yeB,  a n d  S ( y )  =

=  og(y)u =  g(oy)u 6 Um. T h u s  “+‘-!+@,~b(E,$‘)).

(2.12)  Remarks

(a) Let 1 be a set such that card 1 > card IR. We showed  in-

( 2 . 4 )  t h a t  E:=lK’ d o e s  n o t  s a t i s f y  ( c b c ) .  Moreover  [O,l]’ i s

a tota1 bounded set i n  IK’. Thus we obtain from (2.11) that

CLPb(E,m)  is not countably quasibarrelled. hence neither bornological
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nor barrelled, though Eb and <p both carry the strongest locally

convex topo1ogy.  1t should be ment ioned that this example

also shows that in (1.12)(c) the countability of 1 is  essential .

I n  fact, cp s a t i s f i e s  (cric), b u t  t h e  s p a c e s ,$+ y,,(K9  (P) = $I’p

and z,,d v) are not topologically isomorphic (though the

map Y from (1.12) is an algebraic isomorphism) since  the first

space is barrelled and the second is not.

I n  o r d e r  t o  o b t a i n  s o m e  m o r e  a p p l i c a t i o n s  o f (2.11),  l e t  X

be a reflexive nonnormable Fréchet space admitting continuous

norms (e.g., X=9  or b). Then E:=Xb is a quasibarrelled nonnormable

DF-space, h e n c e  d o e s  n o t  s a t i s f y  ( c b c )  b y  ( 2 . 2 ) ( b ) .  A s  E  h a s

a tota1 bounded set, (2.11) and (1.1)(c) y i e l d  t h a t  yb(E,F)

is not countably quasibarrelled whenever F is a locally convex

space containing cp as a topologically complemented 1 inear

subspace.

(b) Let E be the linear space cp provided with the weak topology

oCE, ~1. T h e n  E  d o e s  n o t  s a t i s f y  ( c b c ) ,  a n d  E  d o e s  n o t  a d m i t

a quotient topologically isomorphic to ip  (= ( cp,B (cp,  w))>, as

al1 quotients of E carry a weak topology and 8 ( <p,w  ) is not

a weak topology. Hence, by (2.111, Pb(E,m  ) i s  n o t  c o u n t a b l y

barrelled. On the other hand, we will show that Pb(E, (p) is

bornological (hence quasibarrelled and hence countably quasibar-

relled).

I n  fact, let (enlna be an algebraic basis in E. The map

0 :  Yb(E,m)  -+ ‘?? T  *(T(e,l Ina .

is a topologica1 isomorphism onto its range (where (PN carries
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the product topology), since every bounded set in E has a

f i n i t e  d i m e n s i o n a 1  l i n e a r  s p a n .  M o r e o v e r ,  l e t  T  :  E  + cp be

linear. Then T is continuous if and only if dim(E) < w . In

fact, i f  T  i s  c o n t i n u o u s ,  t h e n  T ( E )  c a r r i e s  a w e a k  t o p o l o g y

b e c a u s e  E  d o e s  S O ,  a n d  a n y  l i n e a r  subspace  o f o c a r r y i n g  a

weak tQpOlOg)' i s finite dimensional. - On the other hand,

if dim T(E) < m , t h e n  T  h a s  a r e p r e s e n t a t i o n  o f  t h e  f o r m

lcn$,,  fn hd zn, where f,eE* = E’ and z,,e cp (l<n<m), and is
- -

_ _.

therefore continuous.

Consequently, Q(y (E, <p)) = ((yn)n~erplN:dim[yn:nelN]  < m)  Jm@):=

GY,),, e CPM: (nelN:y,#O)  i s  f i n i t e ) .

Consequently, S ( .Y (E, (p)) (and hence pb(E, cp)) is bornological

b y  a r e s u l t  o f  H . P f i s t e r  ( i n  V . E b e r h a r d t  illil.  K o r o l l a r  b ] ) .

( c )  L e t  E:=lK@]:=  ((x~)~~~ e Ik?: ( relR:xr#O)  i s  c o u n t a b l e  )

be provided with the relative t o p o l o g y  induced  b y  t h e  p r o d u c t

t o p o l o g y  o f  IIF Since  f o r  e v e r y countable subset  1 c IR the

s p a c e  Ml i s metrizable and hence s a t i s f i e s  (cbc), w e obtain

that

(XnlneNVf  E
IN N ip,,x,:neIN)ed)  (E).

(pn)nelN
2 oy)

Consequently. by (1.11)(b),  the canonica1 linear map

Q : rANE  ’ +Y(E.<p)  i s  a biject-ion a n d  b y  (1.11)(c).

0: ,,‘EwE; + yb(E,cp)  i s  o p e n .  - O n  t h e  o t h e r  h a n d ,  E  d o e s  n o t

s a t i s f y  ( c b c )  b e c a u s e B? d o e s  n o t s a t i s f y  ( c b c )  (see  ( 2 . 4 ) )

a n d  a s  e v e r y  Be9  @)
.

i s  contained  i n  t h e  c l o s u r e  o f  a s u i t a b l e

bounded subset  o f lKw Consequently, (2.11) impl ies that
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@: nNfi!  EIl + ~bW+‘) is not open.

(b) The space q~ does not satisfy (cbc), thus by (2.11) the map

Q:
nNW8 + yb(‘p. (p) i s  n o t  r e l a t i v e l y  o p e n  ( r e c a 1 1  t h a t  IJJ  =  ‘P,!).

Furthermore, C J is not surjective as the identity niap <p + cp

does not belong to the range of @. Howevrr, by (1.2)(c) .Y’b(~,‘p) is

topologically isomoxphic  to ,,~Ipb(lK,~)=,&,,,  ‘p = wcp (see  G.Kbthe [21,p.153;(?4)])

and hence bornological and barrelled. Thus in (2.li) the additional hypotheses

on L cannot be dropped.

N o w  w e  w i l l  g i v e  a  s i m i l a r  t r e a t m e n t  t o  ( 1 . 1 2 )  a n d  b e g i n

with the following corollary of (1.12).

( 2 . 1 3 )  PROPOSITION.Let  F be a lo~aliy  CORY~X  Hausdorff  s p a c e

satisfying (cn c).  Then for every  sequence
(En)neTN

of locally

CORYIX  spaces  the canonica1 map

‘y : n&yb(EnvF) +~b(n&,&.F).  UnIna  * n&&“Pn  3

is a topologica1 isomorphism.

(2.14) PROPOSITION. Let F be a locally convex  space contdining

a linear subspace  L such that the quotient space F /L d'oes

not satisfy (cric). Then

Y :
A N F +(iPbbJ.F).  (Y$,.,a  * n& pn  @ Y, 9

is nc4t  relatively open (i.e., not an open map onta  its range). (*l

(*)  This map Y is nothing else than the map Y from (2.13)
a p p l i e d  t o  t h e  c a s e  En4K (n CH), w h e r e  pblK,F) a n d  F- a r e
identified via the canonica1 topologica1 'isomorphism
e!f b (lK,F) + F, T * T(1).



188 S.Dierolf

Moreover, if F/L contains no subspace topoloyically  isomorphic

to w  ,  then  Y,(w,F) is not countably barrelled. If F/L  admits

continuous norms, then 2 (w,F)is  not even countably quasibarrelled.b
(A locally  convex  space admitting continuous norms  in particular

does not contain  w as a subspace.)

.Proof. We may at once assume that L is closed in F. -

There e x i s t s  a  s e q u e n c e  (Un)na i n QoWLl, Un = rfTn (neIN),

such tha.t nnm  unUn i s not a zero-neighbourhood in F/L for

every sequence ( ‘s~),.~ e (W:)N. Let Q : F + F/L denote  the

quotient map and put Vn:=Q-l(Un)  (neIN>. Furthermore, let (en)na

denote  the sequence of unit vectors in W.

Let us first assume that Y : n?lN  F * rb \ br) 1s open onto

its range. Then there  exist Be1 (w) and U E Q,(F), U = TU,

such that Y (&& F) n W(B,U)  c n& Pn B Vn (where P n hb v :=”
IP, Q Y : Y e vp.

Now there  is keN such that Vk does not absorb U. Fix P >o

such that Ip,(x)I CP f o r  al1 xeB. Since $ u # Vk’ there

is 2 e $ LJVk. Then the map Pk P z : w * F clearly belongs

to W(B,U)  and to the range of Y . Consequently, there  is

a sequence  (Ynjna e (,,h Vn)nngN F  s u c h  t h a t  Pk P z =  &PnPyn,

whence z=(P k f2  z)(ek) = (n& Pn @ y,) (e,) = yk.  This is a

contradiction as = é vk a n d  yk e Vk.

Next let w-  : = W((en) .Vn)  =  (Te9 (  w  ,F):T(e,)eV,) (nW.

T h e n  f o r  e v e r y  neTN  t h e  s e t % is a closed and absolutely

convex zero-neighbourhood in Ys(  w,F), hence i n ~,,(w ,F).

P u t  ‘w: =&jN Wn.
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If F/L does not contain  w , then Jv is absorbent  in pP(w,F).

In fact, for every  Te Y(w,F) the space Q(T(w))  is then finite

dimcnsional; consequently, there  is n(T)eIN such that T(en)eL

for n L n(T). Therefore  Te H$ (n>n(T))  which_ implies that

T is absorbed  by w..

If F/L admits  a continuous  norm, then w is even bornivorous.

In fact, let $I” c k7b(  w .F) be bounded and let V= fi e ao(F/L)

satisfy n
E,O EV ={O}. As w is a barrelled space,  the set

29 1s equicontinuous,  hence there  is n(Z)e hl such that Q(T( JJn-n &$)%
c v for al1 TeX . This implies  that Q(T(e,)) = 0 (TE @ ,

nln(  H)) whence Xc Wn for al1 nln(  X). Since  Zc (Y .<,(%) wn

for some a>O, we obtain  thatw absorbs  X’.

Now  the proof  will be finished if we show that w ti %o(9b(w ,F)).

Let  us assume the contrary. Then there  are Ceg (w) and We Z!,(F)

such that w-(C,W)  c-w - There is meIN  such that V m does not

absorb  W. Fix o > 0 such that [P,(x) 1 5 o for al1 xeC. Since

$ w 6 Vm’ there  is w e $ w\vm. The map Pm  B w : w + F clearly

belongs  to w-(C,W) > hence to Ww( {em1 ,Vm). But this  cannot

be true as (Pm P w)(e,) = w # V m’ Therefore @‘- # ao( Yb(W,F)).

(2.15) Remarks.

(a) Let F be a linear space of dimension  not less  than the

cardinality of IR and let F be provided  with the strongest

locally convex  topology. We showed in (2.4) that F does not

satisfy (cric). Moreover, F clearly admits continuous norms.

Thus we obtain from (2.14)  that Yb(u,F) is not ,countably

quasibarrelled, hence neither bornological nor barrelled,

al though Wb(= <p) and F both carry the strongest  locally convex
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topology.

As in (2.12) (a) we would like to mention that the above example

also shows that in (1.11)(c)  the countability of 1 1s essential .

I n  fact, w s a t i s f i e s  ( c b c ) ,  b u t  t h e  spaces  r$jIB  Yb(m,K)  =  r&o

and 9,,(w.r& IK) a r e  n o t  t o p o l o g i c a l l y  i s o m o r p h i c  ( t h o u g h

t h e  m a p  C p  f r o m  ( 1 . 1 1 )  i s  a n  a l g e b r a i c  i s o m o r p h i s m )  since  t h e

first space is barrelled and the second is not.

I n  o r d e r t o  o b t a i n some more applications of (2.14),  l e t

F be a nonnormable Fréchet space admitting continuous norms.

T h e n  F  d o e s  n o t  s a t i s f y  (cric), whence by (2.14) and (1.2)(c),

Yb(E,F) is not countably quasibarrelled whenever E is a locally

convex space containing w (see  also A.Grothendieck [15;Chap.I1,

p . 9 2 ,  Prop.141).

(b) Let F:= f(~~)~~ e w : { nelN:xn#O ) i s  f i n i t e  ) b e  p r o v i d e d

with the relative topology induced  by w on F. F does not satisfy

(cric)  as it is metriiable and nonnormabl e . Consequently, by

(2.141, the space gb( w,F)  i s  n o t countably barrelled. c*>

- On the other hand, we will show that yb(w,F) i s  b o r n o l o g i c a l

(hence quasibarrelled, hence countably quasibarrelled).

I n  fact. for every neIN let Pn : F + M denote  t h e  p r o j e c t i o n

o n t o  t h e  rr’th c o o r d i n a t e . T h e n  b y  ( 1 . 1 )  ,(c) a n d  (b), t h e  m a p

is a topologica1 isomorphism onto its range. Thus it is suff.icient

to show that INS( Y(~,F)) i s  a  b o r n o l o g i c a l  subspace  o f  cp .

By a result of H.Pfister quoted alreadv in (2.12)(b), we must

(*)  As dim(F) is countable. F does not contain  Mas a linear subspace.
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only show that 0 (Y(w,F)) 1 <p(IN) : = i(Y&Jo ,dN: {neIN:yn#O)is  f i n i t e ) .

Let  (fnlneN  e ( w’lnu and let noelN  be such that fn = 0 whenever

n > n
0'

Then T:=,$, fn éd en : w * F  ( w h e r e  en=( Gnm)maeF

(nelN) a s  usual)  Ts”1 inear and cent  inuous a n d  (P,o Tl (x)=f,(xl

(nelN,xe  w) .  - I n d e e d ,  one e v e n  h a s  t h e  equality o( Y (w,F))=

(wi,  ON) > as F does not contain  w as a subspace.

( c )  L e t  F:=IK(IR) =  ((ar)reR e @: IrelR:ar#O)  i s  f i n i t e  ) ; t h e n

F:= B(lK@)JP)  i s the strongest locally convex topology on F.

L e t  Y : =  o(lK(IR),IKijR1)  (see  ( 2 . 1 2 ) ( c ) ) .

We showed i n  ( 2 . 1 2 ) ( c )  t h a t  f o r  e v e r y  s e q u e n c e  (x~)~~ i n

R[lRl  there  i s (  Pn)na e (R:)lN  s u c h  t h a t (onxn:nelN) is bounded

i n  (K1lR1, o(KrIR1  ,IK(IR))).

From this we obtain that for every sequence (IJn)na  in Io

there is (o n)nti e (IR:)” such that nnN  o nUn  belongs to

Consequently. by

i s  a  b i j e c t i o n .  -

(cric)  . T h e r e f o r e  Y

(2.,14).

(1.12)(b).  the canonica1 map Y:,$&  F+Y(w.(F,.n)

On the other hand, (F,3)  d o e s  n o t satisfy

: $j? (F,fl + Yb(w ,(F,9)) i s  n o t  o p e n  b y

(d) The space w d o e s  n o t  s a t i s f y  (cric), t h u s  b y  (2.14),  t h e

map Y: n8N w + pb(w  ,w) is not relatively open. Furthermore,

Y is not surjective as the identity map w + w does not belong

to the range of Y . However, by (1.1) (c) , the space y,,h 9W  )

i s  t o p o l o g i c a l l y  i s o m o r p h i c  t o  ,I& Yb( w JK)=n& cp =wm and
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hence bortiological a n d  b a r r e l l e d  (see  G.Kothe [Zl;p.153.(1’3)]).

Thus i n  ( 2 . 1 4 )  t h e  a d d i t i o n a l  h y p o t h e s e s  o n  F/L cànnot  b e

dropped.
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13.  CONNECTION BETWEENpb(E,F)  AND THE PROJECTIVE TENSOR PRODUCT.

From the Proposition (2.11) and (2.14) we obtain that a generally

decent  behaviour of yb(E,F) can only be expected if both spaces Eb

and F satisfy (cric).  SO the abstract investigations contained

in section two led us close  to A.Grothendieck's  tamous  question

[14;p.120,  quest'ion 7)]:

If E is a metrizable locally convex space and F a DF-space

isthenyb(E,F)  again  a DF-space?

This nroblem..-  which 1 could  not solve - mav rather naturallv be

extended to the following question:

(3.1) Let E and F be locally convex spaces such that Eb and F both

have  (fsb). If in addition, Eb and F bcth have  some property QP),

does then yb(E,F)  also posses (IP)?

(In order to verify that (3.1) is indeed an extension  of Grothendieck's

question, loca11 (2.7) and take (IP):="countably  qu(asibarrelled").

The examples (4.7),(4.8),(4.9),(5.9),(5.11)  will 6how.that  (3.l)has

a negative answer for (P) efbarrelled,  quasibarrelled, bornological,

ultrabornological).

At this point we would like to reca11 the following well-known

result (cf. G.Kothe  [21;p.186,(7)]  and H.Jarchow r17ip.335,  2.Thmj)

and its consequences.

(3.2). Lemma. Let E and F be locally convex splaces  .such that'

EA and F are both DF-spaces. Let (WnlneN hn FI senitence  of’  abw-

lutely convex zero-neighbourhoods in y,(E,F) such that W:=,,GNwn

absorbs al1 sets D hd B : = {f P y : f e D, y e B} (D eg(Eb).B&(F)).
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Then there  is Ae  W(E) and Ve ao such that A”  P V c W .

F o r  t h e  s a k e  o f  c o m p l e t e n e s s  w e  w i l l  g i v e  a  p r o o f ,  w h i c h

presents G.Kothe’s  methods of proof in a somewhat condensed  form.

Proof. F o r  e v e r y  nelN there  a r e  9,; ao a n d  Q,e@,(F) s u c h  t h a t

Pn @ Q, c Jvn.

(a) For every Be9?(F)  the set B(JY):=(feE’:f@B  c-W) belongs to $f,(E$).

I n  fact. l e t  BeHF). F o r  e v e r y  nelN,  t h e  s e t  B&n):={feE’:fBB c ti,., 1

i s absolutely convex and belongs to ‘kY,(E;)  9 a s  P,BQn c tir,

a n d  Q,absorbs B. S i n c e  i(q)=n& B(>v,)  a n d  Eb i s  a  D F - s p a c e  ,

i t s u f f  ices t o s h o w  t h a t  b(Jv)  i s  b o r n i v o r o u s .  L e t  D e  28  (Ei).

Then Wabsorbs D hb B, whence !5(w absorbs D.

(b) Far every De.3 (Ei)  the set e(iW):=CyeF:DPy cW) belongs to ao(

I n  fact, l e t  DeB(Eb). For every nelN  the set E(Wn) : = fyeF: DPy  c Wn}

is absolutely convex and belongs to %o(F).  as P,, P Q, c tiri

a n d  Pn absorbs D. S i n c e  E(W)=,END(  wn) a n d since  F is a DF-

space, we must only s h o w  t h a t  o(W)  i s  b o r n i v o r o u s . But this

f o l l o w s  from. t h e  fact t h a t  W a b s o r b s  D  hd B  f o r  e v e r y  Be.@(F).

( c )  L e t  (B,),eN b e  a  f u n d a m e n t a l  s e q u e n c e  o f  b o u n d e d  s e t s

in F. Then according t o  ( a ) , f o r  e v e r y  nelN  t h e  s e t  i,,( Jy ) =

= { feE’:f B Bn c W} belongs to 4Yo(E;l. S i n c e  Ei sat isf ies

(cric). there i s  (  p n)nm  e  (Rt)@l s u c h  t h a t  U:=,!na  p,~,(W)

belongs to eo(E,!,).

V:={yeF:UBy  cW) i s  b o r n i v o r o u s  a s  UB  $ Bn
n

c  P&,(W) hd p’ Bn c
n

c ~nt%‘~ @ Bn CW for every neN. Moreover, U B V c W . Thus

the proof will be finished if we show that V is the intersection

of a s e q u e n c e  o f absolutely convex zero-neighbourhoods in
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F.

Let  (Dnlna be a fundamental  sequence  of bounded sets  in Eb.

Then, for every  neJN,  the set A,:=U n Dn is bounded in Eb and,

according  to (b), t h e absolutely convex  se: Vn:=An(  y)v  ) =

={yeF  : An P y cW) belongs  to %o(F). Moreover  nna Vn =

IyeF: n)JN A,,  @ Y cwl={yeF:  (,e,& An>  P y c YP-)= V.

(3.3) PROPOSITION.  Zet  E a n d  F b e  l o c a l l y  c o n v e x  s p a c e s  s u c h

that Eiand F are both DF -spaces.

If the canonica1 inclusion Ei@&,  F + y@,F) is almost open (i.e.,

far ~11 Ael (E) and V e  ao the set r(A"n - where  t h e

closure  i s taken in yb(E,F) - i s  a z e r o - n e i g h b o u r h o o d  i n

pb(E,F)  , then yb(E,F) is also  a DF-space.

In particular,  if E is a metrizable locally convex space and

F a DF -space such that E or F are nuclear, then Yb(E,F)

is a DF- space. (BY H.Jarchow [17,  p.491,3  Thmg a m e t r i z a b l e

locally convex space is nuclear if and only if its strong

dual is nuclear.)

Proof.  The first statement  follows easily from (3.2).  In fact,

let w be a bornivo.rous  intersection of a sequence  ( ^Wn)na

of absolutely convex  zero-neighbourhoods  in T,@,F). According

to (3.2) there  are U e 4Vo@,!,> and V  e J$Y~(F)  such that

UPVCW, which implies  that -#e  O,( P,(E,F)). Because

of v-c n% % ’ n& 2 %r = 2YY  we obtain  that -W is a zero-

neighbourhood  in Vb(E,F).

For tne second statement  let us assume that E is metrizable

and that E or F are nuclear. We will show that then the natura1
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inclusion map

J: Eb' 8, F -L 2b(E.F)

is a topologica1 isomorphism onto a dense linear subspace

Qf pb(E,F). Then, in particular. the map J is almost open,

and thus the second  statement will follow from the first.

Let us mention  first that, for al1 locally convex spaces  X,Y,

the c-tensor product Xb 9, Y is by definition a topologica1

subspace  of the space Z of al1 those linear operators T:X"+  Y

whose restriction to B"" is e(X" ,X1)-continuous  for al1 BeD(X),

provided with the topology of uniform convsrgence on {B"":Be~(X)).

A moment's reflection shows that the restriction map Z + u,(X.Y),

T » TIX, is a topologica1 isomorphism onto its range. Therefore.

also the inclusion Xb B,Y + gb(X.Y) is a topologica1 isomorphism

onto its range. Now, since  E or F are nuclear and. E is metrizable,

we have that Eb or F are nuclear, whence the identity map

Ei 8, F + Eb' 8, F is a homeomorphism by [17;p.345.4.Remark]

and the symmetry of @,, and 8,. respectively.

Taking al1 this together we obtain that J : Et, 4, F + 2',(E,F)

is a topologica1 isomorphism onto its range. Thus it remains

to show that E' P F is dense in zb(E.F).

If E is nuclear, E has the approximation property [17;p.483,2.Cor.j

whence E' 0 F is dense in Fq(E.F)  where p:=iP  c E:P precompact)

(see [17';p;398.1.Thm.J). By the nuclearity of E one has g= a(E).

whence E' hd F is dense in yb(E,F). - Let us finally assume

that F is nuclear. Just as before one obtains that F' 8 F

is dense in pb(F.F). Let T eY(E,F). B e D (E), U E ao(
Then there  is SeF'ébF  such that (IdF-S)(T(B))  c U. SoT belongs to E'PF,
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as it has finite dimensiona1 range, and (T-S 0 T)(B) c U. Thus

again E’ 8 F  i s  d e n s e  i n  Z’b(E.F).

Remarks.  ( a )  I n  h i s  n o t e  pZ;Thm.4J  t h e  U s b e k i a n  m a t h e m a t i c i a n

V.A.Bal akliets has s t a t e d  ( w i t t o u t  a proof) the following

theorem. Let E be a Fréchet space and H a DF-space such that

(il 4P(E,H):={TeY ( E , H ) : d i m  T ( E )  < m}  i s  d e n s e  i n 9,,@,H);

(ii)  T h e  s e t s  C o  (f 8 y:feB” yeW  ) ( B  e Q ( E ) ,  WeO  (F)), where

“Co” denotes  the convex hull, form a basis of @o(WE,WL

when F(E.H)  is provided with the relative topology induced

by Pb@.%

Then yb(E.H)  is  a  DF-space.

SO. our P r o p o s i t i o n  ( 3 . 3 )  p r o v i d e s  a  p r o o f  f o r  t h e  r e s u l t

of  Balakliets.

( b )  I f  t h e  c a n o n i c a 1  i n c l u s i o n  Eb 9, F + pb(~,~) i s  a l m o s t

open and if Eb 8, F  i s  b a r r e l l e d  (resp. q u a s i b a r r e l l e d ) ,  t h e n

a l s o  Eb 8, F and pb(E,F) are barrelled (resp. quasibarrelled),

a s  c a n  e a s i l y  b e  d e r i v e d  f r o m  t h e  p r o p e r t i e s  o f  a c o n t i n u o u s

and almost o p e n  l i n e a r  m a p .  Since  t h e e-tensor p r o d u c t  o f

t w o  B a n a c h  s n a c e s  i s  s e l d o m  b a r r e l l e d  (cf. t h e  e n d  o f  ( 4 . 9 )  > ,

there  are Banach spaces B and F such that the above inclusion

is not almost open. Furthermore. since  t h e  p r o j e c t f v e  t e n s o r

p r o d u c t  o f two barrelled Ir-p. quasibarrelled) DF-spaces

i s  b a r r e l l e d  (resn. a u a s i b a r r e l l e d )  (see  G.Kothe r21; ~.186.(8)1),

E x a m p l e  ( 4 . 7 )  a n d  P r o p o s i t i o n  ( 4 . 1 0 )  w i l l  a l s o  s h o w  t h a t  t h e

i n c l u s i o n  EA 9, F + Yb(E,F) need n o t  b e  a l m o s t  o p e n  e v e n  i f

Ei, F. and gb(E.F) are DF-spaces.
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We would like to add another statement about the re(lation

between Yb(E,F)  and the projective tensor product.

( 1 . 4 )  Remark.  L e t  E  a n d  F  b e  l o c a l l y  c o n v e x  spaces  such that

F  i s  q u a s i b a r r e l l e d  a n d  s u c h  t h a t  f o r  e v e r y  Te9 (E.Fb)\ there

is  UE O(E) such that T(U)e 93(Fb). (These hypotheses are satlisfied

if. for instante.  E and F are metrizable. see (2.6).)

Then the map 8 : (E 8, F)b + s%‘-b(E,F;). 0 (fl (x1 (Y) : =f (*’ 4 < Y)

(xeE.  yeF), is  a  cont.inuous  surjective isomorphism.

L e t  R : ( E  &, F)b + ( E  @,F)b, f’ r+f 1 ( E  @ F),  denote  t h e  can/onic<l

continuous suriective isomornhism.

Then the following statements hold.

( a )  0 i s  o p e n  i f  a n d  o n l y  i f  t h e  s e t s  r (ABB) (Ae S? (E), Be%‘(F))

( t h e  c l o s u r e  b e i n g  t a k e n  i n  E  B, F )  f o r m  a  f u n d a m e n t a l

system of bounded sets in E hd,  F. ‘~-
(b) 00 R is open if and only if the sets r (AIB) (A&TI (El.

Be.g(F)) (the closure being taken in E &xF) form a fundamental

system of bounded sets in E z,F.

pro&. L e t  Ae ( E )  a n d  U E So(FB). T h e n  there  i s  B e  98 (F) s u c h

that B”  c U; now D: =ABB  is a bounded subset  in E @z F. Whenever

feD” (c (E 9, Fj’), then e(f)(x) e B”  c U for al1 xeA. This

proves that 0 iS ( c o r r e c t l y  d e f i n e d  a n d )  c o n t i n u o u s ’ .  ,@ i s

c l e a r l v  i n i e c t i v e . - L e t  T e  Y (E.F;). and let U e ao( be such

t h a t  T(U)e 1 (Fi). F  b e i n g  q u a s i b a r r e l l e d .  there  i s ve ao ,

s u c h  t h a t  V”3TfU).  g : E  x  F  -c IR, g ( x . y ) : = T ( x ) ( y ) , i s  bi.linear

and continuous as Ig(x,y)( 5 1 whenever (x,y) e U x V. Thus

g  g i v e s  r i s e to a  c o n t i n u o u s  l i n e a r  f u n c t i o n a l  fe(E  8, F)’ ,.

a n d  cl.earlv e(f) =  T .  Th.erefore  8 i s  a l s o  s u r j e c t i v e .
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(a) G is open if and only if for every De .@ (EO, F) there  are

Aea  (E) and Be SI (P) such that O(D”)o  { T e  Y(E,Fb):T(A) t B”),

or - e q u i v a l e n t l y  - s u c h  t h a t  D” ZJ(ABB)“.  i . e . ,  D””  c T(ABB) .

(b) is proved just in the same way.

( 3 . 5 )  Corollary.  L e t  E and F he metrizable locally convex

spaces Such that Yb(E.Fb)  is bornological. Then the metrizable

locally c o n v e x  s p a c e s  E  Px F’ and E GsF are distinguished and

the sets r (AOB) (Aea (El. Bea  ( F ) )  ( w h e r e  t h e  c l o s u r e  i s

taken i n  E  6, F )  f o r m  a  f u n d a m e n t a l  s y s t e m  o f  b o u n d e d  s e t s

in E &F. ( C f .  G.K&he  [Zl;p.185. l a s t  line].)

Proof.  E 6sF being metrizable, t h e  s t r o n g  d u a l  (E $ F)b a d m i t s

a finer LB-space-topology .Y , namely r = B((E&,F)  ‘, (E&F)“) .

The map OOR: ( ( E  ~,rFV-) +Y,(E,Fb) from (3.4) is a continuous

isomorphism. Yb(E,Fb)  is complete (see  A.Grothendieck’s Theorem

after (1.4)) and bornological by hypothesis. Thus A.Grothendieck

[lS;p.l7,Thm’.B]  i m p l i e s  t h a t 8 0 R:((E  tir F)‘.y) * Yb(E.Fi)

is a topologica1 isomorphism. Cohsequently, 8 0 R: (E<,  F); +

+zb(B,Fb) a n d  0: ( E  M,,F)b + .Vb(E,Fb)  are topologica1 isomorphisms.

Thus E P,, F and E Ps F have both a bornological strong dual

and are consequently distinguished.

Furthermore, with the help of (3.4) we obtain the rest of

the assertions.
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S4. COUNTABLE INDUCTIVE LIMITS

I n  (l.ll),(Z.lOj, a n d (2.11) we investigated the question.

under which circumstances the canonica1 map

,,& Yb@Jn)  + ~b(E.n&&,)

is a topologica1 isomorphism. Our next aim is to extend these

investigations to the case of countable induttive limits instead

of countable direct sums.

( 4 . 1 )  L e t  F  b e  a  l i n e a r  s p a c e  a n d  l e t  (.Fn)na  be a n  i n c r e a s i n g

sequence o f  l i n e a r  s u b s p a c e s  o f  F  covering F .  M o r e o v e r ,  l e t

each Fn b e  p r o v i d e d  w i t h  a  l o c a l l y  c o n v e x  t o p o l o g y  s u c h  t h a t

f o r  e v e r y  nelN t h e  i n c l u s i o n  Fn k Fn+l i s  c o n t i n u o u s ,  a n d  l e t

F  b e  e n d o w e d  w i t h  t h e  strongest locally convex topology such

t h a t  al1 i n c l u s i o n  m a p s  In : Fn + F are continuous (neIN).

T h e n  w e  w i l l cali F  t h e  l o c a l l y  c o n v e x  i n d u c t f v e  l i m i t  o r

simply the induttive iimit  of the increasing sequence of locally

convex spaces(Fn)nall,l  and write F=ind Fn.
n+

Moreover, we will cali an induttive limit F = ind Fn
n+

regular, if for every Be%?(F) there  exists neIN such that B c Fn

a n d  B  e l  (F,);

retractive. i f  f o r  e v e r y  Bea(F) there  e x i s t s  neTN  s u c h  t h a t

B c En and such that F and F n i n d u c e  t h e  same r e l a t i v e

topology on B;

strict, i f  f o r  e v e r y  neN t h e  i n c l u s i o n  Fn + Fnql  i s  a  t o p o l o g i c a 1

i s o m o r p h i s m  o n t o  i t s  range,  o r  - e q u i v a l e n t l y  - if f o r  e v e r y

n&lN  t h e  i n c l u s i o n  I,:F, + F is a topologica1 isomorphism
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onto its range. (Cf. G.K&tke  [2O;p.22-23  .)

An induttive  limit F = ind Fn of an increasing sequence of

Banach spaces (Fn)neN wiil. b e  called a n  L B - s p a c e . Induct  ive

l i m i t s  F = i n d  Fn o f  D F - s p a c e s  Fn (neIN) a r e  again D F - s p a c e s ,

whence, in +particular , every LB-space is a DF-space (cf.G.Kothe

[ZO;p.402,(4)]).

(4.21  Remafks. Let  E be a locally convex space and let F=ind Fn
n+

b e  t h e  induttive l i m i t  o f  a n  i n c r e a s i n g  s e q u e n c e  o f  l o c a l l y

c o n v e x  s p a c e s  (Fn)nell+. T h e  f o r  everv  nelhr.  t h e  c a n o n i c a 1  l i n e a r

injections

Yb(E,Fn)  +Yb(E.F,,+,), T * In+,-no T .  a n d

(ipb(E  Jn> + Yb(~.F)  , T * In 0 T ,

(1 n+l.n:Fn + Pr,+1 and 1 n : Fn + F denoting  t h e  i n c l u s i o n

wps) are continuous b y  (1.1)(a). V i a  these  i n j e c t i o n s  w e

may simultaneously  identify Y(E,Fn) (neiN) with linear subspaces

o f &f’(E\\,F),  a n d  t h e n  f o r m  t h e  induttive l i m i t  i n d  yb(E, Fn) .
n+

The inclusion map

@: i n d  Yb(E,Fn)  + Pb(E,ind Fn)
n+ n+

is continuous a n d  s a t i s f i e s  0 ( T )  =  Ino T  w h e n e v e r  TeY’(E  ,Fn)

(nW .

( a )  Assume~  t h a t  t h e  induttive l i m i t  F  =  i n d  Fn i s  n o t  r e g u l a r .

T h e n  there  e x i s t s  a  b o u n d e d  s e q u e n c e  (zm;ma in F such that

f o r  e v e r y  nelN. either {xm:meIN} i s  n o t  c o n t a i n e d  in-  Fn o r  t h i s

set is contained but unbounded in Fn.



202 S. Dierolf

L e t  LE’ denote  t h e  s p a c e  IKW):= {(an)neNelP:  hreJN:a,#O 1 i s  f i n i t e  1.

provided with the norm

11:111  : JE’  + R.  CanIna  + n~alanl.

T : IE’  + F. (anlneN  * n.&pnxn. is linear and maps the closed

unit ball B in IE’ into I’{xm:meW)  which is a bounded set in F.

T h u s  T  b e l o n g s  t o ~d.F>, b u t  clearly T  d o e s  n o t  b e l o n g

t o  t h e  r a n g e  o f  cp.

(b) A s s u m e  t h a t  f o r  e v e r y  b o u n d e d  subset  ti i n (ipb(E;F) there

iS Ue ao s u c h  t h a t X ( U )  is b o u n d e d  i n  F .  ( B y  ( 2 . 6 )  t h i s

h y p o t h e s i s  i s  s a t i s f i e d  if, f o r  instante. E  i s  p s e u d o m e t r i z a b l e

and F is a DF-space.) Let the induttive limit F = ind Fn be
n+

regular. Tben  rp i s  s u r j e c t i v e  (i.e., a  c o n t i n u o u s  i d e n t i t y

map), a n y  subset ticPf$.F) is bounded in .Pb(E!.F) if a n d

o n l y  i f  i t  i s  b o u n d e d  i.n. i n d  Y’b(E.Fn), a n d  t h e  induttive l i m i t
n+

indpb(E,F,) IS r e g u l a r .
n+

Proof. Al1  three s t a t e m e n t s  rill b e  p r o v e d if we show that.

e v e r y  b o u n d e d  subset  of. Yg(E.F) i s  contained  i n  s o m e  pb(E,Fn)

and bounded there& I f  J1Fe9l Pb(E.F)).  thene there  i s  Ue O(E)

such that B:= ti(U) b e l o n g s  t o B(F); b y  t h e  r e g u l a r i t y  o f

indF,. there  is  neN such that B belongs to
n+

*(En) : c.onsequently

e v e r y  T  e.# (  c  W (LJ,B))  m a p s  E  c o n t i n u o u s l y  i n t o  Fn, a n d  t h e

set% is a  b o u n d e d  subset  o f  yb(E.Fn).

(t) A s s u m e  t h a t  f o r  e v e r y  b o u n d e d  subset  X’ i n zb(E,F) there

is Ee Io(E) s u c h  t h a t mw is bounded in F. Suppose that

t h e  in&ctive l i m i t  F  =  indF,  i s  r e t r a c t i v e .  T h e n  f o r  e v e r y
n+
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b o u n d e d  subset  # i n Pb(E,F) t h e  s p a c e s  i n d  Yb(E,Fn)  a n d

yb(E.F) i n d u c e  t h e  same r e l a t i v e  t o p o l o g y  ‘A .x , and the

induttive limit ind ybfE,Fn) is retractive.

P r o o f .  S i n c e  e v e r y  r e t r a c t i v e  induttive l i m i t  i s  i n  n a r t i c u l a r

regular, ,the  three conclusions of (b) are valid. Thus it suffices

to show: f o r  e v e r y  neIN.  e v e r y  UeW,(E) a n d  e v e r y  Be9  (F,)

the spaces -L”b(E  .F,)  a n d Yb(E,F)  i n d u c e  t h e  same relat.ive

t o p o l o g y  o n  W(LJ.B) (={Te~(E.Fn):T(U) c.B)). B u t  t h i s  s t a t e m e n t

follows immediately .from the subsequent  Lemma (4.3) and (1.1).(b).

(d) If the induttive limit F = ind Fn is strict, then also

indPb(E,Fn) i s  a  s t r i c t  induttive l i m i t .
n+

Proof. I t  s u f f i c e s  t o  p r o v e  t h a t  f o r  e v e r y  neIN t h e  r e l a t i v e

t o p o l o g y  induced  b y pb(E.F) On Y(E.Fn) coincides w i t h  t h e

origina1 t o p o l o g y  o f ~b(E.Fn). T h i s  s t a t e m e n t  again rollows

from Lemma (4.3) and (1.1)(b).

( 4 . 3 )  Lemma  . Let F be a: linear space and let B and 7 be two

l o c a l l y  c o n v e x  topologies o n  F . Let A c F be an absolutely

convex subset such that 7lA  c %(A. T h e n  f o r  e v e r y  l o c a l l y

convex s p a c e  E  a n d  e v e r y  b o r n i v o r o u s  subset  X  c  E t h e  s p a c e

<ipb(E,(FJJ)  induces  a coarser topology on JY:={TeY  (E,(F.I)) A

nY(E.(F,S):T(Xl  c Al than ~b(E,(F.%>.

Proof. Let We ao( Yb(E,(F,7))) , b e  g i v e n .  T h e n  there  a r e

B e a ( E )  a n d  U e  q0(F,.7)  s u c h  t h a t  { T e  ~,(E,(F.J~):T(B)  c  U}cW.

Since X is bornivorous, we may assume that B c X. Because

o f .7IA  c glA, there  is Ve eo(F,v) such that V nA c U. Now
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v:= {Te Y(E,(F,3)):T(B) c  V) b e l o n g s  t o q,( Pb@.  (F.9))).

If Te%'nX , t h e n  T ( B )  =  T(B)nT(X)  c  VnA c  LJ, w h e n c e  T e  W- .

Since  H is absolutely convex. the assertion of the lemma follows

with the help of G.Kothe [2O;p.265,(5)].

From (4.2),(b) and (c), we obtain the following corollary.

(4.4) Let E be a pseudometrizable locally convex space; let

F = indFn b e  t h e  induttive l i m i t  o f  a n  i n c r e a s i n g  sequence
n+

o f  l o c a l l y  c o n v e x  spaces  (Fn)ne,N a n d  a s s u m e  t h a t  F  i s  a  DF-

space. L e t  one o f  t h e  f o l l o w i n g two hypotheses be satisfied

(a) The induttive l i m i t  i n d  F  i s  r e g u l a r .  a n d pb(E.F) i s
n+ n

bornological;

(b) The induct  ive l i m i t  i n d  Fn i s  r e t r a c t i v e .  a n d
n+

-Eab(E,F)

is a DF-space.

Then the .canonical map @ : ind pb(E.Fn) + yb(E,ind Fn) is
n.+ n+

a topologica1 isomorphism.

(In the case (b) we use the fact that every DF-space is “lokaltopc

l o g i s c h ” ,  i .  e . carries t h e  s t r o n g e s t  l o c a l l y  c o n v e x  t o p o l o g y

agreeing with the origina1 t o p o l o g y  o n  each b o u n d e d  s e t , see

G.Kothe [2O.p.398,(7)] . )

Even if E is a Banach space and F = ind Fn is a regular

LB-space, the map e : i n d  yb(E,Fn) + yr(:,ind Fn) need n o t

b e  a  t o p o l o g i c a 1  isom:r;hism,  a s  w e will sene+  w i t h  t h e  h e l p

of the following proposition.

(4.5) PROPOSITION. Let  IE1:= lK@I) be provided  with the norm

Il - Il 1 : IKmJ)  + R, (an)nedN +nhIanI (cf.(4.2)(a).
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Moreover  let F be a locally convex space containing an increasing

sequence  (Bn)na of absolutely Lonvex  bounded subsets  B (nWn
such that the following two conditions are satisfied.

( a )  The sequence  (nBn)nm is a fundamental  sequence of bounded

sets in F ;

(bl Uea;(F) BeII &IJnB#Bn.

Then y&.F) is not bornological.

If in addition, F is a DF-space  and al1 Bn are closed in F (nelN),

then y,d.F) is not quasibarrelled.

Moreover, Sf F is supposed t o  be (*) locally c o m p l e t e (see

(1.9)), t h e n  t h e  same s t a t e m e n t  h o l d  w i t h  IE1 replaced  b y

the Banach space 11.

Proof.  Let A denote  the closed unit ball In JE’. For every

nelN l e t “w,:= (T E JZ(&F):T(A)  c Bn}. Since  every bounded set

in yb(Lgl.F)  i s  a b s o r b e d  b y  s o m e  Wn, t h e s e t  W:= nZlN %
is bornivorous in Yb@E1,F).  Moreover, W i s  a b s o l u t e l y  c o n v e x

as (Bnlna is increasing.

Suppose t h a t  W i s  a  z e r o - n e i g h b o u r h o o d  i n yb(E1,F). T h e n

there  is U = TUeeo(F) such that ‘42:={TeY (IE’,F):T(A) c U)

is contained  in W . On account of (b) there  exists a bounded

sequence (x~)~~ in U such that xn#Bn (nePI>. The map T:Mw)  + F,

(*)  i n  addition
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(aIl)nfm ‘-,  “Em anx”’ i s  l i n e a r  a n d  T ( X )  c  Tixn:nelNNj c L. In

p a r t i c u l a r ,  T b e l o n g s  t o L?@‘,F) and hence to @ . On the

o t h e r  h a n d ,  T((gnm)ma)  =  x n e Bn’ whence T(A) $ Bn and Te ‘ILL

(nf+JN). C o n s e q u e n t l y ,  T$W ,  a  c o n t r a d i c t i o n .  T h e r e f o r e  Yfi  d o e s

not belong to ao(  ~b(lE1.F))  a n d yb(lE1,F)  i s  n o t  b o r n o l o g i c a l .

Now we postulate that F is a DF-space and that Rn is  closed

in F for al1 neN. Then the closure Y? of W in y,(lEl,F) i s

a b o r n i v o r o u s  bar-z-el  i n  Yb  (27  l,  Fg.

Suppose  that 9.  i s  a  z e r o - n e i g h b o u r h o o d  i n  Yb  (lE’,F). T h e n  again

there  is LI = TU e qo(F) s u c h  t h a t %:=IT~ U(IE~,F):T(A)  c UI

i s  contained  i n $iy ( and there  is a bounded sequence (x~)~~

i n  U  s u c h  t h a t  x n  6 Bn (ne.lN). F o r  e v e r y  neN  there  i s  Vn=Kn  e <lo(F)

such t h a t  xn 6 Bn+Vn. V:= nGN( $ Bn+Vn) is bornivorous in

F on account of (a) and since  the sequence (Bn)nm  is increasing.

Consequently, V is a zero-neighbourhood in the DF-space F,

and V := {Te Y (LE’ , F ) : T ( A )  c  V  ) i s  a  z e r o - n e i g h b o u r h o o d  i n

Yb(E1,F). Therefore U c +W + f .

Now T:lKW)  + F. (an)neN * n&N anxn, is linear, satisfies

T(A) c T{xn:nelNN) c U, and thus belongs to % . Because of

@c p+r-= there  is nelN and Se i Wn such

t h a t  T-Se‘V  . In particular, (T-S)(A) c V c i Bn + Vn, whence

X n E T(A) c S(A) + 3 Bn + Vn c $B, + $B, + Vn = B,+V,,  which

i s  a  c o n t r a d i c t i o n t o  t h e  c h o i c e  o f  xn a n d  Vn. T h e r e f o r e  9 i s

not a zero-neighbourhood in icb(IE1,F) a n d pb(IE,F)  i s  n o t

quasibarrelled.

Finally, i f  F  i s  locally c o m p l e t e , then y,,@1 ,F) a n d
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yb(1l.F)  are topologically isomorphic (cf. P.Dierolf [lo]).

The following statement is a variant of (4.5).

(4.6) PROPOSITION. Let F be a locally  convex  space containing  an

increasing sequence (Bn)na of bounded Banach disks such that

(a) Every bounded Banach disk in F is absorbed by some B n
( b )  f’or  every  U e  4?,(F) there exi'sts a bounded Banach disk

C in F such that C c lJ and such that C#B, for every n&J

Then yb(1l.F) is not ultrabornological.

(Remark: Every LB-space  F contains an increasing sequence

o f bounded Banach disks s a t i s f y i n g  ( a ) .  c f .  A . G r o t h e n d i e c k

[15;p.l6,Thm.A]  .)

Proof. Let A denot?  the closed unit ball in ll. For every

nelN l e t  Fn denote  ,the B a n a c h  s p a c e  ([B,] ,pB ), w h e r e  pB denotes

t h e  M i n k o w s k i  f u n c t i o n a l  o f  B,. T h e n  we”  have the nLB-space

i n d  Fn and the continuous identity map J:ind Fn + F. Moreover,
n +, n-+ .
by ( 4 . 2 ) . we have the continuous inclusion maps

ind ,.Yb(ll,Fn)  x yb(l’*ind Fn) x Yb(ll*F)’
n+ n+

Both  maps @1  a n d o2 a r e  s u r j e c t i v e . I n  fact, i f  Te9 (l’,F),

t h e n  T ( A )  i s  a  b o u n d e d  B a n a c h  d i s k  i n  F ,  hence contained  i n

s o m e  nB,.  S:l1 + F,,, x * T(xj, belongs to 9 (ll,Fn) a n d

@2( O1(S))  = T. B y  A.Grothendieck’sclosed graph theorem [15;

p.l7.Thm.B],  t h e  s p a c e yb(ll,F) i s  u l t r a b o r n o l o g i c a l  i f  a n d

only if the map 82 0 @1 is open (reca11 that the spaces -Vb(ll,Fn)

(n*) are Banach spaces whence i n d  pb(ll
n+

,F,) i s  a n  L B - s p a c e ) .

Thus it suffices to show that Q2 oO1 i s  n o t  o p e n .
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For every neTN  let Wn:={Te2’  (l’,F):T(A) c  Bn}.  T h e n  w:=,U&  Wn

is an absolutely convex zero-neighbourhood in ind ~,,d,Fn).
n+

A s s u m e  t h a t  9~  1s a  z e r o - n e i g h b o u r h o o d  i n sP,(l’,F). T h e n

there  is U = ru e ao s u c h  t h a t  @=(T e  y’(ll,F):T(A) c  Ul

IS contained  i n  W . By hypothesis there  exists a bounded BanachI
disk C c U such that C 6 B n f o r  al1 neIN. Choose xneC\ Bn (neJN)  .

Since  C is a bounded Banach disk, there  is Te9 (11 .F) s u c h

that T((  6,.,,,,l,,,~JN)  = x,, (n-=W. T belongs to % as T(A) =

T( r {(6,n),e,N:n.GJ)) c TIxn:nelN) c m = U. But T does not belong

to w as xn e T(A) \ Bn for every neTN. This contradiction shows

that w is not a zero-neighbourhood in yb(ll,F) a n d  t h a t

@2 o O1 is not open.

N e x t  w e  w i l l describe  a  class  o f LB-spaces F satisfying

t h e  h y p o t h e s e s  o f ( 4 . 5 )  a n d  t h u s  o b t a i n  a  n e g a t i v e  a n s w e r

t o  question  ( 3 . 1 )  f o r  lP elbarrelled, quasibarrelled,bornological,

ultrabornological).

(4.7) Example.

L e t  (Xn,rn)nm a n d  (Yn,sn)na b e  t w o  s e q u e n c e s  o f  B a n a c h

spaces (*) such that for every nelN

(al  Yn i s  a  l i n e a r  subspace  o f  Xn a n d  sn 2 r,IY,;

(b) {Y e Yn :  s,(y) 5 1  }is closed i n  (Xn,rn).

Moreover, l e t  (Z,/./I) b e  a  n o r m a 1  B a n a c h  sequence  s p a c e , i . e . ,

(*)  rn a n d  sn denoting the norms on Xn and Yn, respectively.
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IKW) c z c IP algebraically, t h e  i n c l u s i o n  ( Z ,  II. II) * II? i s

continuous, a n d  w h e n e v e r  (ak)ka  e Z, (bk)ka  e IP are such

that bkl .5 lakl (ke.IN), t h e n  (bk)k& e Z  a n d  II(bk)k~ll’Il(ak)k~lI.

Thus for every meIN  the pro’jection

Prm : (Z*II.II)  + (z, II. II>, cakjka “(bk>ka  where

b :=ak k (k<m) a n d  bk:=O (k>m),

is norm-decreasing. M o r e o v e r .  since  e v e r y  n o r m  o n  t h e  scalar

f i e l d  M i s  a  m u l t i p l e  o f  t h e  a b s o l u t e  value, there exists

for every  kelN a positive number pk such that

ll(6kla)la II = Pk]a] for al1 aelK.

L e t  %us  s u p p o s e  t h a t  - i n  addition - the following hypothesis

is satisf ied

( c )  w h e n e v e r  a  =  (ak)ka  E lk? s a t i s f i e s  JIPrm(a)/  2 1  f o r  al1

me!N,  then a belongs to Z and IlalI 5 1 .

Remar k : Condition (c) is satisfied for a norma1 Banach sequence

space CZ > Il. Il > if the norm II. II has the Fatou property in the

sense of A.C.Zaanen [31:p.446.Def.].  T h e  s p a c e s  lp ( 1  5 p  <-)

and their diagonal. transforms are norma1 Banach sequence spaces

satisfying condition (c), whereas c. does not satisfy condition (c).

Now. for every nelN the linear space

F,,:={(x,),, e &., xk x _k% ‘k ’ ((rk(xk)>k,n,(sk(xk)>k,n)ez}

is a normed space with respect to the norm
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Let

Bn :={(xklkeN  e F,, : ll((rk(x,)),<n,(s,(x,))k>n)ll  y 11
-

denote  its closed unit ball. Then Fn c Fn+l and B c Bn+ln
since s n 1 ‘nlYn (na). TRus w e  m a y  f o r m  t h e  lnductlve  limit

F:=ind Fn.

I n  “fzct

T h e  c a n o n i c a 1  i n j e c t i o n  F - t  kfl&(Xk,rk)  i s  continuous.

,  g i v e n  n,keIN, then the k’th projection Pk : Fn -t Xk,

(xlllEw ++ xk, is continuous  as Il(~l(xl))l~n.(~l(~l))l~n)/I 2
-

II (“klrk(Xk))laII = Pkrk(xk) ((xllla  e Fn).

We  will prove no-h>  that every set Bn is closed i Il :he produit

space k&(Xk,rk), hence closed in F = ind Fn.

L e t  nelN, a n d  l e t  ((xkl))),,),,, b e  an:equence  i n  Bn c o n v e r g i n g

to some e l e m e n t  (x~)~~ i n  k&(Xk,rk). F o r  e v e r y  k>n a n d  1ClN

w e  have t h a t  1  2 II( okmsk(xk(%maII = Pkskcxkq. s lnce  t h e  s e t

{yeYk:sk(y) ‘p’- 1 i s  c l o s e d  i n  (Xk,rk)  o n  a c c o u n t  o f  c o n d i t i o n

(b) a n d  s i n c e  ( xk p)) la converges  t o  xk i n  (Xk,rk), w e  o b t a i n

t h a t  xk e Yk a n d  sk(xk)  2 + f o r  al1 k  > n .-
k

T h u s  - i n  v i e w  o f c o n d i t i o n  ( c )  - i t  r e m a i n s  t o  p r o v e  t h a t

~~((rk(xk))k~n~(sk(xk))n~k~m’ok>m)n  < 1 for al1 m 2 n.
- -

Assume that there  m > n such that

~((rk(xk))k,n~(sk(xk))n~k~m’(0)k>m)l>l+E for some E > 0.
- -

Since  f o r  e v e r y  n  < k  < m, t h e  s e t  Xk\ {yeYk:sk(y)  2 s,(x,)--$$-}- -
k

is open i n  (xk’rk) and contains ‘k’ there  i s  loelN  s u c h  t h a t

Sk(xk
E(l))>S,(X,) - -

mPk
for al1 1 > 1- 0 and n < k 5 m.-



Moreover  we may assume that in addition

(1)
rk(xk - xk) I & for al1 1 > lo and k<n. Now fix 1 > lo. Then-

‘k -

> n<k<m’ (“)k>m>  II >- -

(1)Il((r,(x,)  - rk(xk - ‘k))k<n ,(max~09sk(xk)  - ~})n5k2m’(o)k,m)II 2

It((rk(xk))k<n~(sk(Xk))n<k<m’(o)k,m)ll - k~nlt(6jkrk(X~1)-Xk))jEW/I-- -

- nsksmll(  6jk  e)j,WII  >l+  E- k<\Pkrk(x{l)-xk)  - n<k,m  Pk  mk)-- -

cE_  c
zl+ E-k<nm  _ _ & = 1,n<k<rn  m which is a contradiction.

Thus Bn is closed in the Fréchet space khw(xk I rk) f o r  al1

nelN. Consequently each o f  t h e  n o r m e d s p a c e s  Fn i s a Banach

space a n d  t h e  L B - s p a c e  F=indFn  i s  r e g u l a r  (since t h e  c l o s u r e

nBF (nelN) f o r m  a  fundamtital  s e q u e n c en o f  b o u n d e d  s e t s  i n

F ,  see G.Kothe [ZO; p.402,(4)]).
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I n  t h e  c a s e  t h a t  (Y,. ks ) i s  a  t o p o l o g i c a 1  subspace  o f  (Xk,rk)

( i . e .  ,s k anb rk i n d u c e  t h e  same t o p o l o g y  o n  Yk) f o r  al1 kelN,

w e  g e t  i n  t h e  above w a y  s t r i c t  L B - s p a c e s  F = i n d  Fn o f  t h e  t y p e
n+

which V.B.Moscatelli constructed in [23].  - I n  contrast  t o

t h i s  c a s e  w e  w i l l  s u p p o s e  t h a t  - f r o m  n o w  o n  - t h e  f o l l o w i n g

“opposite” condition is satisfied

( d )  T h e  n o r m  sk g e n e r a t e s  a  s t r i c t l y  s t r o n g e r  t o p o l o g y  o n

Yk than the restriction rk]Yk for every keIN.

W e  w i l l show that the s e q u e n c e  (Bn)na i n  the D F - s p a c e

F satisfies hypothesis (b) of (4.5).
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In fact, by (d), every space Yn contains a sequence (x(“.“))~~

such that s,(x (nVm)) =  2  a n d  r,(~(“‘~)) < k (meIN).

Let  zcnvm):=(  cSjn  -&- x(~‘~))~~ (n,melN).
n

T h e n  II( hjn Isn(x(n~m)))jeN II= 2 whence z (n .m) e 2Bl\Bn and
on

II( &jn + r,(x
n

(n9m)))jeNj[ 2 k whence z.(~‘~)  e iBn+l  fOr al1

n,mdN.

L e t  U b e  a  z e r o - n e i g h b o u r h o o d  i n  F .  T h e n  f o r  e v e r y  neEV  there

is m(n) e N such that -’ B n+l c U. Thus the sequence (z (n.min))
m(n) 1 n&

is contained  i n 2BlnlJ, hence bounded, and ,(n.m(n))pBn  far

al1 n&J. We have proved t h a t  (Bn)na s a t i s f i e s  h y p o t h e s i s

( b )  o f  ( 4 . 5 ) . Now (4.5) implies that the space Yh(l1.F) i s

not quasibarrelled, and that the canonica1 continuous 1 inear

bijection

0 :  i n d  yb(ll,Fn)+ pb(ll,ind Fn) (see  ( 4 . 2 )  (b)j
n-t n+

i s  n o t a topologica1 isomorphism (as i n d  yb(ll,Fn) i s  a n LB-
n*

space and 6pb(11,rnd Fn) is not even quasibarrelled).
n-t

Remark.

(1) In (4.7) we menaged to realize the hvpotheses of (1.5;

in a r e g u l a r  L B - s p a c e  F; i n  fact, instead ‘.’ 1 ( 1 . 5 ) ( LI ) . Lh<

space F constructed in (4.7) s a t i s f i e s  t h e  lformnl!\) st r~lnge:

condition

Coro1  lar> ( 1 . 1 2 )  Wlll show that retract I 1 c LE-spaces I!c‘? t :
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satisfy the hypotheses of (4.5).

( 2 )  I n  o r d e r  t o  s h o w  t h a t  ( 4 . 6 )  h a s  a p p l i c a t i o n s  d i f f e r e n t

f r o m  t h o s e  o f ( 4 . 5 )  w e  w i l l  consider  t h e  f o l l o w i n g  v a r i a n t

of the above example.

L e t  (Xn,rn)nf3N,  (Y,.,s~)~~ b e  g i v e n  a s  b e f o r e  i n  ( 4 . 7 )

such that (a) and (d) are satisf  ied.

Then Gn:={(xklka e kIfnXk x k~nYk:((rk(xk))k<n’(sk ;~~!)~,,,)ec~l
-

is a Banach space with respect to the norm

I l . I l (n) : (x&JN + sup(rk(xk):k<n)u(sk(xk):k 2 n ) .

T h e  i n c l u s i o n  G, + Gn+l is norm-decreasing (neIN) and one may

f o r m  t h e  L B - s p a c e  G : = i n d  Gn, w h i c h  i s  i n  g e n e r a l  n o t  regular

(we ment ion w i t h o u t  pr’oof t h a t  G.Kothe’s incomplete LB-space

[2O;p.434/435]  i s  o f  t h e  above t y p e ) .  T h e  B a n a c h  d i s k s

B,:= {xeG,: Ilxll~,~  _< l} (neIN) are increasing and satisfy (4.6) (a) .

U s i n g  t h e  same d o u b l e  sequence (,(n+ml
hn,m)dNxW as in ( 4 . 7 )

one easily shows(taking C:=2Bl)  that (4.6)(b) is also satisfied.

T h u s  b y  ( 4 . 6 ) .  t h e  s p a c e gb(ll,G) i s  n o t  u l t r a b o r n o l o g i c a l .

(3) Given two locally convex spaces E,F, the canonica1 inclusion

Eb’ f$ F + yb(E.F)

is a topologica1 isomorphism onto the subspace

pb(E,F):={Te9 E , F ) : d i m  T(E)<=1  o f (Zb(E,F).  ( * )

(*) See  H.Jarchow [17;p.330,  4. Prop., and p.3441.
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A.Defant and W.Govaerts [9;Thm.19  and Prop.41 have shown that

- whenever E'b is an p--Banach space and F is a quasibarrelled

DF-space - then Eb P,F (and hence Sb(E,F)) are quasibarrelled.

Together with our Example (4.7) these  results show that the

spaces Yb(E,F) and gb(E,F)  may behave  quite  differently.

The following example complements  (4.5) to (4.7).

(4.8) Example. For every neTN let

(n) k (i,k) elN xIN, i < n-
ai,k ' = 1 whenever

1 (i,k) e IN x IN, i>n.

Moreover, let 1 < q < p < m . For every nelN let- - -

be provided with the norm

('ik)(i,k)elN  x IN * l(+)Xik)(i,k)elN  xlN"p '
ai,k

where  Il. Ilp denotes  the usual  norm on lp(IN x IN). Then Fn is

a Banach space topologically isomorphic to lp,  one has Fn c Fn+l,

and the inclusions  Fn + Fn+l -t 8 xN are continuous for al1

neIN. The induttive  limit F:=ind Fn is a co-echelon space of
n+

order p (in the terminology of K.D.Bierstedt. R.G.Meise, W.H.

Summers [5;1.2] the space F is a space of type kp).For every

nelN the set
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i s  c l o s e d  i n nPa (as it was proved, f o r  instante,  i n  ( 4 . 7 ) ) ;

c o n s e q u e n t l y  t h e  L B - s p a c e  F  =  indFn  i s  r e g u l a r .  Since  Bn c  Bn+l

(nelN),  t h e  s e q u e n c e  (nBn)na i s  a  f u n d a m e n t a l  s e q u e n c e  o f

bounded sets in F. Moreover, if 1 < p x OD , then ali P- and

hence F are reflexive.

Let Eq:=lq  if q<= and Eq:=co  if q = m .

We* w i l l  p r o v e  t h a t  t h e  s p a c e yb(Eq,F) i s  n o t  q u a s i b a r r e l l e d .

From (4.5) and (4.7) we got such a statement o n l y  f o r  t h e

case q = 1.)

L e t  A  denote the closed unit ball in Eq. For every neIN let

lBn :={TeY(Eq,F):T(A) c’Bn}. T h e n -# :=nU-&  ~~ i s  a  b o r n i v o r o u s

barre1 in yb(Eq,F) ( t h e  closure b e i n g  t a k e n  i n -IZcb(Eq,F) 1.

L e t  us a s s u m e  t h a t  We qo(pb(Eq,F)).  T h e n  there  i s  U=T??eQ,(F)

such that @:={Teg (Eq,F):T(A)  c  U  } c  +W ,  a n d  there is a

sequence (m(n))na e lP such that 1
ngN m(n)- Bn c U.

‘(“)“( &i,n+l  ‘k.m(n+l)+l
m(n+l)+l

mfn+l))li.k)eINxlN b e l o n g s  t o

ZB1
1n ~ Bnil . b u t  n o t  t om(n+l) B n’ I n  fact.

II(+ %,n+l %,m+l
ai,k

!!!$)
(i,k)elNxlN1p  =

far al1 n, melN

= I I (2
afr2 *i,n+l &k,m+l %$)(,i,k)&fl/Ip  = v Il*21 and

m+l
II’( (ntl) %,n+16k,m+l~ (i,k)-elNxlN’p  = i ’

ai,k
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F o r  e v e r y  sequence  (an)naeEq  t h e  s u m  n&anx(n) is well-def ined

i n  lPxw a n d  b e l o n g s  t o  lqfJNxlN)  since  1x::) 1 2 26i ,n+16k,m(n+l)+l

Because of lq(lNxIN) c lp@WN)  c Fl, the map T:Eq + F,

CanIna  * n&.fnx(n). is well-defined and linear. I f  a=(an)nmeA,

then IIT(a> Ilp < IlT(a)  Ilq < 2. whence T(a) e 2BI. Thus T(A) c 281

and hence TeY(Eq,F). Moreover, T(AnIKm)cnZe&cux(“): IUI 5 1 1 c

1
’ nEIN m(n+l) B n+l ’ “’ whence T(A) = T(AnlKW))  c n = l!. Thus

T e4c +W .  Since  x(“)#B, =  xF, there  i s  Vn=TVne*o(F)

s u c h  t h a t  x(~)  # Bn +  Vn (neIN). V:=,,&(i Bn +  Vn) i s  b o r n i v o r o u s

and therefore a zero-neighbourhood in the DF-space F.

V: =  {Se9 (Eq,F):S(A)  c  V  1 belongs to qg,( Ub(~q,~)),  t h u s

T e iw c  (i ,.,Ua  q) +  Y .  C o n s e q u e n t l y ,  there  a r e  neN a n d  Se+IB,

such that (T-S)(A) c V c $Bn + Vn, whence T(A) c S(A) + !jBn+Vn t

c Bn + Vn. - O n  t h e  o t h e r  h a n d . ,(n) e  T ( A )  \ (Bn+Vn) w h i c h

is a contradiction. Thus Yb(Eq,F)  i s  n o t  q u a s i b a r r e l l e d ,

and the canonica1 map 0 : i n d  yb(Eq,Fn)
n+

+ yb(Eq,F) i s  n o t

a topologica1 isomorphism.

If p=q=2, we get an example of an LB-space F = .ind Fn such
2 n-i

t h a t  e v e r y  Fn is topologically isomorphic to 1 and such that

yb(12,F) is not quasibarrelled.

I n  v i e w  o f  ( 4 . 5 )  t o  ( 4 . 8 )  one m a y  a s k  w h e t h e r  a  ( n e g a t i v e )

solution to the problem

If E is a Fréchet space a n d  F  a  b a r r e l l e d  D F - s p a c e ,  i s
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then yb(E,F) barrelled?

can be obtained in an easier way than via (4.5) and (4.7).

Indeed, one can find Banach spaces E and normed barrelled

spaces F such that the normed space zb(E,F) i s  n o t  b a r r e l l e d

as the following example shows.

(4.9) Example.

G i v e n  t w o  l o c a l l y  c o n v e x  s p a c e s  E ,  F ,  l e t Pb (E , F) denote

t h e  s p a c e  o f  al1 T e  Y (E,F)  s u c h  t h a t  d i m  T ( E ) <  OD ,  p r o v i d e d

w i t h  t h e  r e l a t i v e  t o p o l o g y  induced  b y Yb(E.F). By H. Jarchow

[17;p.330.4.Prop.. and p .344] the space gb(E,F) i s  t o p o l o g i c a l l y

isomorphic to Eh @,F. (Cf. Remark (3) after (4.7):)

I f  E  ,F.G a r e  l o c a l l y  c o n v e x  s p a c e s  s u c h  t h a t  F  i s  a  d e n s e

linear subspace  of G, then the canonica1 injection Fb(E,F)  +r&G)

ident if ies b(E,F) t o p o l o g i c a l l y  w i t h  a  d e n s e  l i n e a r  subspace

o f  S~(E,G). I n  fact,the above map is a topologica1 isomorphism,

onto its range by (1.1)(b). For the density it obviously suffices

to show: whenever Be@ (E), U e %o(G).  xeG, and feB” c E’ are

given, then there  is yeF such that (f B x - f B y)(B) c U;

but this statement is certainly true - j u s t  choose  y  e  Fn(x-U).

Now let E be an infinite dimensiona1 Banach space, and

l e t  F  b e  a  b a r r e l l e d  n o r m e d  s p a c e  s u c h  t h a t  e v e r y  b o u n d e d

Banach disk in F has finite dimensiona1 linear span (or -

equivalently - s u c h  t h a t  f o r  e v e r y  B a n a c h  s p a c e  Z  a n d  e v e r y

Te9 (Z,F) t h e  d i m e n s i o n  o f  T ( Z )  i s  f i n i t e ) .  A n  e x a m p l e  o f

such a space F is the space mo:=i  (xn)neNel -:I:xn:neN  ) i s  f i n i t e  )

p r o v i d e d  w i t h  t h e  s u p n o r m  (see  J.Batt,  P . D i e r o l f ,  J . V o i g t  [3]).-
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Furthermore, M.Valdivia [29] showed  that every separable Banach

space contains a dense hyperplane in which every bounded Banach

disk has finite dimensiona1 1 inear span . Since  barrelledness

is inherited by hyperplanes, every such hyperplane is another

example.

Assume. that Yb(E,F)  i s  b a r r e l l e d . Let F denote  a completion

of F. Then clPb(E,F)  =  gb(E,F)  i s  a  d e n s e  l i n e a r  subspace  o f

*,,(EvF), consequently, sb(E,F) a n d  hence Eb $ F  a r e  b a r r e l l e d .

From H.Jarchow [17;p.486.3.Prop.l w e  n o w  o b t a i n  t h a t  f o r  e v e r y

l< P 5 ao  t h e  B a n a c h  s p a c e  F  f a i l s  t o  b e  a n  SP-space  w i t h

approximation property. Furthermore. by H.Jarchow [17;p.4303

every infinite dimensiona1 Banach space with an unconditional

basis is  an SP-space  for some pe[l,m].

Taking al1 these  observations together, we get many examples

of the announced kind;

In view of (4.5) to (4.8) one would like to know whether

gb(ll,F) i s  a  D F - s p a c e  w h e n e v e r  F  i s  a  D F - s p a c e .  I n  fact,

one has the following result.

(4.10) PROPOSITION. Let  1 be a set and let El:, M(I)  :=

((X,),eI  e d : {1eI:x,  # 01 is finite) be providedwith the norm

Il . Il 1 : K(I)  + JR. (X,)leI  + ,&IX,I'

Then for every DF-space  F the space 9bd.F) is again  a

DF- space.

Proof. Let F be a DF- space and let (Bn)na be a fundamental

sequence  of bounded sets in F. Bn = l’Bn c Bn+l (neN).  Moreover, let
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A denote t h e  closed  u n i t  hall  i n  IEl. Then the sets

PJ n := {Te Y(E’.,F)  :T(A)  c Bn } (neIN) form a fundamental sequence

Of bounded sets in ~bdF). Thus it remains to prove that

Pb(IE1.F)  1s countably quasibarrelled.

Let ( InIna be a sequence of absolutely convex zero-neighbourhoods

in Yb(E1,F)  s u c h  t h a t w:= n wnelN n is bornivorous. For every

neM  choose p n > 0 such that p nLyncLw.
2n+l

Then nekpnBn

is contained  i n ;ti. - Moreover, f o r  e v e r y  nelN,  there  i s  a n

absolutely convex zero-neighbourhood Vn in F such that

vn:= IT~Y(IE~,F):T(A)  c  vn3 c  + wn .

‘Jn:=Cm(,, P~B~)+V, is absolutely convex and belongs to JPoo(F) (na) 9

a n d  U:=nPa Un i s  b o r n i v o r o u s  i n  F . I n  fact, i f  meIN, then

omBm  c Un for al1 n 2 m, whence Bm  is absorbed by U. Consequently,

U is a zero-neighbourhood in the DF-space F.

We will show that @:={T&(lE1,F):T(A) c LI} c nna#$.

Let TeO21  and let neIN.  By (e, ) ,eI w e  denote  t h e  f a m i l y  o f  .unit

v e c t o r s  e, =  (  61K)KeI  i n  IE (reI). F o r  e v e r y el the element

T(e ,) belongs to U and hence to Un = m&.,omBm  + Vn. Consequently,
-

there  exist b, m e Bm  (m < n) and v, e Vn such that-

T(e,) = m(n p,b, m + vI ..-

For every m 5 n the linear map

Tm
: Ku)

+F- (a~)~eI  ++ liI a br,m ’

satisfies T , ( A )  c  TB, =  Bm. w h e n c e  Tm  e 5%’,F) and Tm  e IB,.
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Moreover  T - ,$, cmTm b e l o n g s  t o
2

*; since  ( T -  m& omTm)(A) =

= rI(T- m$nomTm)(e,  ): IEI ) =TIv  : I e 11 c I1 n’ Consequently,
-

T e m&pm#  + en c +w + ; wn c wn. T h u s  J&  c  nr& w,. w h e n c e
-

W is a zero-neighbourhood in sPb(lE1,F)).

Remark:  A.Defant o,iserved that - using essentially the same

methods as i n  t h e  p r o o f  ( 4 . 1 0 )  - one c a n  s h o w  t h e  f o l l o w i n g

stament:

I f F 1s a quasinormable (*) l o c a l l y  c o n v e x space, then

Ipb(lE1,F) i s  alsoquasinormable (wheve lB1 has the same

meaning as in (4.10)).

Proof. Let A denote  the closed unit hall  in lE1 and let W be

a zero-neighbourhood in pbQ1,F). T h e n  there  i s  L i  e q,(E) s u c h

t h a t  Q:={TeP’(lE1 ,F):T(A) c lJ) c W .

SInce F is quasinormable, there  is V = TV e Qo(F)  such that

for every c > 0 one f inds a bounded subset  B(c) in F such that

V c e U + B(E).

v:=(Te6P(lE1,F):T(A)  c V) belongs to o//o(  ybd,F)).

Let E >O b e  g i v e n . Choose B = TBe 39  (F) such that V c E U+B.

Then lB : =  {T e P’(IEl,F):T(A) c  B) i s  b o u n d e d  i n  YbfJE1,F) a n d

%fccu+IB.

I n  fact, l e t  TeY a n d  p u t  e,:=( 61K)KeI  e lE1 ( 1 EI ) . Then for

every re1 one h a s  T(e,)eV w h e n c e  there  a r e  u,eLJ, b, eB  such

(*) A locally convex space F is called quasinormable if

u&,(F) v e 41;(F) E Yo BZ.%? (F) V ccU+B.
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t h a t  T(e,) =  cur+ b , .

SS1  + F, (a,),eI e cIEI arb 1 ’ b e l o n g s  t o  sP(lE1,F)  a n d  hence

t o  IB, since {b, : r e1) is a bounded set. Moreover,

$(T-S)(A)  C~IU,:  re11  c u, whence T=c($(T-S))+Se  E%+JD  .

A variant of (4.10) is the following

(4.11) PROPOSITION. zet F be a DF-space  containing an increasing

=qu=nce  (Cnlna of bounded Banach disks such that the closures

Cn (neM  1 for a fundamental sequence of bounded sets in F .

( ThiS hypothesis is satisfied if F is a locally  c o m p l e t e  DF-

space or if F is an LB-SPaCe (cf.G.Kothe [ZO;p.402,(4)]).)

Let 1 * be a set.Then  c;Pb(ll(I),F) is  a DF-space.

Proof. We must show that U,(l’(I),F) is countably quasibarrelled.

Let  (wnlna be a sequence of absolutely convex zero-neighbourhoods
i n  aP,(ll(I),F) s u c h  t h a t w :y- wn i s  b o r n i v o r o u s .  L e t  A

denote  t h e  closed  u n i t  b a l l  i n  11(1), a n d  f o r  e v e r y  ne.lN l e t

grr:= { T e  9(l’(I),F) : T(A) c Cn ). Then there  exists a sequence

( P,),~ e (R$lN such that :j p, v, c +%’  . Moreover. choose

Vn =rn e  eo s u c h  t h a t  -j$:={TeY(ll(I),F):T(A)  c  VJc t “w,,

CneJN. T h e n  Un:=(m&pmCm)  +  Vn is absolutely convex, belongs

to aO (nelN),  a n d  U:=,‘&  Un i s  b o r n i v o r o u s  ( s i n c e  om?m c  Un

f o r  al1 n  2 m), hence.  a  z e r o - n e i g h b o u r h o o d  i n  t h e  D F - s p a c e
F. The proof will be finished if we show that

@:=tTeY+(I).F):T(A) c + U)c n’& wr-.

Let TeQ  and neIN.  By (e ,), eI w e  denote  t h e  f a m i l y  o f  u n i t

vectors in l’(1). For every re1 there  exist (c, m min e m n. )- 2
C m

and v, e V n such that T(e,) = $( C p crn5.n  m i,m + v,).

A s  Cm is a bounded Banach disk, there  i s  Tmey  (l’(I),F) s u c h
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that Tm(e I ) = c I m ( reI). Moreover, T,(A) c c~Ou+E  )Cm  czc,

(m<n). S:=ZT-- m&r PmTm s a t i s f i e s  S ( A )  c  E,=V,. Consequently,
-

T= I( 12 m4n  pmTm+S)  e :(Cm3 P, vrn)+  q,) c c Pm<n  m $gm+ vn c + TV+
- - -

( 4 . 1 2 )  coro11ary. Let 1 be a set and let JEl:=lK(1) be provided

w i t h  t h e  n o r m  [[.1(1  :  M(I)  * I R ,  (a,)reI 1~ ,$Ila,I a s  i n  ( 4 . 1 0 ) .

Moreover, let F be a DF-space which is the retractive induttive
1 imit indFn  of an increasing s e q u e n c e  (Fn)nfl o f  l o c a l l y

n+
convex spaces.
Then the canonica1 injection i n d  Yb(E1,Fn) + pb(lE1.F)  i s

n+
a topologica1 isomorphism.

If i n  a d d i t i o n , F satisf  ies the hypotheses of (4.11),  t h e n

also the canonica1 injection i n d  pb(ll(I) ,F,) -+ =Yb(ll(I) ,F’)
n+

is a topologica1 isomorphism.

In particular, i f  F  =  i n d  Fn i s  a  r e t r a c t i v e  L B - s p a c e ,  t h e n
n+

also Ipb(ll(I),F) i s  a retractive LB-space, hence barrelled

and bornological.

Proof.  Al1 t h e  s t a t e m e n t s  f o l l o w  a t  o n c e  f r o m ( 4 . 1 0 )  r e s p .

(4.11) and (4.4),(4.2)(c).

Another rather curious consequence of (4.10) is the following

(4.13) PROPOSITION. net F be a DF-space and let (Bn)na  be

an increasing sequence of bounded, absolutely convex, and

closed  subsets  of F such that (nBn)neW is a fundamental sequence

of bounded sets in F .

Then every  null-sequence  in F is residually contained  in some Bm  .
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Proof. Assume that the a s s e r t i o n  d o e s  n o t  h o l d . Then there

e x i s t s  a n u l l  s e q u e n c e  (x~)~~ in F such that for every meIN

the s e q u e n c e  (x~)~~ d o e s  n o t  r c s i d u a l l y  l i e  i n  B m .  T h e n

w e f i n d  a n increasing s e q u e n c e  (k(n)),& i n  I N  s u c h  t h a t

‘k(n) ti Bn f o r  al1 neIN. P u t  yn:=xk(n) (na) a n d  chouse

“n = T Vne  q,(F) such that y, 1 Bn + Vn (na). Moreover. let

I8’ denote  the space lK@) provided with the norm Il. Il L: (an)na+  n&lanl,
1and let A denote  the closed  unit ball in IE ,  as usual.

_-_
L e t  ,,:= (Te u(lE’,F):T(A) c  Bn) (neIN). T h e n V :=’ ,,u-& Bn is3
a  b o r n i v o r o u s  barre1  i n yb@E1,F)  ( c f .  t h e  p r o o f  o f  ( 4 . 5 ) ) .

For every meN the linear map Tm  : IE1 + F, (an)neN ‘+ ntmanyn,
‘-

maps A into T{Y, :neJNN} and is thus continuous. loreover, t li e

s e q u e n c e  (Tm)ma,  converges  t o  z e r o  i n yb(E1,F). I n  fact,

the sets v:={Te 2 (El.F):T(A) c  V) (V=TV  E ‘u,(F)) f o r m  a

b a s i s  o f  @o(“b(lE1.F)) and TmeY  whenever {y,:n>m 1 c V .

Now > yb(E1,F) i s  a  D F - s p a c e by ( 4 . 1 0 ) . (Tm)meN is a null

sequence, and Jv is a bornivorous barre1  in Yb(IE1 .F) . Consequently,

by G.Kothe [ZO;p.398,(8)], there  i s  mo& s u c h  t h a t  T,e*

for al1 m > mo. As IJ:= nnfl(i  Bn + Vn) b e l o n g s  t o SO(F) (same

p r o o f  a s i n  (4.5)), %:= {TeY &F):T(A)  c U} belongs to

9,( cP,(S’,F)), w h e n c e  Tm e  i & FS,+ u , i . e .
0

there  i s  no&,

n > m such that Tm 1
o -  0 ’ e Z %, +@: Therefore Tm (A) c i Bn +

0 0 0

1
+ (2 Brio + Vn ) = Bn +Vn  , which is a contradiction to

0 0 0

yn
0

e Tm  (Al ’ (Bn + Vn 1.
0 0 0
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Remark:  We do not know, whether in (4.13) the closedness

of the sets Bn (neIN) can be dropped.
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15. A CLASS OF FRÉCHET SPACES

In (1.12),(2.13),  a n d  ( 2 . 1 4 )  w e  i n v e s t i g a t e d  t h e  q u e s t i o n ,

under which circumstances the canonica1 map

is a topologica1 isomorphism. One of our aims in this section

will be to extend these  investigations to the case of countable

projective l imits i n s t e a d  o f countable p r o d u c t s ,  a concept

which is in some sense dual to that studied  in section four.

( 5 . 1 )  L e t  (En)na b e  a  s e q u e n c e  o f  l o c a l l y  c o n v e x  s p a c e s ;

for al1 m,neIN, m 2 n, let Pnm : Em  + En be a continuous linear

map such that Pnn equals the identity map and Primo Pm1 = ‘nl
(1 > m 1 n). Then we cali the pair ((En)nflN,(Pnm)m,n)  a projective

-
sequence, and the space E:= 1 (xn)naJe~En:mV,nPnm(~m)=~n  1 .

provided with the relative topo1ogy induced  b y  t h e  product

topology of &&.,. i s  called i t s  p r o j e c t i v e limit and denoted

E = proj En.
+n

T h e  c a n o n i c a 1  p r o j e c t i o n s  E  + En, (x~)~~ » xn, w i l l  b e  d e n o t e d

by P,., (neH).

Furthermore. we will cali a  p r o j e c t i v e  l i m i t  E = p r o j  En o f
+n

a projective sequence ((En)naN’  (Pnm)m,n)
-

reduced, i f  P , ( E )  i s  d e n s e  i n  En f o r  al1 neIN,  a n d

strict, if.Pn:E + E n,is surjective and open for al1 neIN.

( R e c a 1 1  t h a t  a  p r o j e c t i v e  l i m i t  E  =  p r o j  En o f  a  p r o j e c t i v e

sequence ((En)n~N’(Pnm)m,n)  i s  s t r i c t  ‘i?f and o n l y  i f al1

the maps Pnm :Em  + *En are surjective and open (min).)
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(5.2) Remarks. L e t  ((En)nfl,(Pnm)m,n)  b e  a  p r o j e c t i v e  s e q u e n c e

o f locally convex spaces, let E be its projective l imit ,

and let F be a locally convex space. For al1 m,nelN, m>n,

the linear maps

J mn : Y~(E~,F)  + Y’~(E~,F). T  ++ T  0 P,,, a n d

Jn : Yb(En,F)  + Y,(E,F), T t+ T o Pr,’

are c o n t i n u o u s  b y  ( 1 . 2 ) ( a ) .  T h u s  w e  m a y  f o r m  t h e  induttive

l i m i t  19 J,,( .Yb(En,F)) ( i n  t h e  s e n s e  o f  G.Kothe [2O;p.220])

and obtain the canonica1 linear and continuous map

Y :  l$n J,,( c;P,(E,,F)) +(Pb(proj  E,,F), POI,  =  JmCm*).
+-n

where Im : L?b(Em,F) + l;m J,,( Yb(En,F)) denotes  t h e  c a n o n i c a 1

map .

( a )  A s s u m e  t h a t  t h e  p r o j e c t i v e  l i m i t  E  =  p r o j  En i s  r e d u c e d
+n

and that F is Hausdorff .  Then the maps Jn and Jmn are injective

for al1 nalN,  m 2 n. V ia  these  injections we may simultaneously

identity Y(E,,F) (neN) w i t h  l i n e a r  s u b s p a c e s  o f yP(E.F),

a n d  t h e  induttive  l i m i t  lfm Jmn( ~b(En,F)) m a y  b e  c o n s i d e r e d

a s  t h e  induttive l i m i t  o f  t h e  i n c r e a s i n g  s e q u e n c e  o f  l o c a l l y

convex spaces ( Y’b(En,F))neW  in the sense of (4.1) ; the canonica1

map from above

Y : ind’iPb(En,F)  * Yb(proj E,,F)
n+ +n

then becomes a continuous inclusion map.

(b) Let E be the r e d u c e d  p r o j e c t i v e  l i m i t  o f  a  p r o j e c t i v e

sequence ((En)n~W.(Pnm)m,n)  o f  l o c a l l y  c o n v e x  spaces  a n d
-

let F be a locally complete Hausdorff locally convex space
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such t h a t  f o r  e v e r y  b o u n d e d  subset  A@ i n 6Pb(E,F) there  i s

U e J&,(E) s u c h  t h a t X(U) i s  b o u n d e d  i n  F  ( c f . (2.6)). Then

Y is surjective, any subset ~‘6’ c 2’CE.F) is bounded in

yb(E,F) if and only if it is bounded in in? Yb(En,F), a n d

the inductive~limit ind yb(En,F) is regular.

Proof. What we have to show is the following:every Xeawb(E,F))

is  contained  in some 9 (E F) and bounded there. By hypothesis,b n’
gives z+fe  s@  (yb(EvF)), there  i s  U e qo(E) s u c h  t h a t  B : =  l’&‘(U)

is bounded in F. Now there  is  neIN and an open zero-neighbourhood

V in En such that U=Pn’(V).  The set lB:= (Te9 (En,F):T(V)  c B)

is a  b o u n d e d  subset  o f (Pb(En,F);  t h u s  i t  r e m a i n s  t o  s h o w

t h a t  X’c Jn(lB).

L e t  Te&’  . Because of T(ker Pn) c T(U) c B and since B is

bounded in the Hausdorff space F, the map T vanishes on ker Pn.

Consequently. there e x i s t s  a 1 inear m a p  S:Pn(E)  + F  s u c h

t h a t  Sa P,=T.  Clearly. S(VnPn)(E))  c  T ( U )  c  B .  Since  P , ( E )

is dense in En and since B is a closed, bounded Banach disk

in F, the linear map S admits a linear extension ? : En+ F

such that ?(VnPfi(E)  c  B ,  w h e n c e  ? i s continuous and

f(V)  c  %‘(VnPn(E)) c  B . Thus %elB and J,(T) = %‘oP, = SO  Pn = T.

( c )  L e t  E  b e  t h e  reduced  p r o j e c t i v e  l i m i t  o f  a  p r o j e c t i v e

sequence ( (Enlna, U’,,),>,> o f locally convex spaces and

l e t  F  b e  a  l o c a l l y  c o m p l e t e  H a u s d o r f f  l o c a l l y  c o n v e x  s p a c e

s u c h  t h a t  f o r  e v e r y  b o u n d e d  subset  .X i n Y,(E,F) there  i s

U e  ao s u c h  t h a t X(U) i s  b o u n d e d  i n  F .  Moreover  a s s u m e

that the following condition is satisfied
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nlh ue~aI, ( E n )  mqn B  e &Em) i&(E) Pnm(B) c U+Pn(k

Then for every boundcd subset  Xin (Pb(E,F)  the spaces ind (Pb(En,F)
n+

and y,(E,F) i n d u c e  t h e  same relative topology on x , and

the induttive  limit ind yb(En,F) is retractive.
n+

Proof.  L e t 8 e  g (yb(E,F)) b e  g i v e n .  B e c a u s e  o f  ( b )  a n d  i t s

p r o o f  there  a r e  ne.lN, Ue %Yo(En) 9 and A = I’Ae 33  (F) such that

# c Jn(m) w h e r e  IB:= {Te(20(En,~):T(U)  c  A  1.

Now, by hypothesis, there  is  m 2 n such that

BeBv(Em) ii  &(E) Pnm(B) c U+Pn(;B).

The proof will be finished if we show that gb(Em,F)  and Y,(E,F)

induce the same topology on IB.

L e t  #f b e  a  z e r o - n e i g h b o u r h o o d  i n yb(E,F). T h e n  there  a r e

BeB CE,), V=  TV e@o(F) such that ~IJ {Te 4u(Em,F):T(B)  c  V  1,

and we may assume that A c +J. B y  h y p o t h e s i s  there  i s BeIa (E)

s u c h  t h a t  Pnm(B) c  U +  P,(i).

-Y:  IT E  Y(E,F):T(i) c + v  1 i s  a  z e r o - n e i g h b o u r h o o d  i n  Zb(E,F).

and it remains to show that fr\(@Pn) c W 0 Pm.

Let Te yn (IB 0 Pn) . Then there  is SelB such that T=S oPn =

SOP  6Pnm m’ Because of ( S  0 P,,)(B) c  S(U)+S(P,&)  c  A+T&  c

c $V  + $V  c V, we obtain that SoPnmefl whence Te W 0Pm’

( d )  L e t  E  b e  t h e  reduced  p r o j e c t i v e  l i m i t  o f  a  p r o j e c t i v e

sequence  ((En)n~N’(Pnm)m,n)  o f  l o c a l l y  c o n v e x  s p a c e s  En (na),
-

a n d  l e t  F  b e  a  H a u s d o r f f  l o c a l l y  c o n v e x  s p a c e .  A s s u m e  t h a t

f o r  e v e r y  n& a n d  e v e r y Be.@(En) there  i s Ae  O(E) such that
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P,(A)  > B. Then the induct  ive limit ind Y’b(En,F)  i s strict

and the spaces 2’b(Em,F)  a n d iPb(E, F) nTnduce the same  topolngy

o n  Y(Em,F) for every meJN.

Proof. L e t  melN, B e  49 ( E m ) ,  a n d  U =  :‘eJjlo ( F )  b e  gi\-en. T h e n  there

is AeY (E) such that Pm(A) 3 B.

NOW  ff”:= (TeY(E,F) :  T ( A )  c  U  1 b e l o n g s  t o #,( Y’,,(E,F)) a n d

WnW(Em,F)  0Pm c I T 0 Pm:TeY (Em,F)  ,T(B)  c U 1.

I n  fact, i f  SeY(Em,F) satisfies S.oPm e %, then

S ( B )  c  S(Pm(A)  c  (SoPm)(.A)  c  c =  1.

Consequently, Yb(Em,F)  a n d . <Pb(E,F) i n d u c e  t h e  same t o p o l o g y

o n  Y(Em.F), which finishes the proof.

(5.3) Remark.  Let E be a Fréchet space and let ((En)na,(Pnm)m,n)
-

b e  a  p r o j e c t i v e  s e q u e n c e  o f  B a n a c h  s p a c e s  En (ne.!J) sach t h a t

E is the reduced  projectrve limrt  of the sequence ((En)nED;,(Pnm)m>n).
-

Let F be a locally complete Hausdorff DF-space. Then bv (5.2)(b),

the canonica1 map y : $d =Y’b(En,F)  + 4pb(~,F)  1s bijectl\e.

Moreover, it follows from (5.2) (b) that 5 1s  a topologica1

isomorphism if yb(E,F) 1s bornological.

N e x t  w e  w i l l assume t h a t  rn addrt  ron E 1s quasrnormable

(see the remark a f t e r  ( 4 . 1 0 ) ) .  T h e n  f o r  e\erv n& a n d

U = PU e Qo(En)  there is min and an open \ e 4/o(Em) s u c h  t h a t

for every c > 0  there  exrsts  Be&9 (E) such that Pml(\)crP+)+B.

which rmplies  that

Pnm&)  C i  Pnm(m)Em)  c ; Pnm(\‘rPm(E))En  c ; pn(P;l(\,))En  c



230 S. Dierolf

c Pn(Pn’(U)  + ; B) En c LJ+Pn($B)En c tU+Pn(kB).

Thus the hypotheses  of (5.2) (c) are satisf ied, and we obtain

that t.he induttive limit  ind ub(En,F) is retractiv,e; furthermore
n-i

(5.2)(c) implies  that the canonica1  continuous  linear bijection

Y : ind Yb(En,F)  + z?~(E,F)
n+

is a topologica1 isomorphism whenever Yb(E,F) is a DF-space

(here  we use that DF-spaces  are “lokaltopologisch”, see (4.4)).

Our next  aim is to describ,e.  a certain class  of Fréchet

spaces which are closely related to (5.2)(d). We will do

this  with the help  of the following two  proposition, whose

f inal formulation  has been suggested  by K.Floret  and whose

proofs  can be found in [35].

5.4) PROPOSITION.. Let (CE n) neIN * (Pnm)m>n) be a projective sequence

of Banach  space En (ndW) such that its projective limit

E = proj  En is reduced. Then the following statements are
+n

equivalent.

(a) The maps P nm : Em  +En are surjective  for al1 m > n;-

(b) Far every  nelN and every BeB(E,) there  exists A e 1(E)

such that Pn(A)3B.

(c) Far every  n’elN and every  BeB(E,) there  exists A e.%‘(E)
E

such that p,(A)  n 3 B.

(d) The induttive  limit ind( is a strict induttive  limit.
n-+

Furthermore, if one o f these conditions is satisfied, then
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the canonica1 map y: ind(En)b  + E,', is a topologica1 isomorphism.
n+

(5.5) PROPOSITION. Let E be a Frdchet  space. Then the followinq

statements are equivalent.

(a) There  exists a projective sequence ((En))neN,(Pnm)m,n)  of Banach
-

spaces  E n  (neIN) such that

Ci> E = proj En and the projective limit proj En is  reduced;

(ii) ( CEnIne;,  (Pnm>m>n) satisfiss the conditizns  (a) to (d)
-

in (5.4).

(b) There  exist a decreasinq sequence (Ln)na of linear

subspaces  of E and J+= rB f.@(E)  such that the sets Ln+  + + B

(na> form  a basis of Q,(E).

(c) Fhere  exist a decreasinq sequence (Ln)na  of linear subspaces

of E and a sequence (Bn)na  in a(E), Bn = rBn (na),  such

that the sets L + B
n n (nW form a basis of ao(

(d) There  exist a decreasinq sequence (Ln)na  of linear subspaces

of E and a sequence (Bn)na  in I(E). Bn = l'Bn (nW .

such that the sets Ln+BnE (n&J)  f o r m  a  b a s i s  o f qo(E).

(5.6) Remarks.

(al  In [33;Thm.l]  (see a l s o  [34;  Thm.21)  D.N.Zarnadze  h a d

proved that a  F r é c h e t  s p a c e  s a t i s f i e s  ( 5 . 5 ) ( d )  i f  a n d  o n l y

i f  i t  i s  t h e  r e d u c e d  p r o j e c t i v e  l i m i t  o f  a  p r o j e c t i v e  s e q u e n c e

of Banach spaces satisfying (5.4) (d). Moreover, in [34;Remark  21

h e  h a d  a s k e d  w h e t h e r  (5.5)(d)  a n d  ( 5 . 4 ) ( a )  a r e .  e q u i v a l e n t .

S.F.Bellenot and E . D u b i n s k y  [4] cali a  s t r i c t  p r o j e c t i v e
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limit of a projective sequence of Banach spaces a “quojection”.

(b) Let E be a Fréchet space satisfying one of the equivalent

conditions in (5.5). Then the following statements hold (cf.[35]).

(a) E is quasinormable and hence distinguished;

(8) E is a Monte1 space if and only if E is finite dimensiona1

or topologically i s o m o r p h i c  t o  w (See D.N.Zarnadze

[33;p.825]..)

(y)  E is reflexive if and only i f  E  i s  t h e  p r o j e c t i v e limit

of a projective s e q u e n c e  o f reflexive Banach spaces.

Consequently, i f  E  i s  r e f l e x i v e , then E is totally reflexive

( i . e . al1 quotients of E are reflexive). (See A.Grothendieck

[14 ; Prop . lo]  . )

W e  w o u l d  l i k e  t o  t a k e  t h e  o p p o r t u n i t y  a n d  mention t h a t

the formulation of Proposition 10 in A.Grothendieck [14;p.100]

is not correct:

L e t  El:= cp~(:=~~~ )  a n d  En:= cp (n >l). If K c IN is finite,

then E EneK n ls either topologically isomorphic to ‘p ,‘pw  , or

wx <p * I f  f o l l o w s  f r o m  .a r e s u l t  o f  V . E b e r h a r d t (Beispiele

topologischer Vektorraume mit der Komplementarraumeigenschaft,

Arch.Math. 26(1975),627-636,%.2  S a t z ) that ‘p > cpw and wxcp

are al1 totally r e f l e x i v e .  O n the other hand, it is well

known that n%NEn = ‘pw x wcp  has a non-reflexive quotient (G.Kothe

[2O;p.120]). A.Grothendieck’s r e s u l t  i s clearly true f o r

every s e q u e n c e  (En)nfl o f  F r é c h e t  s p a c e s ,  a n d  h i s  p r o o f  w a s

meant for that case only, since  he used the theorem of Banach-

Dieudonné inhis proof.
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(c) The twisted  Fréchet spaces constructed by V.B.Moscatelli

in [23] al1 satisfy (5.5)(a).

(d) Let F=indFn  be a strict LB-space. Then there  is
n+

(Bn)nelN  e n&( aO n 9(Fn)) such that Bn+l n Fn = Bn=TBn

for al1 neN. The sets Un:= (neIi+ form a basis of @o(Fb).

Moreover, B:=,& Bn belongs to %,(Fl. Let V= E eq,(F)  be

such that +B c V c B. Then Un c $V C--I Fn)" = + (V"+F;)Fi  =

= $0 + F;)  c 2IJn (nW.

This proves that the Frkchet space Fi satisfies condition

(5.5)(b).

(e) Let E be a Fréchet space satisfying one of the equivalent

conditions in (5.5). If E admits a continuous norm, then

E is a Banach space as follows immediately from (5.5)(b).

For Fréchet spaces satisfying one of the equivalent conditions

in (5.5) we can prove the following strutture  theorem.

(5.7) PROPOSITION. Let E be a Frécbet  space and let ((En)n~,(Pnm)m,)
-

be a projective sequence  of Banach spaces such that Pnm :Em  + En is surjective

far al1 m >n and such that E is equa1 to the projective limit-

proj En.
+n

Moreover, let F be a Banach space with the h extension property

for some A > 1 (i-e. f or al1 Banach spaces (X,11.()) a n d  closed
-

linear subspaces U.II.II‘I  Y) each linear con.tinuous map

T:Y + F has a continuous linear extension F :X+F such

that Il ‘r  Il 2 AlI  T Il (see H.E.Lacey [22;p.86])).
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Then the canonica1 map Y : i n d  Yb(En,F) +
n+

Yb(E,F) d e f i n e d

in (-5.2) is a topologica1 isomorphism and Yb(W) is a strict

LB- space.

ItI particular,  for every Fréchet space E satisfying one of

the conditions of (5.5) and every Banach space F with the

X estension property, the space c;Pb(E,F)  i s  a bornological

DF-space

Proof. Clearly, for e v e r y  neIN, the canonica1 projection

Pn : E + En is surject ive, and the projective sequence

((En)n&9  (Pnm)m>n) satisf ies ( 5 . 4 ) ( c ) . T h e r e f o r e ,  b y (5.21,

(b) a n d  (d). t h e  m a p  y i s  a  c o n t i n u o u s  l i n e a r  b i j e c t i o n  a n d

t h e  induttive  l i m i t  i n d  yb(En,F) i s  a  s t r i c t  L B - s p a c e .  T h u s
n+

we have only to show that Y is open.

Choose  (Bnlna  e nb( wo(En)  n BG,)) such t h a t  Pn n+l(Bn+l)=,

= Bn = TBn f o r  al1 nelN, a n d  l e t  A  denote  t h e  closed  u n i t

ball in F. Let YV e  910(ind Yb(En,F)) b e  g i v e n .  T h e n  there
n+

is a  d e c r e a s i n g  s e q u e n c e  (  P,),~ e (RT) N such that

& pn( W (B,.A)* P,,) c y W’) where JY(Bn,A):={Te  Y(E,,,F):T(BJ c A)

(neN). B:=E 17 ( ll
neN ‘Bn) i s  a  b o u n d e d  s e t in E and

pn
V-v: =  {TeY ( E , F ) : T ( B )  c  &A)  b e l o n g s  t o ~,W’,(EJ)). Thus

it suffices to show that +,c‘y(Iv>.

Let Te V . T h e n  there  a r e  kaTN  a n d  S e  yb(Ek,F) s u c h  t h a t  T=So  Pk.

We first show that S(n<k)P;i
.

- (+$)l c & A.

Let xk e n P-1(+n<knk  nn). Then f o r every n$, the element
-
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xn:=P,k(xk) belongs to $--Br,.  Moreover, because of Pl l+l(Bl+l)=Bl
n .

(1eN)  ,we i n d u c t i v e l y  f i n d  a  sequence  (x1)1  >k e 1fIk IB
pkl

s u c h  t h a t  Bl,l+l(~l,l)  =  x1 ( 1  2 k ) .  B e c a u s e  o f pk 2 ‘%

(12 k) we have that x.~ e IB
pl 1

(1  >k), whence x:=(x~)~~ e

n LB
e EnleN  p1 1 ’

Because of Ter we get that S(xk)  = T(x) e --&A.

L e t  us n o w  consider  t h e  s p a c e n:kEn  which is a Banach space

with respect to the Minkows-ki fune.t-ional  o.f the set n$k ‘Bn.p
- n

J : Ek + EEn<k n’ ’ * (Pnk(x))n<k,  i s  l i n e a r  a n d  i n j e c t i v e

a n d  J-l(n:k i
-

,Bn)=,:I<P~~(~,,). Since  F  h a s  t h e X-extension
n

property, there  e x i s t s  a  l i n e a r  m a p  g:nokEn  + F such that

*soJ  =  S  s u c h  t h a t  g(nqk k Bn) c  A .
-

For every n 5 k let Jn : En +l,TkEl denote  the natura1 inclusion.

T h e n  T,:= 5 Q Jn b e l o n g s  t o p,, W(B,,,A)  (nzk)  a n d  T=nC<kTn~  Pn

SinCe T((xn)neN)‘s(xk)‘~((x,),,k) = s(n<kJn(Xn))-
= Jk(: 0 Jn 0

- p,)((x,),,) = n’&jn ’ Pn)((Xl)l&  1.-

Thus Ten$k(PnW(Bn,A)~Pn)  c Y( ~1.-

1 would like to thank K.Floret for eliminating a superfluous

sling from a former version of the above proof.

I n  contrast  t o ( 5 . 7 )  w e .  have t h e  f o l l o w i n g  p r o p o s i t i o n

(reca11 that the Banach s p a c e s  1 ”  (1) have t h e  1  e x t e n s i o n

property  , see H.E.Lacey [22;p.89]).
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( 5 . 8 )  PROPOSITION. Let E b e  a metrizable  locally  convex  s p a c e

c o n t a i n i n q  a decreasinq  seguente
("n)neN

o f  absolutely  convex

zero-neiqhbourhoods such that

(a) the sets A Un (neN) form  a basis of 9,(E);

(b) B & ( E )  “2% ( E )  n&N “ n  # B+U’

Then the space yb@,lm) is not quasibarrelled.

Conseguently,  i f  i n addition  E is the projective l i m i t

Pro  En of a projective sequence ((En)nEN,  (Pnm)m,n)  of normed
+n -

spaces, then the canonica1 map 'y : li+m  Jmn(Yb(En91m))  +yb(E,l?

(see  ( 5 . 2 ) ) i s  not open.

Proof.  L e t  A  denote  t h e  closed u n i t  b a l l  i n  Ia, a n d  f o r  e v e r y

neIN p u t  n:={TeY (E,l”):T(U,) c  A  .l. T h e n  t h e  s e t  W :=nUa Wn

(where the closure is taken in yb(E.lS)  is clearly a bornivorous

barre1 in Yb(E,lm).

Assume that W is a zero-neighbourhood in Yb(E,lm  ). T h e n

there i s  B =  IIBe 9 ( E )  s u c h  t h a t  Y:={T~$P(E,~~):T(B) c  AI i s

contained  i n giy . According  t o  h y p o t h e s i s ( b )  there  e x i s t

U = TU e Qo(E), a sequence (x~)~~ e nB&,Un and a sequence

.(f n)nelN in (B + i U)’ such that fn(xn) >l for every neIN.

T : E + l”, x ++ (f,(x)).,, is linear and continuous because

the sequence cfnjneN  is equicontinuous. Moreover, T(B) CA

whence T e Y c +w-.

The set D:={xn:neNt is bounded in E, since  x C Z Un c Uk farn
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al1 n  2 k .  T h u s  @:={Se9(E,lm):S(D) c  i A) b e l o n g s  t o  ~2(,(9~,1~))

1and T E 7 n$N nw +42.

Consequently there  is 1neLN  and R e 7 wn s u c h  t h a t  T-Re%

hence T(x,) e R(xn) + +A c A, which is clearly a contradiction

t o  fn(xn) >l.

Next we will construct (a class  of) Fréchet spaces E satisfying

t h e  h y p o t h e s e s  o f (5.8). T h e  c o n s t r u c t i o n  o f  these  F r é c h e t ’

spaces is r a t h e r  d u a l  t o t h e  c o n s t r u c t i o n  o f the LB-spaces

o f  ( 4 . 7 ) .

(5.9) Example.

‘Let  (Xn,rn)na a n d  (Yn,~n)na b e  t w o  s e q u e n c e s  o f  B a n a c h

spaces such that for every nelN

(al  Xn i s  a  l i n e a r  subspace  o f  Yn a n d  rn 2 snlXn;

(b) the set (xeX,.‘m(x) 5 11 i s  closed i n  (Yn.sn).

Moreover, just as in (4.7), let  (Z, 1).  11) be a norma1 Banach sequen

c e  s p a c e ,  i.e. IK OW c z c II? algebraically,the i n c l u s i o n  (Z,jj.jj)-Tt?

is cent  inuous  , an d whenever (a,) kmeZ,  (bk) kmeTKn are such is
continuous, a n d  whenaver (ak)ke,NeZ, (bk)km  e li? a r e  such t h a t

Ibkl  5 jak( (kfl), the3 (bk)km  e Z  a n d  l/(b,),!l 2 /l(ak)kJ.  F o r

e v e r y  keTN  there  1s p
P > 0  s u c h  t h a t  jj(6,1a)le~il= pklal f o r al1

aeK (cf. (4.7). Moreover, let condition (c) in (4.7) be satisfied.

Now, for al1 neJN, the linear space

En:= ((ykjka e k <,, xk ’ k&,yk’((rk(Yk))k, nv(sk(yk)k,n) e z}
- -
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is a Banach space with respect to the norm

(yk)  keN t~il((rk(Yk))k<n’(Sk(Yk))k,n)ii’
-

as has been proved in (4.7). Let

B ‘=‘(Yk)keJN  e En  ’ ll((rk(yk))k,n,(sk(yk))k>n)  I/ 2 11n -

denote  t h e  closed unlt hall  In En’
T h e n  En+l c  En c  k&Yk,  Bk+l c  Bk, a n d  t h e  inclusions  En,L -+

-+ En -+ k&(Yk,~k)  a r e  c o n t i n u o u s  (neIN).

Let E:=nnaEn be equipped with the initial topology with respect

t o  t h e  i n c l u s i o n  m a p s  E  -+ En (nW. Then E is topologically

isomorphic t o  t h e  p r o j e c t i v e  l i m i t  p r o j  En, hence a  F r é c h e t
*n

space.

L e t  Un: =BnnE (ndN. Then the sets AUn  (neN) f o r m  a  b a s i s

o f  ao(

Let us suppose from now on that i n  addition  t h e  f o l l o w i n g

condition is satisfied

(dl rk generates a strictly stronger topology on Xk than

skjXk f o r  e v e r y  keiN.

We will show that the sequence  (Un)nti  s a t i s f i e s  c o n d i t i o n

(b) i n  ( 5 . 8 ) . For this purpose i t  o b v i o u s l y  s u f f i c e s  t o  p r o v e

Un $ m  Un+L  +  $ U1  f o r  al1 n.melN.

Let m,nelN  b e given, and let A(r):= { xeXn:rn(x)ll} , A(s):=

= {yeYn:sn(yl < 11.

Assume that A(s)  n Xn c mACrI + +A(s). Then for e v e r y  keIN



On spaces of continuous linear... 2 3 9

we have that A(s) nXn c O<JC<k m ,jLA(r) + --l--A(s) , hence
- - 2k+l

A(s)nXn c  k&(2mA(r)  + LA(~))
‘ n

2k+l = 2m A(r) = 2m A(r),

which is a c o n t r a d i c t i o n  t o hypothesis (d). Consequently,

there e x i s t s  x e A(s) nxn such that x@m A(r) + $A(s). The

element ( 6 kn +x1
n keN

belongs to E and to Bn, since

li@kn + Sn(X))kfllI  = sn(x> 2 l. Assume that (0 kn plx)k&,j E
n n

e m  LIn+l + +Jl. Then - by the monotony of II. I( - there  are

Yq)  9 seY, such that +x=y+z and such that ( o .r,(y) = )

Il ( 6 knrn(Y))keNli  5 m  a n d  (znsn(z) =>ll(* 1knSn(.Z))keNIt  < 2. Thus

Y. .e LA(r) and z e
pn

$-A(s) w h e n c e x= P,(y+z) e mA(r)+iA(s)
n

which is a contradiction to the choice of x.

Thus we have proved that Un $ m Un+l + $1. Now , by (5.81,

the space Yb(E,lm)  is not quasibarrelled.

Remarks.

(a) We just managed to realize the hypotheses of ( 5 . 8 ) .  I n

fact, instead of (5.8)(b)  9 the Fréchet spaces E constructed

in (5.9) satisfy the (formally) stronger condition

Ue$ (E) be&‘(E)  n& ‘n # ’ + B ’

Corollary (5.15) will show that quasinormable Fréchet spaces

E never satisfy the hypotheses of (5.8).

(b) For a nondistinguished Fréchet space E the space Pb(E,lm)

is clearly never quasibarrelled (as it contains Eb’ as a complemented

subspace). Theref ore the examples which we obtained with
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t h e  h e l p  o f  ( 5 . 8 )  a n d  ( 5 . 9 )  a r e  o n l y  i n t e r e s t i n g if we make

sure that we can get distinguished Fréchet spaces E  w i t h

Yb(E,lm  )  n o n - q u a s i b a r r e l l e d  i n  t h a t  w a y . - T a k i n g  (Xn,rn),

Un.sn) (nal. a n d  (Z,jI.)() r e f l e x i v e ,  w e  o b t a i n  r e f - l e x i v e

B a n a c h  s p a c e s  En (neIN) ( w e d o  n o t  p r o v e  t h i s  s t a t e m e n t ,  c f .

also V.B.Moscatelli r23;Thm.l  and its proof]) and hence a

reflexive Fréchet space E, which is in particular distinguished.

(c) For a quasibarrelled space E the following statements

are equivalent:

( a )  There exists a  d e c r e a s i n g  s e q u e n c e  (Un)nfl  o f  a b s o l u t e l y

convex zero-neighbourhoods in E such that ( 5 . 8 ) , ( a )  a n d

(bl. are satisfied.

( 8 )  There e x i s t s  a n  i n c r e a s i n g  s e q u e n c e  (Bn)na o f  a b s o l u t e l y

convex a(E’,E)-closed, 8(E’.E)-bounded subsets in F:= Eb

such that (4.5).(a) and (b), are satisfied.

Proof. ( o ) => ( 8). Let (Un)na according to ( CI  ) be given,

and def ine B :=U”n n (nW . T h e n  t h e  s e q u e n c e  (Bn)na s a t i s f i e s

(4.5)(a). Moreover. let V = V”” e  Qo(Eb)  b e  g i v e n .  T h e n  there

is U = fi e e,(E) such that Un # V”  + 2U (nalN),  whence

B n = u;; J$  (VO+U)O a n d  i n  p a r t i c u l a r  Bn $ (V’uU)” = vnu”

(nW .

(8) - (al. Let (Bnlnm according to (8 ) be given. and define

U :=B”n n (neIN). T h e n  t h e  s e q u e n c e  (LJn)na  s a t i s f i e s  ( 5 . 8 )  ( a ) .

Moreover, let Be B (E) be given T h e n  there  i s  A  e  a(Eb) s u c h

that +B” nA # Bn CnfJN). We may assume that A=A”” (using

again the quasibarrelledness of E). T h e n  U,=Bi 6 (+B”nA)”
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(nelN). Since  B + ;A” c  (~B”PA)’ w e o b t a i n  t h a t  lJn$B  + i A”

Quite analogously one proves the following statement

(d) For a quasibarrelled space F the followrng are equivalent

(u) There e x i s t s  a n  i n c r e a s i n g  s e q u e n c e  (Bn)na o f  a b s o l u t e l y

convex closed bounded sets in F such t h a t  ( 4 . 5 )  ,(a)

and (bl, are satisfied.

( 8 )  There e x i s t s  a  d e c r e a s i n g  s e q u e n c e  (LJn)na  o f  a b s o l u t e l y

convex zero-neighbourhoods in E:=Fb such t h a t  ( 5 . 8 ) , ( a )

and (b) are satisfied.

( e )  L e t  E  b e  a  n o n d i s t i n g u i s h e d  m e t r i z a b l e  l o c a l l y  c o n v e x

space. Then E satisf ies the hypotheses of (5.8). (Confer

however part (b) of this remark).

Pro&. W e  have t h u t 8(E’ ,E”)  i s  s t r i c t l y  s t r o n g e r  t h a n  B(E’,E)

and that Eb is a DF-space. Consequently, by G.*Kothe [2O;p.398,(7)],

there  i s  U e  GO(E),  U=U”“,  s u c h  t h a t E(E’ ,E”)  IUO$ 8(E’  ,E) ]U”.

L e t  (An)na b e  a  f u n d a m e n t a l  s e q u e n c e  o f  b o u n d e d  s e t s  i n

EB such that every An is absolutely convex and o(E’,E)-

compact. There e x i s t s  a sequence (p n)na e (lR:)”  s u c h  t h a t

B”nU”# .& pnAn f o r  al1 B e  .?Z ( E ) .  T h e  s e t s  B  :=m:npmAm (neIN)n

form an increasing sequence of o(E’ ,E)-closed, B(E’ ,E)-

bounded, a b s o l u t e l y  c o n v e x  s e t s  i n  Eb which obviously satisfy

( 4 . 5 ) ( a )  a s  w e l l  a s  a  c o n d i t i o n  w h i c h  i m p l i e s  ( 4 . 5 ) ( b )  ( C f .

Remark ( 1 )  a f t e r  ( 4 . 7 ) ) .  N o w  w e  o b t a i n  t h e  a s s e r t i o n  w i t h

the help of (c).
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Another method of combining the examples of sect  ion f o u r

with t h o s e  o f s e c t i o n  f i v e is based on the following simple

fact.

(5.10) LEMMA. Let X,y be Haus.dOrff quasibarrelled spaces.  Then

the map

0 : y,(x,y;) ‘6pb(Y,X;), T ++ Tt IY,

(where we consider  Y as a subspace  of Y” in the usual way)

is a topolcgical isomorphism.

Proof. I f  T e  (P (X,Y,‘,)  t h e n  Tt: (Yb)b, + XB i s  c o n t i n u o u s ,  t h u s

TtlY b e l o n g s  t o  ip(Y,Xb), and S is well defined.

Since  the map Yb(Y,X;) + 2’,(X,Yb). S  » StlX i s  t h e inverse

map to 0 , it suffices - because of symmetry - to show that

0 is continous. But the continuity follows at once from

AevB(xl B&(y) Telp(X,Yb) (T(A) c Bo - Tt(B) c A”)*

A s  a n  a p p l i c a t i o n  o f  ( 5 . 1 0 )  w e  w o u l d  l i k e  t o  mention t h e

following two examples.

(5.11) Examples.

(a) Let F be a reflexive DF-space such that cPb(ll,F) i s

n o t  q u a s i b a r r e l l e d  ( c f .  (4.7),(4.8)). T h e n  E:=FI; i s  a  r e f l e x i v e

Fréchet space such that yb(E,lm) is not quasibarrelled.

(b) For every nelN let

i

k (i,k) e IN XIN, i i n-
(n) . _

ai,k’- whenever
1 (i,k) e IN x IN, i> n,
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and let 1 5 p 5 q cm. For every n e H let

En ~~~(xi,k)(i,k)eJNxlN  e IPJXEI:(af’lLkXi,k)(i,k)EW~flP~XEI)l

be provided with the norm

(n)
(‘i,k)(i,k)eINxIN * U(ai,kxi,k)(i,k)EWxIN”p  ’

where 1). Ilp denotes  the usual norm on lp(lNxlN).

Then En is a Banach space, En+1 c E n c em a n d  t h e  inclusions

E n+l + En a r e  c o n t i n u o u s  (neIN). T h e  p r o j e c t i v e  l i m i t  E:=projEn
cn

is an echelon space of order p.

We will show that Yb(E,lq) is not quasibarrelled.

I n  fact,. i f  p=l,  t h e n  E  i s  n o t  d i s t i n g u i s h e d  (see  G.Kothe

[2O;p.435]), whence Eb and hence yb(E,lq)  are not quasibarrelled.

O n  t h e  o t h e r  h a n d ,  l e t  pe(1.m). T h e n  E  i s  r e f l e x i v e  a n d  i t s

strong dual Eb is equa1 to the LB-space F constructed in

(4.8) w i t h  r e s p e c t  t o  p’:= k (see  K . D . B i e r s t e d t ,
P-1

R.G.Meise,

W.H.Summers [5;2.8 C o r . ] ) .  I n ( 4 . 8 )  w e had proved that

Yb(lr,F) is not quasibarrelled whenever 1 < r 2 p’. Because_

o f  1<p < q<mw e  have t h a t  q : = & b e l o n g s  t o  t h e  interval

(1,P’l. By Lemma (5.10) the space .9’,(E,lq) i s  t o p o l o g i c a l l y

isomorphic to yb(lq:F). Thus Yb(E,lq) is not quasibarrelled.

Finally, if q=m . then by (5.10) the space z?~(E,~~)  is topolo-

gically isomorphic to y,,d.F) a n d  h e n c e  n o t  quagibarrelled.

In o r d e r  t o  p r o v e  a  s t a t e m e n t  s i m i l a r  t o  t h a t  i n  ( 4 . 1 0 )

we need the following simple fact.



244 2.- D i e r o l f

(5.12) Remark. Let F be a locally convex space a nd let 1 be a

s e t .  L e t  ly(F):=I(xi) ,eI e FI: Ix,: i  e1 E B(F)  1

be provided with t h e  ( l o c a l l y convex) topology of uniform

convergente  o n  1. Then the sets lJ’r-11~ (F) (Ce J/?~(F)) form a

b a s i s  o f %o(lT  (F)), and the sets BI (Be b (F)) form a

fundamental system of bounded sets in l;(F).

F u r t h e r m o r e  l e t  - a s  i n  ( 4 . 1 0 )  - IEl:=lK(‘)  b e  p r o v i d e d with

the norm (a,),eI + ,$Ila,l. Then the map

is a topologica1 isomorphism.

In fact, 0 is clearly linear and injective. Moreover,  if

x = (xllleI e l;(F), t h e n  TS1  + F ,  (al)leI -+ , Zia,  x I belongs to

9QEl.F)  and O(T) = x.

L e t  A  denote  t h e  closed  u n i t  b a l l  i n  IE’. T h e n  A =  T{( 61K)KeI:leI}

and consequently we have the equivalente

T ( A )  c  U-O(T) e U’nl; ( F )  (LJ=TlJe q[,(F), TeU(&F)).

This proves that 0 is a topologica1 isomorphism.

Now , Proposition (4.10) immediately implies the following

statement.

(5.13) PROPOSITION. Let  F be a DF-space  and let 1 be a set.

Then the space l;(F) is also  a DF-space.

(But  - according  to (4.7).  C4.8)  - there exist reflexive

LB-spaces  F such that lm(F) ( : = 1 ; ( F ) ) is not quasibarrelled

though it is a DF -space by (5.13j.I  - we would  like to mention



and

(Here

Proof

let 1 be a set. Then y+l;~ i s  a DF-space.

we use the notation 1; := 1Im W) is the sense  of (5.12).)

.Because of (5.13) it suffices to show that the map

0 :yb(E,l; ) + l;(E;). T  » ( P i  “T),eI 9

where P 1 : 1; + K denotes  the projection onto the i’th coordinate

(IeI). is a topologica1 isomorphism.

I n  fact, this latter statement is t r u e  f o r  s p a c e s  E  w h i c h

are just quasibarrelled instead of being metrizable.
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that according  t o  a r e sult of A.Marquina and J. M.Sanz Serna

(Barrelledness Conditions on ce(E). Arch.Mat. 31(1978),589-596)

the space co(  F) is quasibarrelled whenever  F is a quasibarrelled

DF-space. This shows that the functors Fe l”(F) and F& ce(F)  c

c 1" (F)) behave  quite  differently.

On the other hand, P r o p o s i t i o n  ( 5 . 1 3 )  i s  i n  accordante  w i t h

the following result of J.Schmets.

If F is a DF-space, then also ce(F) is a DF-space.

(More generally, J.Schmets proves: Let K be a compact Hausdorff

space and F a DF-space, then %?(K;F)  is a DF-space.)

Next we will prove the following analogue to (4.10).

(5.14) PROPOSITION. Let E be 6 metrizable locally  convex  space

For every Te 2’ (E,ly) the family (Pi 0 T) , eI is bounded in

Ei. Consequently, B i s  w e l l  d e f i n e d .  M o r e o v e r ,  0 i s  c l e a r l y
OD

l i n e a r  a n d  i n j e c t i v e .  G i v e n  ( f , ) ,  eI e lI(Eb), t h e  map T :E  + l;,

T(x):=(f, ( x ) )  ,eI (xeE), i s  w e l l  d e f i n e d  (since (fi ) 1 EI is
a fortiori bounded in Ei)  and linear. By the quasibarrelledness
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of E, t h e  famrly  ( f  I )  I eI 1s equrcontrnuous,  shrch rmplres

the contlnurty o f  T . Since 0 (T)=(f I ) , eI, ~,e have pro\ed

t h e  s u r j e c t i v i t y  o f  0 . Frnally  , for every B e I(E) we have

that

0 ({Te~b(E,1,>:;~~llT(x)~~_  i 11) = (B”)1 “l; (Ei).

Consequently E> is a homeomorphism.

From (5.14) and (5.3) we immediately obtain the following

(5.15) corollary.  Let E be a qrrasinormable Fréchet space

and 1 a set. Then Yb(E.ly) i s  a retractive LB-space, and

for every projective seouence ((EnlneN.  (Pnm)m,n)  of Banach-
spaces such that E 1s the reduced project ive limit proJEn 1

+n
the canonica1 map

1 : ;;d Yb(En,l;) &,(E,l;)

is  a.topological isomorphism.

( 5 . 1 6 )  Remarks.

(a) Let E be a Hausdorff locally convex space and G c E a

dense 1 inear subspace such t h a t  o n E’zG’ the topologies

B(E’ ,E) and B CE’ .G) coincide . Then for every Hausdorff

locally convex space F the linear injection

yb(E,F) + Yb(G,F), T  ‘+ TIG ,

is a topologica1 isomorphism onto its range, since  the hypothesis

about the strong t o p o l o g i e s  i s equivalent to the following

condition

BE& (E) Ae; (G) BcA
E
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Consequently, if F is complete, then 9’b(E.F)  a n d (P,(G.F)

are topologically isomorphic.

New, l e t  E  b e  a  m e t r i z a b l e  l o c a l l y  c o n v e x  s p a c e ,  a n d  l e t

G b e  a  d e n s e  l i n e a r  subspace s u c h  t h a t  G i s  d i s t i n g u i s h e d .

Then 8(E ’ ,E”)  * and 8(E’.G)  a r e  L B - s p a c e  t o p o l o g i e s  a n d

B(E’,E”)  3 B(E’.E)  3 B(E’ ,G) w h e n c e B(E’.E”)  =  B(E’,E) =

= 8(E’,G)  (and also E is distinguished).

Combining these  statements with ( 5 . 1 5 )  a n d  t h e  fact t h a t

a quasinormable metrizable locally convex space is in particular

distinguished (see A.Grothendieck [14;p.108.Prop.14]), w e

obtain that for every quasinormable metrizable locally convex

space E and for every set 1 the space pb(E ,ly) is a bornological

DF-space.

(b) It should be mentioned that (5.15) can be derived directly

f r o m  ( 4 . 1 1 ) .  I n  fact. if E is a quasinormable Fréchet space,

t h e n  El!, has a representation as a retractive LB-space ind Fn,

whence yb(ll(I),Eb) i s  a retractive L B - s p a c e  b y  n(>.12),

a n d  b y  ( 5 .  lo), t h e  s p a c e s 9,(1’(I) ,Eb) a n d Yb(E,ly) a r e

topologically isomorphic.

W a p o l o g i z e  f o r the disharmony o f  t h e  n o t a t i o n s  l’(I) a n d

‘1;. )

( c )  T h e hypotheses of ( 5 . 7 )  a n d  ( 5 . 1 5 )  a r e  incomparable.

I n  fact. not every quasinormable Fréchet space E satisfies

t h e  c o n d i t i o n s  o f  ( 5 . 5 )  ( c f .  (5.6)(b)(B)). O n  t h e  o t h e r  h a n d ,

not every Banach space F with the X e x t e n s i o n  p r o p e r t y  f o r

some X2 1 is of type 17. Indeed, the class  of al1 Banach
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spaces with the 1 extension property consists p r e c i s e l y  o f

al1 spaces q(K) where K is an extremally disconnected compact

Hausdorff space (see  M.M.Day c6ip.123, Thm.31). There exists

an extremally disconnected compact Hausdorff space K which

is not homeomorphic to the Stone-Cech compactification of

a discrete space (see  Z.Semadeni, Banach spaces of continuous

functions, Po1 ish Scientific Publishers, Warsaw 1971.p.432

and p.284; 1 would l i k e  t o thank E.Behrends for point ing

o u t  t h i s  referente t o  m e ) . On account of the Theorem of Banach-

Stone (M.M.Day [6;p.115]),  V(K) is not of type 1;.

( d )  I n  c o n n e c t i o n  w i t h  (4.12),(5.15), a n d  ( 5 . 7 )  quite  n a t u r a l l y

the question arises what an analogue to ( 5 . 7 )  f o r strict

LB-spaces w o u l d  l o o k  l i k e . Let us say for the moment that

a Banach space has the X l i f t i n g  p r o p e r t y  f o r  s o m e x >l_

if for every pair (Y,Z) of Banach spaces with Y c Z and every

Te9 (X,Z/Y) there  e x i s t s  S e  Y ( X , Z )  s u c h  t h a t  SoQ=T ( Q : Z  + Z/Y

denoting the quotient map and such that I/SII -; hllTIj. - Using similar

methods as in the proof of (5.7) one can show:

If E is a Banach space with the h l i f t i n g  p r o p e r t y  f o r

some A > 1 and F=ind Fn is a strict LB-space, then the canonica1-
n+

mm

@ : indYb(E,Fn) +Vb(E,F)
n+

is a topologica1 isomorphism and Yb(E,F)  is  a  s t r i c t  L B - s p a c e .

However, according t o G.Kothe [19;p.188,(8)],  e v e r y  B a n a c h

space with the X lifting property for some 1, 1 is topologically

isomorphic to l’(1) f o r  a  s u i t a b l e set 1. Thus the above



On spaces of continuous linear... 249

statement is just a special case of (4.11).

The following remark will show that Proposition (5.8)

gives rise to a c o n s t r u c t  ion o f nondistinguished Fréchet

spaces.

(5.17) Remark.  Let E be a locally convex space and let lP

denote  t h e  s e t  o f  al1  c o n t i n u o u s  s e m i n o r m s  o n  E .  According

to A.Pietsch [24]  we provide  the space

ll{E):=C(x,),, eEIN :  n&p(xn)<- f o r  e v e r y  peIP 1

with the locally convex topology generated by the seminorms

qP : hl + JR. (xnlnm * n&,I~(xn)’ (peIP) *

I f  E  i s  m e t r i z a b l e .  t h e n  c l e a r l y  a l s o  111 E 1 i s  m e t r i z a b l e ;

if E is complete, then also l1 IE)  is complete (A.Pietsch

[24 ;p. 28.1.41)  .  M o r e o v e r ,  w e  have t h e  f o l l o w i n g  s t a t e m e n t

about the strong dual of l’IE).

PROPOSITION. Let Ebe a quasibarrelled space such that E

has property (.B) in the sense of A.Pietsch [24;p.30], ( B y  l o c . c i t .

every DF-space and every metrizable locally convex space

have property (B).)

Then (.ll{El)b is topologically isomorphic to ?(Eb).

Proof.  For every neN  the map Jn : E * ll{E) , x  r+ (  Gmn~)ma,  i s

linear and continuous. Moreover, f o r  e v e r y  fe(1’ {E 1)‘, t h e

sequence  ( f  oJ~)~~ e  (Eb)H i s equicontinuous and thus belongs

t o  ?(Eb). Consequently the map @ : (11 {El  )b + lm(E+
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f ++ (f 0J n nelN’  ls) w e l l  d e f i n e d  a n d  l i n e a r . @ is injective,

as E@)  is dense in l1 {E} . Let (fn)nm e lm (Ei)  be given.

As E is quasibarrelled, the sequence  (fn)na is equicontinuous.

T h e r e f o r e  t h e  m a p  f  : il(E) + M,  (x~)~~ * ,zfl fn(xn). is

well defined, linear, and continuous. Moreover, @(f) = (fnlna.

This proves that <P is surjective.

L e t  B  =  FB cg(E) b e  g i v e n ,  a n d  l e t  pB denote  i t s  M i n k o w s k i

functional. Then m := {(x&,~ e l1 EEI I-J [B]N:n&pB(xn) 2 1)

is obviously boundedin l1 ( E )  a n d  NB”)  c  (B”)N.  T h i s  p r o v e s

t h e  continuity o f  @ .

We finally prove that cp is open. L e t  IB c  ll{E)  b e  b o u n d e d .

Since  E has property (B) of Pietsch, there  is B= TB e 93 (E)

such that

m C  [(X,),, e  ll(EInCBjN  : n& P,(X,)  < 11.

We show that @(IBO)  > (B”)IN nlCL>(Eb) (which will finish the proof).

Let  (fnlna n (BoIN n lm (EL) b e  g i v e n . Then f : l1 (El + M,
*

f((xn)na):=n&W fn(xn). b e l o n g s  t o  (li(E))’ a n d  t o  IB”.

I n  fact, i f  (xnlnm e B ,  then If((xnln~Wr)l  2 nCEWlfn(xn) 1 2

< n& p,(x,) ( 1, whence fe JB ‘. Clearly, O(f) = (fnln&.

Now let E be a Fréchet space satisfying the . hypotheses

of Proposition (5.8). Then ~,(d ) is a DF-space by (5.14)

but not quasibarrelled by (5.8). As it was shown in the proof

o f  (5.14), t h e  spaces (IPb(E,lm)  a n d  lm(Eb)  a r e  t o p o l o g i c a l l y
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i s o m o r p h i c .  B y the above p r o p o s i t i o n , the space la (E,‘) i s

t o p o l o g i c a l l y i s o m o r p h i c  t o the s t r o n g  d u a l  o f the Fréchet

s p a c e  ll{E}. Consequently, the Fréchet space l1 {E } is not

d i s t i n g u i s h e d . - As was shown in (5.9),  the space E may be

chosen to be r e f  l e x i v e and separable . Thus, for a separable

a n d  r e f l e x i v e  F r é c h e t  s p a c e  E  t h e  s p a c e  ll{E}may  benondrstrngurshed.
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