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ON ISOMORPHISMS OF CHAIN GEOMETRIES

Armin HERZER

0.INTRODUCTION.Isomorphisms (automorphisms) of chain geometries
over a ring L were studied mainly for a skewfield [2],[31]1,[8]
alternating field (9], a commutative algebra (see the survey in
[4]) a local ring [7] or an algebra of characteristic #2,[11-
in most cases by means of harmonic quadruples, cross rations -

or (in the last example) generalized harmonic quadruples.

Here instead of this are studied isomorphisms of chain geometries

over any K-algebra A of finite dimension with |K|>3 (local algebra

of finite dimension with |K| > 3).

It 1is proved that any {fundamental isomorphism 1s generated
by some K-Jordan isomorphism, moreover all antiisomorphisms (and
for A a local algebra all K-Jordan isomorphisms) generate isomorphims
of chain geometries, No use of crossratios or (generalized) harmonic
guadruples is made:; the proof of the structure theorem in section
2 is in a geometric way and follows ideas of[8], whereas the proof
of section 3.6 also uses methods of [9]. The last section represents
a series of examples for proper K-Jordan isomorphisms generating
fundamental isomorphisms of <chain geometries, thus answering a

question of [11].

We have examples of local algebras which belong to isomorphic
chain geometries but are neither isomorphic nor antiisomorphic.

In fact there are examples of commutative algebras in case of



252 A.Herzer

characteristic 2.

1.K-JORDAN HOMOMORPHISMS. Generaf assumpilion {04 the whote
paper: Any K-algebra A,B,C... 1is finite dimensional, associative
with 1 and it is |K| >3 - or the K-algebra is local and it is

K] > 3. It is A* the group of units of A and J(A) the Jacobson

radical of A.

1.1. DEFINITION. Let A,B be K-algebra. A map o: A+B is called

a) K-Jordan homomorphism,
b) K-afgebra homomorphism,

c) K-atlgebra antihomomorphism, if the following hold:

1. 0 is K-semilinear (the algebras A,B considered as K-vector
spaces) and 19=1.

2. Vu,v € A : a) (uwu)? = u%%°

b) {uw}g = u%w?
¢c) (uw)®= wou?
Clearly b) and c¢) are special kinds of a). We call o a propex

K-Jordan homomorphism if ¢ is neither of kind b) nor of kind c).

The map o is a K-Jordan isomorphism if ¢ is bijective,and o and

o1 are K-Jordan homomorphisms, and so on.

o] .
For keK we define }fj by lf-l = (k+«1,) , where 1,,1 is the
B A A*"B
unity of A,B respectively.
Easy consequences:

1.2. For a K-Jordan homomorphism O hold:
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Yu,v € A : M = WH"

VneN ()W) = (W%
(uv + vu)? = w9 + vOO,
So for commutative K-algebras of characteristic #2 any K-Jordan
homomorphism is a K-algebra homomorphism.
(examples of proper K-Jordan isomorphisms of commutative K-algebras

of characteristic 2 see below, 4.3.2).

1.3. For a K-Jordan homomorphism O hold

(1) aeA* => a° e B*

-1.0 o, -1

(2) aeA* : (a ) = (a ) .
Moreover:

(3) a,b, a-b e A* = a l+(b-a)"! =a lb(b-a) l=(a-ab la)”}

In particulanr
a~l 4 (b-a)'l e A*,

Proof. (1) Let m,m' be the minimal polynomials of a,a respec-

n

tively, n = I c.xl, c.ek.
. i i
i=0
o n g 1 o)
Then aeA* implies CD#U. Moreover for m =: I C ;X now m'|m
i=0

‘ 0
Therefore x{m', which means a eB¥,

Now (2) follows with (1) from

a% = (aa"ta)? = a%(a"1)%a0

and (3) is the "Hua identity" slightly varied.
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1.4. PROPOSITION. Let o: A+B be a K-semilinear map with 1°.=1.

The following statements are equivalent:

(a) o 44 a K-Jordan homomorphism

(b) ¥x,y e A: xy = 1 == x°y°= 1

(c) A*® ¢ B* and Va,b e A* with b-aeA*:

(™! + (b-a)"H™H? = (%) 1 + (%-a% 1"l

Proog. (a) = (b) and (b) => (c) follows from 1.4 (1) and (2),
and (c) makes sense by 1.3 (3). (c) = (a): For N = J(A) let
A+ A/N; x—X be the natural epimorphism. Now A/N is the ring-direct
sum of simple algebras, say Al....,Ar, where Av up to isomorphism

is a full matrix ring over some skewfield Dv with K in its center.
1f (")) is a K-base of D and (e{})) is the usual D -base of

Av[ei(?): the matrix with entry one in the crosspoint of the i-

th row and the j-th column and 0 elswhere), then C = {tﬁv)e§?)|v=

l1,...,7} is a K-=Case of A/N and
G ={x e A|lx e C}UN

certainly is a set of generators of A as K-vector space.

(1) For different x,y € G there are r,s,tekK* such that for a=l+rx,
b = s«l1l+ty now a,b and b-aeA* holds and moreover b*1=5'-1+t‘y‘
for s',t'eK* and y'=y. In the same way for different x,y,zeG there
is r,r',s,tekK*¥ such that for a=l+rx+r'z and b=s-.l+ty again a,b,b-
-aeA* holds,

E.g. for x = e%E), (v)

e, {'-,.,r) s 4 - s -
Z = eji , i#j, choose r=1l#r'; for I*eij ,
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e (V)

(v)
R e
J1

y 7 = kk  Choose r=r'#-1 and s#-1, (l+r) and t=1 (here

|K|>3 is needed; this case does not occur for A a local algebra).

a

(2) Now from 1.3(3) we may deduce (ah-la) = s:—l'"r‘:r(l::ﬂ)'lﬂcF and obtain

step by step - first using b=s 1 - for any three different x,y,zeG

2.0

(1)  (x*)P= (x9?

(ii) (xz+zx}G = x929 + 29%°

(iii) (xyx]g = xﬂygxﬂ

a G

(iv) (xyz+zyx)a = xgyﬂz + zUyUx.

X, W=IW.Y..

(3) For u,weA exist x.,y.eG, ui;wjeK such that uz§ul ; W g

1°7]
Therefore from (iii) and (iv) we obtain

0,,0,,0

(uwu)9 = uIwoul,

The following two lemmas without direct connection to the prece-
ding are needed for the next section. Recall that a pair (c,d)eA®A

is unimodufar, if there are a',b'€eA with aa'+bb'=1,

1.5. LEMMA., Let (c,d) e A ® A be unimodular. Then cb-d 44 a unii

gor Asudtable beA,

Proof. It suffices to prove the assertion for a direct summand
of A{J(A)' Sow.l.o.g. we may assume A=Endj(U), where D is askewfield
and U is a (finite-dimensional) D-vector space, rc=dimD[im c).

Now (c,d) unimodular implies kerc Nker d = {0} and rc+rd>dim, U.

D

Consider the following direct sums of U:U=U1@U22W1@w2 with

ker c< U1 and Uzsker d and im d=w2* Now one may choose bEEndD(U)
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with ker cb = Ul and im cb = wl* Therefore c¢cb induces a D-linear

isomorphism U24~w1, and d induces a linear isomorphism U1+~w2.

We show that c¢b-d is an epimorphism: Let velU, U=W 1 +W with

wiewi. There are unique uiEUi with uzcb = Wy and -u1d=w2, thus

(u1+u2){cd—d) = v,

1.6. LEMMA: Let O#ceA. There A4 aeA* such that ac-LeA* fon any
teK, t#0,1. I4 ¢ 44 not of the form (k,0) fox A=K®A1, then thexe anre
a,a'eA* with ac-teA*, a'c-seA* and ac-t#a'c-s 401 any s,tekK~{0,1}.

For A a Local algebra also ac or ac-1 44 a unl.

Proog. We can choose aeA* in such a way, that for p=ac in AKJ[AJ
the image p is an idempotent, namely a projection for any direct

summand of .Afj(ﬁ). Therefore for teK now (p-t)(p+(t-1))=t(1-1),

that is, for t#0,1 now p-t is a unit.

If ¢ is not of the special type mentioned above, it is not

difficult to find a'eA*, such that the second assertion is fulfilled.

The third assertion follows from the simple fact that now AKJ(A)

is a skewfield and so the idempotent p is 0 or 1.

2. THE STRUCTURE THEOREM. For (a,b)eV=A®A define [a,b] = A(a,b)
= {(ra,rb)|reA} and P(A) = {[a,b]]|(a,b) unimodular}; we call P(A)
the projective line over A, the elements of which are called points.We
consider GLZEAJ as the group of invertible (2,Z2)-Matrices with
entries in A and PGLZ(A) as the group of permutations of P(A)
induced by GLz(A) by means of the operations [x,v]+[x',v'], where

(x',y"') = (x,}f}[g E} for some {E EJEGLz(A). Two points [a,b]
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and [c,d ] are d4stant iff {? E)EGLZ(AJ holds. Let be

k(? EJ ={[sa+tc, sb+td][[0,0j¢(5,l)eg[2}
and

KA) = (k@ D) 1(® D) e 6Ly},

where the elements of K are the cha4ins (over A), and Z(K,A)={P(A),
K(A)) is the chain geometry over A. Anv three points mutually dis-

tant are contained in exactlv ane chain.

An isomorphism of chain geometries a :Z(K,A) > Z(K,B) is a bije-
ction «a: IP(A)"IP(B), such that a undtf] map any chain onto a chain.
The isomorphism is fundamentaf, if moreover [1,0]1%=[1,01,[0,1]1%
={0,1] and [l,l]u== (1,11 hold. Sn a fundamental autnmnrghism of
f(K,A) simply is an automorphism fixing the points (1,07, [0,1]

and [1,1 ].

Let I(K,A) be the group of automorphisms of Z(K,A) and F(K,A)
the group nf fundamental automorphisms nf Z(K,A). Since PGLZ{A)
is a subgroup of Z(K,A) acting transitivelv on triples of points

mutually distant ,we have the following trivial relation:
F(K,A) = PGL,{A)-F(K,A).

We are 1interested 1in the studv of f{tundamental isomorphisms.
Since [a,b] is adjacent to (0,17, 1¢f a 1s 4 unit, anv fundamental
isomorphism ¢: Z(K,A) + £(K,B) induces a Diriection og: A+ B defined

by [1,b7] =[1,b 1% W¥beA.

We cail o: A » B «nduced by he candamental isomorphism o .
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2.1. PROPOSITION. The map o: A+ B 4induced by a {fundamental
{s0morphism  a:I(K,A) » E(K,B) already determines a . (So we also may

sav a is generated bv o0,)

Proo0f. (i) The point [c,d] is distant to [1,b], iff cb-d is
a unit: [1,b] and [c,d] distant == {x,yeA:(x,xb)+(yc,yd)=(0,1)=>x

= =-yc¢ == y(d-cb) = 1 = cb - deA*. Conversely let cb-deA* and

L-

(x,y)ell,b]N[c,d]. Then x=zc and xb=y=zd so z(cb-d) 0, therefore

z = 0, (x,y) = (0,0). From [1,b]N[c,d]= 0 now we conclude by reiasons of

K-dimension [1,bl+lc,d] = V, so (i S}EGLZ(A}.

(ii) Given a point [c,d] by lemma 1.5 and (i) there is some beA,
such that [1,b] and [c,d] are distant Now for any aeA*with the
properties of lemma 1.6 the chain k=k( . _0) contains the points
lc,d], [1,b] and at least two further points [1,b']J,[1,b"]. There-
fore k" is determined by thJjﬁj,b”g. But there are at least two
different chains of this kind (see below), thus [c,d] is determined
as 1ntersection of the images of the chains, which are determined

by 0.

The existence of two chains of this kind follows directly from
lemma 1.6 if ¢ is not of the form (k,0) for A=K@A1. Else we have
d = (dy,d,) with d,#0 and so we may find a,a’'eA* with [ac-s, ad-bs]

#[a'c-t, a'd-bt] for any s,teK~{0,1}.

In the affine space A belonging to A considered as K-vector
space, let L = {Ka+b|aeA*,beA} be a set of distinguished lines

of A containing full parallel classes.

2.2. LEMMA: 1. Every line s of A not in L lies in a plane E
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of A such that only lines of at most two directions (1) of E do
not belong to L, and in E there are at least lines in three direc-

tions (1) belonging to L,

2. Let o be a permutation of the pointset of A such that g
and U-l map lines of L onto lines of L and fix 0. Then ¢ is a

K-semilinear map on A,

Proog. 1., Using a translation we may assume 0es, so s=Kc, Cc¢A*,
Now by Lemma 1.6 for suitable aeA* the plane E'=K+Kac has the
properties of the assertion, thus also Eﬂﬂ-lﬁl which contains
S.

1

2. o and o - by their properties map the planes E described

under 1 onto planes. Moreover ¢ and ¢ map triangles of E onto
triangles since at least one side of the triangle belongs to L.
So o and dal'map all lines of E onto lines. Thus ¢ and g-l map
any line of A onto a line. As is well-known, then ¢ is a semilinear

map, since o fixes 0.

2.3. PROPOSITION. Any {fundamental Lsomoprhism 4induces a K-Joxr

dan {somorphism.

Proof. Let a:Z(K,A) » £(K,B) be a fundamental isomorphism inducing
the map o: A+ B by means of [l,bﬂ] = [1,b]¥ . We have 09= 0 and

1= 1. Moreover we have

beA* <=3>711,0] and [1,b] distant

i

<=>[1,0] = [1,0]1% and [1,b%]= [1,b]% distant

> bY e B*

l

<

(1) direction = parallel class
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so A*? = B*,
In the affine space A belonging to A as K-vector space, for

aeA* the line s=Ka+b is the trace of the chain k{ﬂ_l 1_1 ) contai-
a a b

ning [0,1]. So lemma 2.2 can be applied to ¢ and we obtain that

0 is a K-semilinear map. The same is true for the map Tt: A +B

defined by [c¢T,1] = [c,1]%? Therefore for a,b, b-aeA* because of
R (xT)'l ... and (x'l)T= (xU)'l for any xeA* we obtain
((a™Hy+(b-a)"H0 = ((a7tep-a) HH!
= ((a™HT 4 (-a) HH !
— ((aU)_l + (bﬂ_ﬂﬂ:}'l)"l'

Thus by proposition 1.4 now o (and n-l too) are K-Jordan homomor-

phisms,

Let be J(K,A) the group of all K-Jordan automorphisms of A
and JG(K,A] the subgroup of all K-Jordan automorphisms generating
(fundamental) automorphisms of I (K,A).

2.4. THEOREM, The groups F(K,A) and Jn(K,A) are (somoaphdic.

The proof follows immediately from 2.1. and 2.3.
Using results of the following section and 1.2 we obtain

2.5. COROLLARY. 1. JD[K,ﬂ} contains all K-algebra automorphismas

and antiautomorphisms o4 A.

2. 1t 44 JU(K.A) = J(K,A) 4n the foflowing cases:
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a) A 44 a Local algebra
b) A 45 semesimple

c) A {5 commutative of characteristic #2

In case ¢) J(K,A) wholly consists of automorphisms;: if A is
simple, J(K,A) wholly consists of auto- and antiautomorphisms.
Also for A an alternative division ring JD{K,A} = J(K,A) is valid,

see [9].

3. FUNDAMENTAL ISOMORPHISMS GENERATED BY K-JORDAN ISOMORPHISMS.

3.1. Any K-algebra Lisomorphism ¢ generates a fundamental Ls0-

morphism, namely the map [ﬂ,b]+[ag,hﬂ].

From duality theorem in a free A-module of rank 2 we deduce

the following

3.2. LEMMA. Let a,b,a'b'eA with a'a+b'b = 1. Then there 1is

a unimodular pair (aﬂ,bﬂ} such that

(a,b)" = {(x,y)eA®A|xa+yb=0} = [a_,b_].

3.3. PROPOSITION. Any K-algebra antiisomorphism n: A +B genzira-

tes a fundemental isomorphism g : L(K,A) » I(K,B).

Proof. We define «a: IP(A) »IP(B) as follows. Given [a,ble IP(A),
there are a',b'eA with aa'+bb' = 1.Then for a",b",a'",b'" we may
apply Lemma 3.2 to obtain a unimodular pair (ao.bD)EB@B with
a b"-b_a= 0. Then let be [a,b]%= (b" ,-aM)* = [a,.b, 1. In fact

this map is welldefined and [1,b]% = [1,b™.

n M d b
JeGL,(A) also is (¢ P )ecL,(8). Let (.° %) =

-cl -an 0 0

a b

For (c g
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n n .
_ [d b ) 1*
b
a b\¢ 9 Yo..
Then k(2 J) = k(cﬂ dﬂ).

Namely from the identities

|
o=
I

n . M n . N
anb bﬂa Cod d ¢

n n
aﬂd boc

il
[
i

c b - dﬂan
we obtain for (0,0) # (s,t) e K(Z)

(s aﬂ t EDJ(sb+td} (s bu t dﬂ]{sa+tc) 0,
SO

; a_ N, _N Ny _N
[sa+tc, sb+td] [s a -t'c, s bﬂ t dﬂ}.

3.4 COROLLARY. Lel A = Ay @ ...0 A and @ a K-Jordan aufomon-
phism such that the restriction o of o Lo A, {4 a K-algebra auto
morphism on antiautomorphism P4 Ai gor i=1,...,n. Then o generates

a fundamental automorphism o of IZ(K,A).

Proof: By 3.1 and 3.3 o, generates a fundamental automorphism

o, of ZI(K,A;). Now using a categorial argument (see [5]) we have

n n
L(K,A) = HIIK,Ai) where IP(A) = HLP(ﬁi} is the cartesian product,
i=1 i=1
n
and o= T a; is the fundamental automorphism of Z(K,A) inducing
i=1
o on A,

3.5. REMARK. For a semisimple algebra A with simple components

Al,...ﬁn any K-Jordan, automorphism of A up to a K-algebra automor-

, this is wvalid

phism 1is of the form described in 3.4 (see [l_
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also for char. 2!). So Corollary 3.4 may be applied:

Any K-Jordan automorphism of the semisimple algebra A generates

a gundamental automorphism of I(K,A)

3.6. PROPOSITION. For fLocal algebrasA,B any K-Jordan Ls0morphdism

0 : A~+B generatles a fundamental isomorphism ao: E(K,A) » Z(K,B).

Proog. Since A is local, any point of IP(A) is either of the

form [a,1] or of the form ([1,b]. Define a by [a,1]%= [HU,IJ and
[1,b]% = [1,b9] . For aeA* this map is unambiguous, since (a_l)ﬁ

= (a%)"! holds, see also [7].

We have to show, that ¢ (and ﬂﬁl} map any four points of a
chain ("cocatenal points') onto cocatenal points. W.l.o.g. the
first three points are of the form ([1,a],[1,b], [1,c], with
a-b, a-c, b-ceA*; the fourth point let have the general form
[x,y], where x=1 or y=1. Now we use the following criterion:

If for a suitable yePGL,(A) we have (1,a]Y = |0,1], [1,b]' =
(*) = [1,0], [1*C]Y = [1'l] and [K,YlT = [E',F'1, then y'=kx'

holds for some keK*, iff the four points are cocatenal.

For this we may'take

1

Ly, (xb-y)(a-b)71y.

[x,y]Y = [(xa-y)((a-b) 1-(a-c)"

For a point [Xx,y] distant to [1l,a] by (i) in the proof of

2.1 is (xa-y)eA*, so we may reduce to

1 1

[x,y]Y= [(a-b) ~ - (a-c) ~, (a—b}'l-(xa—y)'lx ], thus

(i) [1,21Y=[(a-b)"1 - (a-0)7 L, (a-py7 ! - (a-2)" 13

¥
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N |
(i) [2,11Y = [(a-b) " 1-(a-c)™ Y, (a-b) " tez+ ¢ (za)lzl ., zeJ(A),
i=1

where the last identity comes from the fact, that za is nilpotent,

say (za}N+1=0, and therefore (lﬂza)_l = 1 +

i

(za)i.
1

Il ~ 3

Now using a%,b%,c%,2° instead of a,b,c,z by the properties

of ¢ (see 1.2, 1.3), we have
(a-b) " t-(a-2)"! = k((a-b) " P-(a-e)7h),  kek

— {ag-bg}_l-(ag-zﬂj_1=kg((ﬂg-bgj-l-(ag-tﬂ]-lj,

N |
vz + % (za)lz = k((a-b) t-(a-c)”
i=1

1 1

(a=b) " ), kek

U)-l + 29 (z%a%)12% = k ((a®-b%)"

1

<= (a’-b -(a”-c%)

) S

TR e g

1
which means
[1,a] , [1,b], [1,c] , [x,y] cocatenal
«<=>[1,a]1%, [1,b1%, [1,c1%, I[x,y]* cocatenal.

4. PROPER K-JORDAN ISOMORPHISMS GENERATING FUNDAMENTAL ISOMOR
PHISMS.

Known examples of proper K-Jordan isomorphisms generating funda-
mental isomorphisms are those mentioned in Cor. 3.4 (see [1] with
the question on pg. 367). We give here another class of examples,

since we are still far away from a general theory.

Let A=BOM (direct sum as K-vector space), where B is a subalgebra
of A and M is a two sided ideal with M ¢ N = J(A). Let 1 be the
two sided ideal of A generated by all xeA such that Mx#M. We ask
[#M. (Since the 1local case already is handled, we may suppose

|K|>3.)
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4.1. LEMMA, Let o be a K-Jordan Lso0morphism A+C such that

YaeA V¥beB: (ab]ﬂ = a’b%,
(ba)? = b%a°
. 0.0 _ 0O
¥m1,m2EH 3m3EH* mym, = Mq
is valid. Then o generates a fundamental isomorphism a :g(K,A) =Z(K,C).
Proof:(1) Any point of IP(A) is of the form {au,b] or [ﬂ,bD]
for aﬂ,bneBiI: Let [a,b]elP(A). Then either a or b does not belong
to I. W.l.o0.g. let be aeAXNI, a=a _+aq for aDeB and aleM. There

is meM for which ma=a, holds. Using 1l-meA*, for c=(1l-m)b we obtain

[ﬂ,b]=[ﬂD.C].

(ii) Define a by [ﬂn,blu [ag,bﬂj, a eBNI,

il

{a,b&u [aU,hg], b eB\I.

This is well defined: Let [aﬂ.bﬁ]=[uﬂ,v], uﬂeB. There is ceA*

with ca, = u., cb = v. So for C=C_+Cy, EDEB. CIEM, we have u, =
- (c0+c1)aﬂ = c,a, + cqa, with c_a eB and c,a_eM with Ma =M,
from which follows c1=0. Therefore ug = (cﬂaﬂ)U = cgag
Vo= (e b)? = b

and so {uﬂ.v]g= [ﬂﬂ,b]ﬂ

On the other hand let [aD,b] = [Ilﬂ%; » V,€B and zeA* with
za, = U, zb = Voo Then since b° = {z'lvﬂ)ﬁ = tzﬂj'lvg we have

[u.vﬂ]u= [u?vg] = [zﬂag,ngg]= [ag,bﬂl= [aﬂ,b]u

Loo.

(iii) ¢ (and u'lJ map any four cocatenal points onto cocatenal

Hoints:
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Supposing |K|>3 we may assume the four points in the form

{je¥

= [am,a1+a2],,..,g = [dﬂ.d1+d2],

aﬂ,al,**.,d ,dleB, az,.,.,dzeM.

O
Looking on the criterion (*) in the proof of 3.6 and reading

modulo M shows, that also [aD,alj ""‘[dg'd1] are cocatenal.

So there is some YEGLZEB], inducing BEPGLE(A),whirh maps the
g1 8
points a,bic to [0,1], [1,0] and [1,1], say y= (; ), and
o 1 2
there are units a,b,c,d from B such that for keK holds

[ao,al+a2]8= [azhl;a+azh2 ] = [a‘hl,l—a‘hz]

B_ — ] i
[b,,b,+b,1°= [b+b,h,, b,h,]=[1-b'h ,b'h

>0 hp ]

B_ — | o
[cﬂ,c1+c2] = [c+c2h1, c+c2h2 1=1T[1-c hl‘ l-c h2 ]

B_ —_— - 1 - L]
[dﬂ,d1+d2] = [d+d2h1, kd+d2h2] = [1-d hl,k d h2 1.
g o
. o 81 82
In the same way one may deduce for B' induced by 1f=(hg Ho ):
1 2
ap ' _ I 1, O _A'0hO
a = [a hl’ 1-a™h5 ]
HBT 1 1
d = [1-d"h], k%- d'9h}0],
Now we may consider -5_1"8.....@8, gﬁﬂ', ...,gﬂﬁ' as points of

K,K & M), E(K,K & Mﬂj respectively, which are chain geometries

over local algebras, where by 3.6 o operates as fundamental iso-

morphism,

So it suffices tn show
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N .
We calculate this for d with {1-d‘h1)-1 =1 + 3 (d'hljl:
i=1
N |
®®=01,(1 + = (d'hp (k-d"hy)) ]
- i=1
N | N ,
= [1,k% + k% £ ((d'h )= %+ z (@a'°nH'daHnT 1
. 1 . 2 2
i=1 i=1
N *
(1,1 + 2 (d'"h) (k% -d'? h)|
i=1
- [1-0'%0 , %-a'%ng 1= P,

4.2. CONSTRUCTION OF A CLASS OF EXAMPLES.

For the construction we need (i) a D-algebra B with epimorphism
B +D; b+b, where D itself is a commutative local K-algebra, (ii)
a D-left-module M with a D-admissible ‘4) associative multiplica-

tion such that m? = 0 VmeM.

(1) Fanst constructaon: Let C be any D-algebra and construct

the algebra B = D @ C by the multiplication (dy,c,)(d,,c,)=(dd,,

d1c2+dzcl+c1c2). The epimorphism B+ D is given by (d,c)~ d.

Second construction:For a finite group G let be B=DG the group alge-

bra over D with epimorphism 3 d gw» I d_.
gei g gei &

(ii) Let M=U®W be the direct sum of D-left modules U and W. U

free with base u;,...,u_ and wijew for 1 <1 < j <r,

r r
For m = I x,u.+w, m' = % y.u.+w', w,w'eW define mm' =
. 9 1 1 7] ]
i=1 1=1
= I (X.¥V.=-X.V.)W. ..
1<i<j<r 1] 171 1]

(2) VdeD V¥m,meM : (dm)m' = d(mm') = m(dm’).
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Clearly this multiplication is D-admissible, furthermore m2=0
¥ymeM and mym, = - Mym,. Since M3=0 this multiplication also is

associative.

(iii) Let A = B @ M where for beB and meM the multiplication
is defined by bm = bm = mb. Using the maximal ideal N of D the
ideal I of A according to 4.1 may be described by I = C®M, where

C is the kernel of the epimorphism B +D/N; b » b+N, To obtain

a K-Jordan isomorphism g we construct another algebra A'=B'eM',
where B and B' are isomorphic as D-algebras by means of an iso-
morphism o compatible with the homomorphisms B » D and B' + D:

91
VbeB:bH=1b ",

whereas M and M' only are isomorphic as D-modules, say by means
of a D-isomorphism 7, We show, that o : =0, ] o, is a Jordan
isomorphism: Let a = b+c be a unit of A for beB and ceM. Then

b is a unit in B and b is a unit in D. So we can write a=b+bm

with meM and see a'1=b'1-5'1m_ Now [ﬂ-l)ﬁ=(bﬂ)-1-(bﬂ )—1mi:r=

=(a%)" Y. Moreover (bm)® = (5m)° = m° = b°m® = bm°

4.3.REMARKS: 1. For A = B ® M in the preceding example a
K-Jordan automorphism 0= 9, ® 0, may be obtained putting Di=idB
and 0, any D-linear automorphism of M (as D-module). Here also

in general are many proper K-Jordan automorphisms.

2. Let B be commutative. For characteristic #2 we may construct
an antiisomorphism n=n, @ n, of A=B @ M by ﬂ1=idB and ﬂ2:M-+M;
m » -m. For characteristic 2 the constructions in 4.2, 4.3,1
give examples of proper K-Jordan isomorphisms (or automorphisms)

of commutative algebras.
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3. For B a local algebra, A itself is local. Now consider
this for the most simple case B=D=K: All K-algebras A=K®M with
m?=0 for all meM and fixed K-dimension d of M are Jordan-isomorphic
and so give isomorphic chain geometries (so-called Laguerre
geometries, see [3]). These algebras are kinematic, and their
Hot je-representation is given by a quadric Q where the chains
are those plane sections of Q which contain 3 non-collinear
points, but do not contain any line (see [6]). The quadric Q
is defined in the projective space belonging to the K-vector
space V = K® K® A =E & M, where E= K®K+K by xy=aa for (x,y)eV;
or better with a=z+m by xy=32 for (x,y,z,m)eV, namely (x,y,z)eE

and meM,

This is a big cone over a conic, and its shape 1is entirely
independent of the multiplication on M. The automorphisms of
the quadric fixing one such conic and three points on it are
induced by the semilinear invertible mappings on V which fix
M and the canonical base of E. But these mappings now on A induce

all the K-Jordan automorphisms, see also [10].
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