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SOME SURJECTIVITY RESULTS FOR A CLASS OF MULTIVALUED MAPS
AND APPLICATIONS

a. carBoNe (1) - 6. contr (@)

INTRODUCTION. Let X be a Banach space over K (R or €) and let
F:X—o0 X be a multivalued upper semicontinuous (u.s.c.) map with
acyclic values. In [MV] Martelli and Vignoli extended to multivalued
maps F the definition of a quasinorm of F (notation |F|) given by Granas
in [Gr] for singlevalued ones. Using this definition they gave
some surjectivity results in the context of a-nonexpansive and

condensing maps with |F|<1.

In the present paper we improve these results in two ways.
Firstly, we use the numerical radius of F (notation n(F)) instead
of the quasinorm of F (we have n(F) < |F| and there exist examples
showing that this inequality can be strict). Secondly, we consider
the class of admissible maps, which contains the u.s.c. acyclic

valued ones.

As a consequence we obtain, in particular, surjectivity results
for the sum of two singlevalued maps not necessarily one-to-one.
We will see that such results could not be obtained by using u.s.c.
acyclic valued maps instead of admissible maps. It seems that

only Webb [W] has obtained some surjectivity results of this kind.

Notice that various fixed-point theorems for admissible maps
are also obtained in [Gol], to which we refere for a nearly exhausti

ve reference.
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We conclude this paper by applying our results to establish
existence theorems for an integral equation of Volterra-Hammerstein
type in C([0,1]) and for a multivalued integral equation in

L2([0,[).

For other relevant papers on this topics see [A], [GR], [GS],

[(Rz].

Let us remark that our techniques can be applied also to the
sum of integral operators of type different than those considered

in the above references.

1. NOTATIONS AND DEFINITIONS. Let X,Y be two Banach spaces
over K(R or €) and let F be a multivalued map from X into Y with
nonempty and compact values (notation F : X —o0Y). Recall that
F is said to be uppenr semicontinuous (u.s.c.) at a given point xeX
if, for any open subset W ¢ Y with F(x) ¢ W, there exists an open
neighborhood V of x such that F(V)cW, where F(V)=U{F(z),zeV} (see
(B1).

F is said to be u.s.c. on X if F is u.s.c. at each point of
X. Note that F: X —0 Y is u.s.c. on X if and only if it sends
compact sets into relatively compact sets and its graph is closed

(on XxY).

For a singlevalued map A from X into Y we will use the notation

A X +Y,

A multivalued map F : X—0Y is said to be acyclic valued if, for
any xeX, F(x) has the same homology of a point in the Vietoris-

Eech homology with coefficients in Q.
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An u.s.c., map F : X—0Y is compact if it sends bounded sets

into relatively compact sets.

Let Z be a bounded subset of X and let a(Z) be the measure
of noncompactness of Z (see [K]). An u.s.c. map F : X-0Y is said
to be condensing if a(F(Z))<a(Z) for every bounded set Z ¢ X with
a(Z) # 0. If, for every bounded set Z c X, a«(F(Z)) < a(Z), then
F is said to be a-nonexpansive, C(Clearly a condensing map is a-
nonexpansive. If for some K>0 and for every bounded set Z ¢ X,
o(F(Z)) < Ka(Z),then F is said to be a-lLipschifz (with constant
K).

Let F : X-0Y be an u.s.c. map. We define

- Y(F(x
|F| = 1lim sup ix%l
x| +oo

where ¥(F(x)) = {suplyl.yeF(x)} (see [M]).

If |F|<=, then F is said to be quasibounded and IF| is catled

the quasinoam of F.

Let X' be the dual of X ana denote by <<+ ,*>the pairing between

X' and X. The duality map J : X—0 X' is defined by
Jx = {x'eX' : <x',x>= [x"§¥xl, Ux"I=0x])}.

Let U and Z be subsets of X' and X respectively. We denote by

<U,Z> the subset of K defined as follows

<U,Z> ={<x',x>: x'eU, xeZ}.
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The asymptotfic numendical range of an u.s.c. map F: X -0 X s

defined as follows

N,(F) = [l §(XB )

where B_ = {xeX ¢ |Ix|] < r} and ¢: X {0} -0 K is the multivalued

map defined by

p(x) = IX.E(X)> (see [CDP]).
BE
Following Canavati [C ] we say that an u.s.c. map F : X —o X 1is

numerically bounded if N_(F) is a bounded subset of K. In other

words, F is numerically bounded if there exist two real numbers
<Jx,F(x)> < M

tx|

M,r>0 such that, for every xEK\Br. we have

Let F be numerically bounded. We define the numerdicail radius of
F as follows

n(F) = {sup|A| :xeN_(F)}.

Obviously a quasibounded map F is numerically bounded and

. There are examples of maps F for which n(F)<|F| (see

n(F) < |F
[(C]).
Finally we recall some facts about admissible maps. Let KUJHf"

...,Xn+l be metric spaces and let (%_ : Ki —0 Xi+1, i=0,1,...,n

be u.s.c. acyclic valued maps. Then the composite map F:Xﬂ—ﬂxn+1.

F=G G ;°...°G  1is called admissibfe.Notice that F is an u.s.c.

—

map. The following result is an immediate consequence of Theorem

5.6 in [P].
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THEOREM 1.1. Let C be a compact and convex asubset of a Banach

space X and £et F : C —o C be an admissible map. Then F has a

§ixed point.

2. SURJECTIVITY RESULTS.

THEOREM 2.1, Let X be a Banach space and £et F : X —0 X be an
admissible map, numerically bounded with n(F)<l. 1§ F 4is condensding,

then I1+F {4 onto.

Proof. Let yeX. Obviously n(F+y)=n(F). We claim that there

exists reR such that, for every xESr = {xeX : |x} = r},

|<Jx,F(x) + y>| < IxI%.

Indeed assume the contrary. Then for any neN there exists

anSn such that

2
|<JIx_F(x ) + y>| > Ix_I”.
<xX',y._>
n "n >1.

Ix 2

Let ynEF{xn) + Y, xﬁEan. We have

Hence, being F+y numerically bounded, there exists a subsequence

{xnk} of {xn} such that

contradicting the hypothesis n(F+y) < 1.

Let H = -FIBr+y. Clearly H is a numerically bounded condensing
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map from Br into X. To prove the theorem it is enough to show

that H has a fixed point.

Let r : K+Er be the radial retraction. Since r is a-nonexpansive
(see [M]), then the map reH : B_—oB_ is condensing. From a result
of Martelli [M] it follows that there exists a compact subset
C of B_ such that co(re H)(C))=C, where co((r eH)(C)) denotes the
closed convex hull of (r-H)(C). By Dugundji's theorem (see [D])
there exists a retraction rI:Br+C. Let iC:C+Br be the inclusion
map of C into Br and consider the map G = rlnraHaic. Clearly
G : C-0o C is admissible, hence hy Theorem 1.1, there exists

xeC such that xeG(x).

We want to show that xeH(x). Since xeC and co{(reH)(C))=C, we

have that xe(reH)(x).

Let zeH(x) such that x = r(z). If |z|>r, then x = Tlh—;. hence

<x',z> > ilxilz, contradicting the hypothesis n(F) < 1. Thus

Izl < r, so that x = r(z) = zeH(x).

Since an acyclic u.s.c. map is admissible and n(F) < |F|, as

a consequence of Theorem 2.1 we obtain the following results

COROLLARY 2.1, Let F : X—o0X be an acyclic valued map. Suppose
that F 45 numendically bounded with n(F) <1.1§ F 4{a condensing,then

I+F i4 onto.

COROLLARY 2.2 (Martelli, Vignoli [MV]). Let F : X —0X be an
acyclic valued, condensing map. 1§ F is quasibounded and |F| <1,

then I1-F 44 onto.
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Theorem 2.1 is not true if F is a-nonexpansive instead of conden-

sing. To see this, consider the following simple example.

Let c, be the Banach space of real sequences x = {xn} converging

and T:B

n
to zero with the norm [x}| = suplxnl. Let a = 2 +1 + B

n 2M42 1

1
defined by

T(x) = (l.alxl,...,a X_,...) (see [Ro]).

nn

Consider the map F = ioTer, where r is the radial retraction
to B1 and i is the inclusion map of ]31 into Coe F @ cs* o is
a-nonexpansive since |T(x) - T(y)l < Ix-yl vx.yeBl. Moreover n(F)=0.

Neverthless I-F is not onto since T does not have fixed points.

However we can prove the following result.

THEOREM 2.2. Let F : X-0 X be an admissible numerically bounded
map with n(F)<¢l. 14§ F {2 g-nonexpansive, then (I+F)(X) 44 dense on

X.

Proof. Let yeX. For every neN consider the map Fn = H%TF' Clearly

Fn is condensing and n(FnJ <1, hence for every nelN there exists

: n
X such that yexn+Fn(xn), i.e. y-x €= F(xn).

It follows that there exists K>0, 0 <8<1 and xﬁEan such that,

for every xnex with Hxnle, we have

+
.u{x")r - X

2
“lex! > 2 (8-1)x_|I°.

This implies that
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. 2
Iybix I 2 <xt,y> 2 B0oyx g2,

n+1l 1
hence [x I < —FlIyl < slvyl.

Since F is oa@-nonexpansive, it sends bounded sets into bounded

sets, hence the last relation implies that {F(xn) } is bounded.

P (W
n n+l n’

X

Let vy with z e F{xn}. We have x +z = y +

so that, being {zn} bounded, ﬁiﬂ(xn+zn)=y.

COROLLARY 2.3 (Martelli, Vignoli [MV]). Let F : X —0X ©be an
¥-nonexpansive acyclic valued map. 1§ F {4 quasibounded and |F| <1,

then (I-F)(X) 44 dense on X.

Using the previous results we will show a surjectivity theorem

for the sum of two singlevalued maps.

THEOREM 2.3. Let X and Y be two Banach spaces and A : D(A)c X=+Y

a surjective map such that A'I:Y-ﬂjx {4 u.b.c. with acyclic values.

1

Let B : X+Y be a continuous map. 1§ BoA = : Y —0Y 44 condensing

and numerically bounded with n(BnA'l) <1, then A+B:D(A)+Y 44 onio.

Proog.The map BaA'l : Y—0 Y satisfies the hypotheses of Theorem
2.1, hence for every yeY there exists zeY such that yEz+B¢A'1(z).

Then we can find zlanA'I(z) such that y=z+z,.

On the other hand there exists }cEA'l{z) such that B(x)=z
1

1!

hence y = z + B(x) with xeA “(z). This implies y=A(x)+B(x).

Observe that it is possible to obtain this result since Theorem

2.1 has been proved for admissible maps. Namely if A'l is an acyclic
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valued map and B is a continuous map, then BnA'l is not necessarily

an acyclic valued map.

On the other hand we cannot carry the study of the surjectivity

1

of A+B to that of I+A "B. We can apply this method only if A is

linear (see e.g. [GT]).

Notice that Theorem 2.3 does not need A to be injective. It

seems that only Webb [W] has shown some surjectivity results of

this kind.

Also recent fixed point theorems for the sum of two maps were
obtained under the hypothesis that A is injective (see e.g.[H]

and [IZ]).

On the other hand we obtain a result of [W] as consequence

of our Theorem 2.3.

COROLLARY 2.4 (see [W]). Let X,Y be two Banach spaces and ZLet

T : D(T) ¢ X+Y be a surjective map with closed graph and convex

predimages ,auch that |Tx||+* as [x|+=. Assume moreover that for some
c>0 and 2c D(T) we have that o(T(R))>ca(R). Let S:X+Y be any conti

nuous q-Lipschitz map with constant Less than ¢ and such that fox

sdome b<l, d>0, |S(x)[<b|Tx}j+d; then the map T-S 4is surjfective.

Proof. Let us see that under above assumptions the hypotheses
of Theorem 2.3 hold. Since T is surjective with convex preimages

it follows that the multivalued map T'1 is acyclic valued. Moreover,

from the assumptions on T it follows that, for every peY, u(T'l(p)]i

<1

< a({p}) and hence a-(T'l(p))={], thus T'l(p) being closed) is also compact.

Analogously we can show that T'l sen as compact sets into relatively compact sets.
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From these facts and the closedness of the graph of T=graph T'1 it

follows also that T ! is upper semicontinuous.

Clearly Sﬂ*T'1 is condensing since, for every bounded subset

Q@ of Y, we have o((SeT 1y())<ca(T 1(2)) <a( 9).

Finally Sm-T'1 is quasibounded of quasinorm less than 1; 1in

fact

6((S°T™ 1) (¥))< byl + d.

The following result gives a sufficient condition for A-l to

be an u.s.c., acyclic valued map.

THEOREM 2.4. Let X,Y be Banach spaces and £et A:X*Y be a conti-
nuous proper map (i.e. the inverse image of each compact set 1is
a compact set). Suppose that for any yDEY there exiat a subsel 12
04 X and a sequence {An} of continuous proper maps grom Z 4into
Y converging uniformly to A on 7 such that for all y in a neighbonr
hood N(y,) 0f Yo in Y , there exists exactly one sofution X 0f
the equation ﬂn{1)=y. Let A be onto. Then A'l i4 an u.s.¢c. acyclic

valued map.

1

Proof. From Theorem 7 of [BG] it follows that A = is acyclic

. . , -1 .
valued. Moreover since A is continuous and proper, A is u.s.c.

on Y.

Note that if A is condensing, then I+A is proper.

3. APPLICATIONS. In this section we obtain some existence theorems

for an integral equation of Volterra-Hammerstein type in C([0,11])
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and for a multivalued integral equation in Lz( [0,=[). For the
sake of simplicity we do not attempt to prove the best possible

results.

We want to note that in the example 3.1 first of all we are
interested in finding a map A such that A*l is a multivalued u.s.c.

acyclic valued map.

In the second example our main purpose is to calculate the

numerical radius of a multivalued (non compact) map.

3.1. Consider the following integral equation of Volterra-

Hammerstein type in C([0,11]).

t 1
y(t)=x(t)+ [ k(t,s)f(s,x(s))ds+ [ h(t,s)g(s,x(s))ds (3.1)
0 0

THEOREM 3.1. Assume fthat k and h are continuous functions {rom
i:[l,l]2 into R, Suppose that f {4 a continuous function grom [0,1] xR
into R such that |f(s,x)| < b+d|x|, b and d > 0, se[0,1], xeR.
Moreover assume that g 44 a continuous function grom [0,1]Jx R 4nto
IR such that there exists a continuous positive function v:[{0,1]+R
for which |g(s,x)| < y(s), se[0,1],xdR.Then equation (3.1) has s0-

Lutions.

Proof. Let F,G be the Nemytskii's operators generated by f

and g respectively. From the hypotheses it follows that F and

G are continuous and bounded operators from C([0,1]) into itself.

Define K,H : C([0,1]) +» C([0,1]) as follows
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1 t
Hx(t) = f h(t,s)x(s)ds, Kx(t) =] k(t,s)x(s)ds.
0 0
K and H are compact operators, hence so are the operators D=KeF

and B = MG, Furthermore B(C([0,1])) is relatively compact;: in

particular |B| = 0,

Fix yDEC([G,I]). For any neN let fn : [0,1]xR-R be a continuous

function such that
i) Ifnts.x)-fn(s,y)i < Ln|x-yi for any x,yeR, se[0,1].

ii) sup Ifn{s,x)-f(s,x)|*€%- for any x eR such that
se[0,1]

|x|EB{("yD"+1+M+Mb)exp(Md),M=5up{|k[t,5)|:t,ss[0,1]}.
Let Z = {xeC([0,1]) : Jx|] < B}. For any neN define

D

t
: C(l0,1))+C([0,11) by D, X(t) = %k[t.s] f (s.,x(s))ds.

Clearly ql is a compact operator, hence An=I+I% is proper,

Moreover condition ii) insures that {An} converges to A=I+D uniformly
on Z. By a standard technique we obtain that for any yeC([0,1])
the equation §=x+£5x has exactly one solution X e We want to show
that if ?EN(yD,l) = {yEC([U,l]]=HF*FGH{l} then x eZ. We have

t

[x (£)] < I:?r(t)-wﬂml+|wgit)lwﬂk{t,s)fnts.xn(s))ds <

L
<1 + Hyﬂ“ + M % + Mb + Md £|xn(5)|d5.

From Gronwall's Lemma 1t follows that
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1

|x ()| < (+ly_I+M = + mb) exp(Md).

It remains to show that A is onto.

Let y = Ax+D(x). By our hypotheses we have that
t
IAl]x(t)| < Iyl + Mb + Md [|x(s)]|ds,
0
hence by Gronwall's Lemma we have
IAl[x(t)| £ (lyl+Mb) exp(Md).

A simple application of Schaefer's Theorem gives the assertion.

1 is an u.s.c. acyclic

b

Hence, according to Theorem 2.4, A is onto and A~
valued map. Moreover B_HA-I is compact and |[BeA~ = 0. Hence by

Theorem 2.3 we have that equation (3.1) has solutions.

3.2. We give now an application of Corollary 2.1 to the existen-

ce of solutions for a multivalued integral equationin Lz([ﬂ,m[).

First we recall the definition of integral of a multivalued
map. Let I be an interval of R andlet G : I -oR be a multivalued
map. Let £ be the set of all integrable (over 1) selections of

F. Then

{G(s)ds = -{II u(s)ds : uez} .

Consider the following multivalued integral equation in

L2 (0, =[).
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t
y(t)ex(t) + fk{t,s)f(s.x(s]]ds +
0

(3.2)
L
+ [v(t)u(s)g(s,x (s))ds,
0

where f and g are multivalued closed and convex-valued, maps from
[0,»{x R into R .

Assume that
a) k is a nonnegative real function defined on [0,»[x[0,®[ satisfying

o

[ fk%(t,s)dt ds <w.
00

It is known that under this hypothesis the operator
K : L4([0,=[)» L%([0,=[) defined by

t
Kx(t) = Jk(t,s)x(s)ds
0
is a compact operator.
Furthermore assume that
2, .
h) ‘U’EL (!_0;”[}!

c) uELz([U.b{) for all b >0;

d) for every s [0, [, g(s,*) is u.s.c. on R and, for every xelR,

g(+,x) is measurable on [0,«[ (i.e., for every zeR, dist(z,g(+,x))

is a measurable function on [0,=();

e) there exists c> 0 such that ¥(g(s.x)-g(s.y)) <c|x-v|, for all x,yeR, se[0,=[,

with ¥(g(s,0)) < 8(s), 8e L2([0.[);

f) for every sel0,~[, f(s,*) is u.s.c. on R and, for every xdR,f(-,x) is measu-

rable on [0,=[;
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g) there exists a real function ffELZ([D:”[J such that

Y(f(t,x)) < o(t) + a|x|, with a>0;

h) Z2csupJtai <1, where X = sup |<Kx,x>| and J is defined
t >0 Ix|=1

as follows (see [S])

t ]
J = J[“} w?(s)ds)y ¢ [v2(s)ds)t.
i

THEOREM 3.2, Assume that the hypotheses a) - h) are satisfied.

Then the integral equation (3.2) has solutions.

Proof. Given xeL?([0,=[), denote by %(x)(%(x)) the set of all
measurable functions z : [ 0,«[+ R such that z(s)ef(s,x(s)) (z(s) s
eg(s,x(s))). By hypothesis e) it follows that ¥(g(s,x)) < c|x]|+
+06(s), hence by hypotheses d) - g) we have that the multivalued
maps % and ¥ are bounded maps from Lz{[ﬂ,m[) into itself with
nonempty, closed and convex values (see Theorems 1 and 2 of [[0]).
Remark that Theorems 1 and 2 of [LO] has not been proved under

our hypotheses, but we can see that they hold in these cases too

(see also [AZ ]).

Let T be the operator
t

Tx(t) = f v(t)u(s)x(s)ds.
0

From hypotheses b), ¢) and h) it follows that the operator
T is an a-Lipschitz operator from LZ([G, o) into itself (see [S]).
Moreover from hypotheses e) and h) it follows that Te¥% is a
multivaluded condensing map with convex values. Hence so 1is the

map Ke%# + Te¥ (note that Ke% 1is a compact multivalued operator).
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Now we want compute n(Ke#+To¥ )., By |T| < 2 supJ (see [S]),

t>0
we have n(Te¥) < |Te¥9| < |T||9¢| < 2c supJ. Take ye %(x). We have
t>0
{:DL [ 3] Lo
[ J(J k(t,s) y(s)ds)x(t)dt] JO J k(t,s) o(s)ds)|x(t)|dt
0 0 < 0 0 N
2 - 2
x| | x|
(o L co (0 7 i
| J( Ja k(t,s) [x(s)]ds) [x(t)|dt)] [ Jk“(t,s)ds)?® |x(t)]|dt
+ g0 < 0 0 o+
2 = 2
Il x| I x|
o CD 2 | %
( J g k“(t,s)dt ds)
0
+ ax_ < |ol + aai_.
° x| °
Hence, for 0€Eﬂb—%—{l - 2c¢ supJ)-a, we have
0 t>0
© t
| [(Jk(t,s)y(s)ds)x(t)dt|
0 0 <1 - 2¢c sup J - elﬂ +
1x 12 t20
0 OO 2 | %
([ [ k“(t,s)dt ds)
00
lol
I
This implies that n(Ke% ) < 1 - 2c¢ sup J - E}-.D. So follows

: >0
that n(Ke# +T< ¥ J<n(Ke# }+n(T-«¢)<l, then the statement is a conse-

quence of Corollary 2.1.
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REMARK. If k is a symmetric real function (not necessarilly nonne

gative), then K is a selfadjoint operator.

Then ||K|| = lD,where h] is the greatest eigenvalue in absolute

value of the operator K.

In this case the proof of the last part is more simple. In

fact

n(To%+ KoF) < |To%|+|KoF| <

n

2C sup J + lﬂa <1 .

< 2c sup J+ K| | #]
t> t>
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