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*
COMPLETING SEQUENCES AND SEMI-LB-SPACES (*)

o4 4
Manuel VALDIVIA (77)

SUMMARY. - G{ven a completing sequence 4in a Locally convex
space, we associate to 4f a Fréchet space and we use (T Lo obtadin
Localization results both 4in webbed spaces and semi-LB-spaces,.
Finally the fact that every convex webbed space 4«5 absolutely

convex webbed 44 afso proved.

INTRODUCTION. - The vector spaces we shall use here are defined
over the field K of real or complex numbers. The word 'space"
means ''separated locally convex space'. Given a space E, we denote

by E its completion.IN is the set of positive integers.

If A is a bounded, absolutely convex set in a space E, we de-
note by EA the linear hull of A endowed with the norm of the Min-
kowski functional of A. A fundamental system of neighbourhoods

of the origin in EA is the family
{=A ' n=1,2,...}.

It is said that A is a Banach disc when 'EA is a Banach space.

A space A is unordered Baire-£ike if, given any sequence [An)

of closed and absolutely convex subsets of E convering E, there

(*¥*) This research was undertaken while the author wvisited the

University of Lecce during the spring of 1985, at the invita-
tion of Prof. V.B.Moscatelli.

(** )Supported in part by CAICYT (pr.83-2622).
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is a positive 1integer p such that Ap is a neighbourhood of the
origin [5]. As an immediate consequence, if {En) is a sequence
of subspaces of an unordered Baire-like space E that covers E,
there is a positive integer p such that Iﬂ} is unordered Baire-

like and dense in E.

Following De Wilde [1] and [2], we define a web in a space E as

a family

W ={C }
P PN

of subsets of E, where n,My,My,...,Mm are positive integers, and

n

such that the following relations are satisfied:

E = U{le | | = 1,2,...} .

C = U{C :m=1,2,...} , n>1
Tﬂl,mz,...,mn mltmz....imn,m -
A web wis said to be convex (absnfutely convex) if the sets defi-
ning it are convex (absolutely convex). A web W is compleiing, or a
¢-web, if the following condition is satisfied: for every sequence
(mn] of positive integers there is a sequence [ln) of positive

numbers such that for

the series
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converges in E. We shall say that a space E is a convex (absofutely

convex) webbed space if it admits a convex (absolutely convex)

€ -web.
We shall say that a sequence ¢ in Zﬁm, with

oo

a = (a )

n n,plp=1’ "TleZe.es

is semi-stationary if, given any positive integer p, we have another
positive integer q such that
d = 4a » niﬂ‘

A semi-LB-nepresentation in a space F is a family of Banach discs

a € m“'}

(A,

verifying the following two conditions:

1. U {AU x EIQN]'= [,

2. 1f (un} is a semi-stationary sequence 1in NN, we have g 1n

mm such that
n =1,2,..

We shall call a semi-LB-space a space admitting a semi-LB-

representation.

1. ABSOLUTERY CONVEX %£-COMPLETING SEQUENCES.,

In a space F, let # be a family of Banach discs that convers

F and such that the finite union of members of # is contained
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in same member of % . We shall say that a sequence (Ak) of subsets

of F is absolutely convex ZH-completing if it 1is a decreasing

sequence, every !H{ is absolutely convex, and there l1s a sequence

{lk) of positive numbers such that given

0 < Jupl < Ay xp € A,

there is a B in%4 with

and the series

converges in FB‘ In what follows we shall suppose that

which does not imply any loss of generality.

When # is the family of all the Banach discs in F, the former
concept coincides with the absolutely convex completing sequences
of De Wilde (see .|2, Proposition IV; 1.9]). We are going to consider
the family # in order to obtain results that can be applied to

the class of semi-LB-spaces.

We take a positive integer k and we write

oo
B, = U { Z X_x_ : x_e€eA n =1,2,...}.

n=1 0D n. k+n-1

It is immediate that EH{ is absolutely convex and contains Ak.
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Of course (Bn) is a decreasing sequence.

PROPOSITION 1. I§ W 44 a nedsghbournhood 44 the origin 4n F ,

therne are a positive dinteger k together with a positive numbenx

A such that

lBk c W.

Proog. It is not a restriction to assume that W is closed and
absolutely convex. It 1is clear that the condition required for
(Bk) is equivalent to the corresponding one with Lﬁk]. But the
latter is easy to prove. Let us suppose that the property does
not hold. For every positive integer k there 1is a point Xy 1n

Ak such that

The series

converges in F, consequently the sequence (lk;k) converges to

the origin in F. So we have a positive integer p such that

h X €W if k > p,

which i1s a contradiction. q.e.d.

Let G be a dense subspace of a metrizable space E. Let T be

a linear mapping from G into F. We write

=V

T Ay = U L TR =

k
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60
in B and U the interior of U in
U, is a neighbourhood of

will be the closure of Uk
k

Uk
Let us suppose that

the same space E.
in a cfosed sub-

=1,2,...

14§ the graph of T meets EKFB

the origin in E, k

PROPOSITION 2,

space for every B in 4B, we have that
k = 1,2,.

c Uk‘
X

o

k
k and we take any point

fix a positive 1integer

Prood. We

U.. Let
= 1,2,...}

1n k
{W : n

be a fundamental system of neighbourhoods of the origin in E such

that

We take X, 1in Uk such that
Yy = X - X, € 12 wl_
it i1s assumed that for a positive integer

Proceeding by recurrence,

m we have found
We now determine
e U

such that
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- A

Ym+1 N ym m+1 X

5 lm+ W

m+1 2 m+1"

The sequence (yn) obviously converges to the origin in E, and

for every positive integer n. Consequently, we have in E

X = L 3. X_.
q=1 R M

For every positive integer j,

ij € Ak+j—1:

since (An) is Z-completing, we have a B in # such that

ij e FB
and the series
E} A LX
he1 ‘M n

converges in Fp to a vector u that obviously belongs to B, - The
fact that Tx=u follows from thé fact that the graph of T meets
E x FB in a closed set.Then x belongs to Vk and the proof is com-

plete.

PROPOSITION 3. The aet

I

M_:zﬂ{ﬁk S 1,2,...1}

{4 contained in a Banach disc.
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Proog. If W is a neighbourhood of the origin in F, we apply

Proposition 1 to obtain )X > 0 and a positive integer p such that
AMc AB_ c W
P

and thus M is a bounded subset of F. Let ¥ be the canonical injec-

£

vy into F. We can extend ¥ to a linear mapping V from
- -1

+he completion H of EM into F. Let G be equal to v

tion ot F

(F). If

® is the restriction of $ to G, we have that the graph of @ is
closed in HxF. If we denote by Uk the set qfl(Ak) and by Vk the

set ¢f1(Bk), we have that the closure Uk of Uk in H is a neigh-

bourhood of the origin in this space. Therefore, if we apply Prop-

osition 2 we obtain that

o [

c VvV, .,

from which it follows that H=G. Consequently, the image through
¢ of the closed unit ball of H is a Banach disc in F containing

the set M.
q.e.d.

Let us take Vi in Ak’ k = 1,2,..., and let us denote by J{k

the absolutely convex cover of
{vl,vz,...,vk}LJAk.

PROPOSITION 4. {Xk) {4 an absolutely convex RB-completing

sequence.

Proo4. Let us take Xy in Xk. There is Y in Ak and
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such that

If

we have

Since

sequences and semi-LB-spaces

b e K, j = 1,2,...,k,

k* %k

a, .v., + b,y
i=1 i=1 Kj j kK
-k
0 < | <270
? © k
H, x = ) U(Eﬂ.‘u’ +‘D}']
k=1 k™k k=1 K j=1 Kj ] k7 k

j=1 k=] I k=1
Lo 4] = a] _k
| 2 ypap.| < I 2 A, < A,
WePlie S S L k < A
VT I T SR
L M, X
k=1 K K

belongs to some FB* Be# , and it converges in this

PROPOSITION 5. T4

space.

ie-ﬁ

63

d.



64 M.Valdivia

Vi € Ak, hk e K, k=1,2,..., and I lbkif o0 .

then the sendiens

converges in F and the sel

A =1 L

I |la, | <11}
Kk ki —

a, v
K "k k=1

1

{4 a Banach disc.
Proog. We write }(k to denote the absolutely convex cover of

{vl,vz,...,vk:}UAk

According to the former proposition, (Xk} is an absolutely

convex 4Z-completing sequence. We know that

X k = 1,2,...}

k

is contained in a Banach disc P by Proposition 3, Let us observe

that
Vi € P, k =1,2,...

and the conclusion now is obvious.
g.e.d.

The former proposition ensures that the following sets are

well defined:
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Ck = { _E ajxj:xj & ﬂk+j—1’ ajEK, j=l,2,...._§ |u]l <11,
j=1 j=1
k = 1,2,
We write Dk for the linear hull of Ck‘ We set
(A)
F =N{d_ :r =1,2,...1
r
According to Proposition 1, the family
A)
(A
?{F ﬂ(—'r)r r_]-'lz'l---i
4 : {ﬂkj
is a fundamental system of neighbourhoods of the origin in F Lor
a locally convex and metrizable topology finer than the topology
‘ ) (A) (A})
induced by F on F . Let us suppose that F is endowed with

this metrizable topology.

(A )
PROPOSITION 6. F K s a Fréchet space.
. (ﬂk}
Proog. Let (yr) be a Cauchy sequence in F . We select a
subsequence (zr) of (yr} such that
2T
2 [zr+1 - zr} € Cr'
Then we have
Xip € Ar+j—l’ i, € K, j =1,2,..., ifl|ﬂjr| < 1,
such that
2 oo
2 r[zr+1—¢r) = E a X

65
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We fix a positive intergers. Then

oo oo o0 a . £ m d
r (m-r+1)r
£(z_ -2.)'= I I —x. = ¢ I X, :
r=s r+lor r=s j=1 22r Jt m=s r=s5 22r (m-r+1)r
We put
m a -
Um = ¥ 1 {m r+%ir|, m = s, 5+1‘___,
r=1 2 .
and Ym = 0 if um = 0,
m a
_ 5 (m-r+1)r if v 0
m res 221‘U (m-r+1)r m 7
m
Clearly, Ym belongs to Am and
I (2o - 200 = &y (1)
r=s m=s
On the ther hand,
o Qo m da
m-r+l)r
Lovy = 2 L | ( ?g -
m=s m=$ r=s 2
o0 oo |ﬁjr| 0o 1 1
-2 L 21 < 2 21 < s
r=s j=1 2 . r=s 2 2

Consequently, the series (1)

1

to hEECS' Therefore, if

is convergent in F and its sum belongs
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in F, we have (zr) converging to u - z, in F. On the other hand,

1

8
—

(zr+1-zr) =u -z, -7 € ——/ C_,

i 2

Ir=%

from which it follows that

and this

(A)
u € F k .
(A
It also follows from (1) that (25) converges to u-z, in F
(A
Finally, it is obvious that (yr} also converges to u-2z,4 in F

k)_
k)

qg.e.d.

THEOREM 1. Let f be a £inear mapping from a metrizable space
E 4nto F asuch that the graph of f meets E x Fo in a closed pet fox

1

everny B of B . 14 the closure of f ~(A in E 44 a nedghbourhood

K

(A
of the ordigim, then f(E) ¢ F

(A

) )
k and f + E = F K

{A continuous.

Proogf. We fix a positive integer k. According to Proposition
2, f—l{Bk) is a neighbourhood of the origin in E and, consequently,

f(E) is contained in the linear hull of Bk‘ From the definitions,

it is clear that ZCk contains Bk‘ Thus we have f(E) c Dk and so

(A

)
F(E) ¢ F X7,

If (xn) is a sequence in E converging to the origin and r 1is

a positive integer, there is another positive integer p such that
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Then

)
f(x ) € £(F 'NC_), n >p,

from which the continuity of f follows.

q.e.d.

PROPOSITION 7. Let f be a continuous and injective Linearn mapping

ﬁnuh a space E into F . I4 the closure Mk 04 f'l(Ak) in E 44 a
i
neighbourhood of the origin, then the family

1 * —
{EMk : k= 1,2,...}

{5 a fundamental system o4 nedighbourhoods of =Lthe origin for a

metrizable Locally convex topolfogy on BE.

Proof. We must show that

k

H D8

1 _
" M, = {0} .

k=1

Let us take a point x in E, x#0. We find a neighbourhood of the

origin U in F, closed and absolutely convex and such that
f(x) ¢ U.

Then

x € £

(U).
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According to Proposition 1 there is a positive integer Kk such

that

and, therefore,

1 -1
T M f ~(U),

kl:

showing that x does not belong to %Mk.

q.e.d.

THEOREM 2. Let f be a £inear mapping with closed graph {from

a space E 4nto F. Lel us suppose that gor every positive 4integenx

k , the cfosure of f_](Ak} in E 44 a nedghbourhood of Lthe orig4in.

Then we have

(A) (A

)
f(E) ¢ F and f : E » F

{5 continuous.

Proof. Since the graph of f is closed, there is a Hausdorff
and locally convex topology ¥ on F, coarser than the original

one, and such that
f : E » F[“V]

is continuous, (cf. [3] and [4]). The sequence (Ak) is also a
#-completing sequence of absolutely convex subsets in F{ y | and

£f71(0) is closed in E. Let ¢ be the canonical mapping from E onto

G : = E/f'l(ﬂj and ¥ the canonical injection from G into F, with
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f = yeoo.

According to the former proposition, and denoting by Mk the closure

of w_l{Ak) in G, k=1,2,..., we obtain the family

1
(g My

as a fundamental system of neighbourhoods of the origin in G for

a metrizable and locally convex topology % on G. Then the closure

of 'L'_l(Ak) in G[% ] coincides with M, and, therefore, it is a
neighbourhood of the origin in this space. Now the conclusion

follows applying Theorem 1.

2. ABSOLUTELY CONVEX WEBBED SPACES

In all this section
W= {C } (2)

will be an absolutely convex and completing web in a space E.

If a = (an) is an element of ]N]N. we have an absolutely convex

and completing sequence

a0

(Cal,az,...,ak)k=1'

(Ca..a a,’
. 11 21 L L | k
We shall write E, to denote the Fréchet space E

and we say that

(E : aeNN}

a
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is the family of Fréchet spaces associated to the web (2).

THEOREM 3. Let f be a 4Ldinear mapping 4rom a metrizable and
unordered Bainrne-Like space F 4into the space E. 14§ the graph of

f meets FxEB 4n a closed subspace for every Banach disec B o4

E , there 44 a 4An ;NN such that f(F) c Eu and f : F » Eu 44

continuous.

Proof. Given a sequence [pn) of positive integers, we denote

[ = 1 .
b L the 1 hull of f C F,
y PyoPysennsb, e linear hu 0 ( lepzf--.,Pn} in

n =1,2,... . We have

from which it follows that for a positive integer m, the space

L~ 1s unordered Baire-like and dense in F. Proceeding by recur-
1

rence, let wus suppose that the positive integers My sMyyee.

p
have been obtained in such a way that the space L
My sy swo
1’72 p
is unordered Baire-like and dense in F. We have
- UL
ml,mz,...,mD ne1 ml,mz,...,mp,m
from which we have again a positive integer mp+1 such that the
space L is unordered Baire-like and dense in F.
My ,Mnyeaa,M
1’72 p+l
Obviously, the closures in F of f_l(C ), k=1,2,...,

ml,mz,...,mk

are neighbourhood of the origin in F. Therefore according to Theorem
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1l we obtain for a = (akj that f(F) ¢ E and f : F » Ea is continu-

ous.

THEOREM 4. 14 f 44 a Ldinear mappding with closed graph grom an

unorndered Baire-£ike space F Ainto the space E , then there ex4isis

Q in.ﬂm such that f(F) ¢ Eﬂ and £ : F » Eﬂ 44 continuous.

Proogf. Proceeding as we have done in the former theorem we

1

can obtain a = (ak) in EPJ such that f “(C }) is a

MMy, een My
neighbourhood of the origin in F, k=1,2,.... The conclusion now

follows applying Theorem 2.

COROLLARY. Eveny continuous Linear mapping grom an unordered
Baine-£ike space F 4into E can be extended to a continuous Lineanx

mapping grom Finto BE.

3. SEMI-LB-SPACES.

Let

{A, : aelN} (3)

be a semi-LB-representation in a space E. Given positive integers

k, ml,mz....‘mk, we write

U{Au A= (an) ELNN, a =m ., n=1,2,...,k}.

Let C be the absolutely convex cover of M .
MyoMpse el Mp»MysMy
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We denote by # the family (3) of Banach discs.

PROPOSITION 8. Given (m ) in N\, the sequence

{5 absolutely convex and ZB-completing.

Proo4. Let x, be a vector in C , k=1,2,... . There
k My My, e, My
are
Kkj © Mml,mz, tmk‘ akJ e K, j=1’2“ !p(k)
such that
p(k) p(k) | X
X, = ¥ a X, ., T a <
k i=1 kj ki j=1 Kj
Let
a = (a e NN a = m n = 1,2 k
kJ 'k.] ¥ I"l,k_j nr ¥ ¥ ] 3
and
Kkj € Aﬂ ’ 1l = 1121 tp(k)*

The sequence

ﬂllsﬂlzs---gﬂlp{l):HZI:ﬂzzit-;1ﬂ2p[2)1-..1ﬂk1+ﬂk2+---gﬂkp{k)s

obviously is semi-stationary; therefore, we have @ in Eﬁq such

that

c A, , ] =1,2,...,p(k), k 1,2,...
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Consequently,

X, € Ag , ko= 1,2,...,

and if

b, € K, k

I

L# »
1,2,..., and L ]bkl < 1,

the series

it~ B
c:-t
o
4
F

k

converges 1in EA
a

g.e.d.

(C )

my ,My,...,M
If a-= (mk) EINN we denote by Ey the Fréchet space E 172 k

and we shall say that

{Eu : c:ejﬂw}

in the family of Fréchet spaces associated to the semi-LB-represen

tation (3).

The following two theorems are proved using Theorem 1 and Theorem

2 respectively.

THEOREM 5. Let f be a f£inear mapping grom a metrizablfe Baire
space F «nto the space E. If the graph of £ meefs F x EA in a
B

N

cfosed subapace for every B Ain N thexe 4is o in NN such that

f(F) ¢ Ey and f : F» Ey 44 coniinuous.

THEOREM 6. 14 f 44 a ALdLiaear mapping wiith closed graph from

a Baire space F into the space E , there L5 a 4in N such that
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f(F) ¢ E;, and f : F+ E, i4 continuous.

it It »

In the set I«q we consider the following order relation '«

—

for a-= (an) and B = (bn) jilﬂﬁq‘WE say that o < B if and only

if a < bn for every positive 1integer n,

A quas«-LB-representation in a space G is a family
{By :a e NN}

of Banach discs satisfying the following conditions:

1. U{B, : aeN}=G.

2. If 4.8 €N and q¢g . then By ¢ Bg

We say that a space admitting a quasi-LB-representation is

a quaid-LB-space.

It 1is obvious that a quasi-LB-representation 1s a semi-LB-

representation, and thus, a quasi-LB-space is a semi-LB-space.

Lifting theorems have been proved in [6] for quasi-LB-represen-
tations. These results can be formulated with some minor modifica-

tions for semi-LB-representations.

4. CONVEX WEBBED SPACES

Let
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be a convex #-web in a space E. if M is the convex
n 1n ‘qqun
1' 2 k
cover of
{0} UL ,
n11n2,---jnk
we write

A = M - M
NysNgy ..,y NysNys e, Dy NysNys ..,y

We denote by T an injective mapping from ]I\IZ onto N, When (pl,rlj

belongs tDjN2 and T{pl.rlj = Ny, We put

Proceeding by recurrence, let us suppose that for a positive

integer k >1 we have constructed the subsets

B ;
NysNyyeeesfy g

where NysNy,... Ny 4 are arbitrary positive integers. Given positive

integers P1sT1sP9sTgsecusPy T WE write
P = P1Pases+-3sPy A ;
NysNoy e,y 1% 2 k FislpseeesTy
B = P nB \
nlin‘g!iiijnk nl.nzg...,ﬂk nl,ﬂz,...,ﬂk_l

where
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Since pIA contains L_, it follows that
Y "1
U{B_ :tn, = 1,2,. } = E
n 1
1
Let us now take a point x in B ; then x belongs

ﬂ],ﬂz.....ﬂk

to P and therefore there exist two points y and z
Tlljnzj--'gﬂk

1n

P1Py---Py Ly

together with two numbers @ and g, 0 <a< 1, 0 < B < 1, such

that

X =ay - BX.

If y coincides with z, there 1s a positive 1nteger LS such

that

and so

X € PPy +-. Py A
1v2 k SR T TREIES S|

If v 1s not equal to z, we take
H={xz + (1-N)y : 0 <A< 1}

Since H is contained in
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there exists a positive integer ST such that

P{P5...Py L
172 k rl’FZ""‘rk+1

meets H 1in two points at least. A positive integer Pp,q1 can be

determined such that

ZH € PyPy-- Py Pyyq Arl,rz,...,rk,rk+l

and therefore

X € PyPr «-- Py P A (5)
172 k Pk+1 SR RIS WS S

Consequently, (5) holds in the two cases considered. If
TPyiy Trer) = Muq o
it follows that

X € P N B = B
NysNgseeesy g NysNys e,y NysNgy ey Ny gy

from which we have

= 1,2,...} (6)

I
—
—_
o

B
Nyaflgyene, Ny Ny Ny,.e.,ny,ny

PROPOSITION 9. The family

{4 a completing web «in E.

Proof. From (4) and (6) we know that % is a web in E. Given

a sequence of positive 1integers (rk} we determine a sequence



Completing sequences and semi-LB-spaces 79

(lk} of positive numbers such, that the series

converges in E whenever

0 < u, < A, X, € L , k = 1,2,...
— "k — 'k k rl,rz,...,rk

Let us now suppose that for the sequence (nj) in ﬂﬂ we have

_1 _ .
T (nj) = (pj,rj), i =1,2,...

If we take z, in B we have
K NyaNgseesy

Z, € P{Pr...-P. A
k 1% 2 k FysTgseeasTy

.and we can find Uy and Vi in Lrl.rz.---,fk tc:;gether with

0 <o <1, 0 <8 <1, such that
Zy = Dlpz"'pk(uk Uy - Bkvk).
Let us now take

-1
0 < My < (plpz-**pk) | lk

and we have the convergent series

Ukplpz---DkaUk and

IN=R:

I HkP1P2- - -PiByVy

1 k=1

from which it follows that the series
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also converges in E.

When E is a real space we write

Cn n n, Bn n n
1'727" 777k 172" "7k

and in case of E being a complex space we write

= B NiB
NysNgyenesly NysNosee Ny NysNyseee sy

whenever k, NysNy,...,N, are positive integers.

PROPOSITION 10. The family

W =1{C ¥
TR PR L

{4 an absofutely convex and completing web «n E,.
Proog. The result is obvious when E is a. real space. Let us

now suppose that E is a complex space. If x 1is any point of E

there are two positive integers Pq and ry such that the strongt

line with and-points in x and ix is contained in plAr . It now
2
follows that both x and ix are in Bn , where n, = TTpl,rl). Thus
1
we have

U {Cnl:nl =1,2,...}

il
Tl

If x is any point 1in C , we know that x and ix belong
NysN,, .o,y
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to B . We put (py.ry) = 71

(n.), j=1,2,...
nl,ng,...,nk J

Then we have

X,1X € plpz“'pk Arl,rz...-'rk

and therefore there are two positive integers Prs1 and LY such

that

X,1X € DyPy--Pryq Ar1*r2’**“rk+1

Consecuently, we have

X,1x € En n n .
172" """ "k+1

where T(pk+1’rk+l} = My q and so

X € Cn n
R AL L |

Thus

U{C : _1129-|.}=C

nl.nz.....nk+1 HI,HZ,...,Hk

and hence W is a web in E. Finally it is clear that W is absolutely

convex and completing.

The following theorem is now clear:

THEOREM 7. 1§ F 44 a convex webbed space, then F 44 an absolutely

convex webbed space.
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