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LOCALLY DETERMINING SEQUENCES IN INFINITE
DIMENSIONAL SPACES

*
Josée M. ANSEMIL (") - sedn pingen (°7)

SOMMARIO. Mostraiamo che ogndi 4nsdieme JLocalmente deferminante
in zero {per funzdiond olomornge) sopra uno spazdc metrizzabile sepa-
nabife e Localmente convesso contiene una Auccessione nulla che
¢ pure Locafmenie deteaminante 4in zero. RiLAspondiamo cos4L a una

domanda posta da J.Chmielowski ([3,Question 3]).

All locally convex spaces considered are over the complex numbers.
For details of the theory of hoiomorphic functions defined on do-
mains in locally convex spaces we refer to [5]. For a domain U
in a locally convex space H(U) and H“TU) will denote, respectively,
the set of C(C-valued holomorphic and bounded holomorphic functions

on U.

DEFINITION 1 ([1]). A subset L of zZhe 4Localfy convex spaceE
148 Locally determining al zero 401 holomorphac funciions 4§ foxn
every connected open neighbourhood U o0f zero and feH(U) f UﬂL=D

{mplies f =0.
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The classical identity theorem for holomorphic functions says
that neighbourhoods of zero are locally determining at 0 and if
E=C then every (not eventually zero) null sequence is locally de-
termining at 0. This latter result does not, however extend to
any higher dimensional spaces. In [1] Chmielowski shows that a
metrizable locally convex space E contains a null sequence which
is locally determining at 0 if and only if E is separable and in
[3] he asks if, in such spaces, every locally determining set at
0 contains a null sequence which is also locally determining at
0. A positive answer is given in [4] for the case E = ¢" and in

theorem 3 we give a complete answer to this question.

One of the basic results we shall use is the following proposi-

tion due to Ng [8]. This result is a generalisation of a result
of Dixmier [ﬂ] and has recently been generalised to LB spaces by
J.Mujica [7] and applied to some problems in infinite dimensional
holomorphy (see also [5, p.98 and 417]. We let B denote the closed

unit ball of a Banach space E.

PROPOSITION 2. Let E denote a normed Linear space and suppose
there exists a Hausdorgg Locally convex topofogy T on E such that

(B.,t) 44 compact. 1§ F = {¢ € E',¢1B {4 T-continuous} then F
E

E
{4 a normed Linear space (when normed by | ¢ |=sup {| ¢(x)|, xeE,|x|<1}

and Fé = k.

THEOREM 3. Let E be a separable metrizable Locally convex space
and fet L be a focally determining set at 0 (for hofomorphic 4unc-

ctions). Then L contains a null sequence which s alsro {Locally
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determining at 0.

Proog. Let {Vn):; denote a decreasing neighbourhood basis at

1
0 consisting of convex balanced open sets. (Hm{vn),ﬂ*hv ), 1is a
n

Banach space for each n. If T denotes the compact open topology

then ‘Montel's theorem implies that the closed unit ball of H (Vn)

¥ - - m 1 . & o
is T, compact. If Pn = {6 e H (Vn) ; ¢| is T, continuous}

PHT (V)

then proposition 2 implies that Fn is a predual of Hm(vn). If ern

then the mapping GK : f e Hm(Vn) = f(x) is T continuous and hence

belongs to Fn. Since E is separable we can find for each n a dense

o0

oo
xn,m)m=1' If f ¢ H (Un) and <f,8 >=0

sequence of points in Vn.{ n,m

for all m then f=0. By the Hahn-Banach theorem this implies that

Qo

{63 }m_1 spans a dense subspace of Fn and hence Fn is separable.
n'm

Let (w_ ).

n.m’m=1 denote a dense sequence in Fn for eachpositive integer
, -

n. Using the identity theorem for open sets we see that{fiE:EELﬂVk}

spans- a dense subspace of F_ for each integer k > n. For each pair
of positive integers (n,k), k > n, choose a finite sequence of

points 1in LﬂVk, X 1 € j < a(n,k) such that

n,k, ]
1
sup  d(w m* n KOSk
1<m<k ' ’
where F is the subspace of F_ spanned by {§¢ , 1<j<a(n,k)!
n,k n X0 j — =

and d is the distance defined by the norm of Fn.

Let
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L* = U

X :
(n,k),k>n,n=1,2,... 0:>K,]
1 <j<a(n,k)

By construction L* is a subset of L and | {f elL*; gﬁvn}] < o
for each n. Hence L* can be rearranged to form a null sequence
in E. If £ is a holomorphic function defined on a connected domain

% containing the origin then there exists a positive integer

n such that g : = f v e H(V ). If f L*ﬂUn=0 then for each posi-
tive integer k > n, {Fn,k‘g}== 0. Since anFn,k spans a dense
subspace of Iﬂ] it follows that {fﬂl*g}-= 0 and hence g=0. Since

% is connected the identity theorem for open sets implies that

f=0. This completes the proof.

An obvious modification of the proof of the above theorem yields

the following.

COROLLARY 4, 14 U 44 a connected domadin in a separabfe Banach

space Lhen [Hm(U),u-uU} has a separable predual.

So far we have only considered locally determining sets for
holomorphic functions but one can also define locally determining
sets for continuous polynomials and continuous homogeneous poly-
monials. In all these situations the proof of Theorem 3 extends
to show that locally determining sets at 0 for such collections
on separable metrizable locally convex spaces contain null se-
quences which are also locally determining at 0. This answers

Question 1 of Chmielowski [3].
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