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SYNTESIZING JUDGEMENTS GIVEN BY
PROBABILITY DISTRIBUTION FUNCTIONS

- 4
Claudi ALSINA (M)

ABSTRACT. -In this paper we study some methods of synthesizing
N probability distribution functions assigned by N individuals
to a given situation in order to obtain a consensual probability

distribution function.

1. - Let us assume that a group of n individuals assigns to
a given situation n probability distribution functions Fl’FZ""Fn
each of which expresses, in the opinion of its producer, the best
description of the analyzed problem. Then the problem of consensus
arises. How to build another distribution function F = S[FI’FE"'FH}
in order to arrive to a consensual assignement? This question,
in the case of discrete distributions, has already a large litera-
ture (see [5]) and some interesting methods of averaging a-percent
quantiles of the experts distributions have been investigated
in [7] and [9]. In our approach we follow the axiomatic way by
requiring conditions on the synthesiiing functions s in a similar
manner to the procedure that, for numerical assignements, have

been developed in [2],[3], [4].

We will denote by A" the space of distribution functions (d.f.)

vanishing at zero, i.e.
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A*={F|F:[-w,+»] » [0,1]|F is non-decreasing, left-continuous and
F(0) = 0}. Among the elements of A" we fiﬁd for any a > 0 and

for any b in [0,1] the functions:

0, x < a and Cb(x) _ 0, x <0

e, (x) =
1, x > a b, x > 0

0f course, g, = C, and for any F in AY, FoCy = Cppy- Obviously,

for any non-negative random variable (r.v.) X its associated dis-

tribution function FK belongs to A",

Any binary operation T in A" such that Tt 1s associative, commu
tative, nondecreasing and €0 is a unit will be called a triangle
function ([8]) and T will be Archimedean if T is continuous (with
respect to the topology of weak convergence in B+) and T(F,F)«<F
for all F in A" H{EU,EN}. Note that using the associativity of a
triangle function <t , for all n we can define Gn = T(Fl....,Fn)

recursively by G1 = Fl* G2 = T(FI‘FZ)""’GH = T(GH"I‘FH)'

Finally we introduce the spaces
L(a%) = {f|f:[0,1] »[0,1], f bijective, £f(0) = 0, f(1) = 1
and f.F e A", for all F in A"},

D(AT) = {glg : R" » R", g(0) = 0, F.g € A", for all F inA"}.

2. - Our first model is based on the following:

DEFINITION 1. Let Tt be an Archimedean triangle function in
A and let ©® be a given function in IA:ﬂ+]. A function s from
(ﬂ+)" into A' will be called an (n,T,®)-synthesizing function

of distribution functions if the following conditions hold:
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I

S

(I) s(F,F,...,F) = F;j

(11) s(F,,F F ) = T(8.F ,0.F,,...,0.F );

12" n

(II1) S{Flﬂh. anh,.‘.,anh]=5(P1,F2,...,Fn)gh for all h

in D(ﬂ+).

Condition (I) in the unanimity principle, i.e. if all individuals
propose the same distribution F then the consensual distribution
must be F. Condition (II) is the separation principle and (III) is
the invariance property which states the good behaviour of s with

respect to all possible uniform changes of scale.

THEOREM 1. Let s be an (n,T7,®)-synthesizing function of d.f.
Then there exists a continuous strictly decreasing function t

from [0,1] into RY such that ®(x) = t_l(t(x)/n] .and

11

(I'l

I
z t(F (x))),
1=

S(Fl,Fz,...,Fn)(x) =t .

i.e., s 1s the guasi-arithmetic mean generated by t

Proof. Let s be an (n,t,¢)-synthesizing function. Ghmm.alﬁv,..ﬁm

in [0,1] we have for any x,y > 0:

s(C, ,C "**'Can)(“)=5(ca1'ca2**'-'Can)(cx(Y)}

=5(C31“ cx,cazﬂcx,,..,caﬂntx)(yJ

=5(C gC 1**4!0 )(}fji
41 42 “n

i.e., s(C_ ,C. ,...,C_ ) is constant on (0,+«). Consequently 1if we
a; 43 I
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define M : [0,1]" ., [0,1] by

M(ﬂl,ﬂz,...,ﬂn} = S(C !C li-ilca }(1)1

we will have

(1) s(C_. ,C_ ,...,C_ ) =¢C .
a,’"a, a M(al,az,....a )
Since s satisfies (I), if we substitute a;=a,=...=a = a in (1),

we obtain
M(a,a,...,a) = a,

i.e., M is an averaging function. Moreover, for all Fl'FE""’Fn

. +
in A :

S(FI‘FZ'"’Fn)(x]=5(F1'F2""Fn)(cx(l))=5(F1“Cx’F2“C ...,FnﬁCI](l)

X
=5(CF1(K)*CF2(K)""*CFH(K))(I)

=M(F, (x),F,(x),....F (x)),

i.e., s 1s a pointwise averaging function. Next we define

T : [0,1] x [0,1] » [0,1] by

T(a,b) = M(® 1(a), ¢ 1(b), 1.....1).
Then we have for all x> 0:
T(Cajcsxx) = T(Cﬂ'cb'sﬂ' -*EG)(K)
- nc s Yo ’ nC s . u{:
T({I:' ‘I’_l(a} ¢ @_1(]:}) ¢ 1 ¢ 1)(}‘:}
=s(C , ,¢C bCivee i€y (x)
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= M(C (x), C 4 (x),Cy(x),...C (x))
@ul(a) & (b)

- M(e ta), ¢t (b),1,...,1) = T(a,b),

whence

(2) T{Ca,Ch) = CT(a,b]'

Since 1 1is an Archimedean triangle function it follows from
(2) that T is an Archimedean ordered abelian semigroup and accord-
ing to the theorem of Ling (see [8]) there exists a continuous

strictly decreasing function t from [0,1] into R* such that T
is representable in the form T(x,y) = t(—lj(t(x)+t{y)) where t(-lj
denotes the pseudo-inverse of t, i.e., t(-lj(x)=t'1(x) for x in

[0,t(0)] and £t (x) = 0 whenever x > t{0). Then for all x in

(0,1) we have:

Qe X = MLK,K,..',K) = E(ercxr--ﬁtcxjtl) =

T(C¢(K},C¢(x),...1C¢(K))(1}

1 4
T(O(x),9(x),...,0(x)) = tU" 1) 5 teax)))
i=1

D tex))),

hence &(x) = t t(t(x)/n) and t° 1) = ¢t 1, i.e., £t(0) = +w .

Finally we have for all FI‘FZ""‘F in A
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S(FI’FZ"

B () =MCF (X)L F (X)L F (X))

:CM(FI(K),FE(E),...,Fn(x]) (1)

=s(C

=T1(%,C.
£y

=1(C

CTEE, (x)), 9(F, (x),

=T(®(F (x)),8(F,(x),

The theorem is proved.

5. -

Fl(x)’CFz[x}""

Cp_(x)) (1)

() %R (x) -+ ®Cp_y)) (1)

B(Fy(x)) 7 0(E,(x)) " Co(E_(x))) (P

...,¢(Fn(x}}}(1)

cees OCF (X))

C.Alsina

Motivated by this last result we turn our attention here

to the case where we really want to synthesize distribution func-

tions through operations on random variables. To this end we intro

duce the following

DEFINITION 2. Given a Borel measurable function g from (]R+)ﬂ

into .R+

(ﬂ+)n. into A"

and a non-empty subset H of !]{ﬂ+), a function f from

is called an (n,g,H)-probabilistic synthesizing
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function 1f the following conditions are satisfied for all positive

random variables X,X,.,X.,.,....,X

172 n

(1) f{F}{‘F}{""‘FK} = Fx*

(ii) f(F, ,F, ,...,Fy, ) = F ;

X, UK, X g (X5 Xy s uX )
(iii) f(FK ﬂh,FK “h""‘FX ﬂh)=f(FK ‘FX ,....FX )Joh, for all
1 2 n 1 2 n
h in H.

Conditions (i) and (iii) expresses as in the previous section
the wunanimity principle and the invariance property respect to
an admissible space H of changes of scale. Obviously condition

(ii) states that f 1is necessarily derivable from an operation

on random variables.

In the next theorems we will characterize completely the (n,g,H)
-probabilistic synthesizing functions when either H is the °space

of affine transformations or g is a weighted quasiarithmetic mean.

THEOREM 2. Let f be an (n,g,H)-probabilistic synthesizing func-

. + + . -1
tion where H ={h_,{h_, : R > R",h . (x)=ax+b, a,b > 0}.
Then f(FI’FX"“’FK) = FK and for {FXI_FKZ,__,,in which contains
two different function we have f(Fxl""'FX ) = Fg(x LX)
n 1 n
where
X,-M X _-U
_ 1 n
g(xq, X ) = u + 0 G( , y )
1, [1 . 2 14
p= = I X, G=—E(x*-u)]
n ;-1 1 = 1t
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+ : ;
and (G : QR+}H > IR is an arbitrary function.

Proof. Let f be an (n,g,H)-probabilistic synthesizing function.

Consider Xl = Xz = L. = Xn - X to be constant random variables

of value x > 0. Then F}(1 = sz = L.. = Fxn = ¢, and by (i) and

(ii) of Definition 2:

e =f(e,e.ye0e.,€6) = F = E ,
X X' Ex X g{Il,Kz,...,Xﬁ} (X, Xyen.,X)
i.e.,
(3) Z(XyXy.0.,X) = X,
Thus g GR+}n > RY is an averaging function. Given XqyoXgseus X
in R" and a,b >0, let X;= xy,...,X =x_De a collection of cons-
tant r.v.
By (iii) and (ii) of Definition Z we will have
Eﬂg(xl;...,x }+b =Eh—1( (x X ) ) Eg(xlg....xn)”hab
n AN C:-IC TRRERES
) E(Ex e X )°hab ) f(Ex “hab,@..,Ex “hah)
1 n 1 n
= f(¢

3+ 49 3E :}
ax1+h axn+b

£ )t
g(axl+b....,axn+b

whernce

(4) ag(xl,...ﬁxn)+b=g(ax1+b,...,axn+b).
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Writing (4) first for a=1 and then for b=0, and in view of
(3), we can apply theorem Z p 236 in [I], thus g must be of the

form

B(X,XsueesX) = X,

and for XqsXgsenes X with two different values xi%xj.

*17H fE:EJ
P o & = p l:l- 9

g(xl....,xn) =y + gG( S

where

and G arbitrary. The theorem follows

THEQCREM 3., Let f be an (n,g,H)-probabilistic synthesizing func-

tion where g is a weighted quasiarithmetic mean of the form:.

-1

3

(

g(xl,ﬂ.ﬁ,xn) = ¢ .

1”1 ¢(x;)),

where @ﬂR+ +]R+ is a bijection and w

Il
" = & @ § } With E . - & ThEﬂ
1 wnhﬂ - wi=1

i=1 1

and H={h:R*» R*|n 1 (x)

f(FX

yeeesby }= F _
1 xn ¢ 1(12

(Wi 00 X))

o~ 1(ad (x)+bha,b> 0k

proof. For any h in H and x,;,Xx,,...,x > 0 we have:

£ - E ¢h=f(E $ = o s 3 E }nh
-l .,.}_ % g[xli---txn) x]_ KH
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i

l—h
~

)

I
M

Tl R v e i x)))
i=171 i ’
whence
n n
hlce ™t zw.o(x.))) = o 1¢ £ w.o(h t(x.)))
| i . i i
i=1 i=1
i.e. the function J = ¢ o lfil aw‘l satisfies the generalized Jensen
equation:
n n
Jilfl ixi) = lflwiJ(xi}.

Since J is bounded (see [1], Theorem 2, p.67) J has the form:

J(x) = ax + b,

where a and b are arbitrary positive constans, a#0. Then necessarily

h™l(x) = ¢ "L(ae(x)+b) and

f(F ""‘FK ) = F

X -1 0
d z o
1 n (i=1wi (Ki}).

COROLLARY 1. Let f be an (n,g,H)-probabilistic synthesizing

function where g : ﬂR+)i+me is given by

g(xl,....xn) = G[xl)u...gG{xn),
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G is a measurable function from R' into R’ into R* and ﬂR+,0J

is a topological semigroup representable in the form x.y =
:b_1(¢(xj+—¢(yjj for some bijection ¢ from R* onto itself. Then

H=1{h:R" >R I|hx) =0 1ao (x)+b), a,b>0} and

¥

) = F
X -1 n
: n ¢ (+ i219(X,))

proof. Since f satisfies (i) and (iii) of Definition 2 if we take

in = €, x >0, for i=1,...,n, then
“x © f(Ex""’Ex} ) Eg(x,....x] =EG[xJG...DG(x)
= € = £

_]_ i _1 3
o (2, %6(x))) 1 n e (6(x))),

whence G(x) =¢_1@(x]fn) and g is the quasiarithmetic mean generated

by 0. Then we apply the previous theorem.
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