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equations for composite degrees 1, 3, n and 3n. As an application, we establish the modular
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1 Introduction

We start the introduction by defining a modular equation in brief. The
complete elliptic integral of first kind is defined as
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where 0 < k < 1 and 9F) is the ordinary or Gaussian hypergeometric function
defined by
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(a)o=1, (a)p=ala+1)---(a+n—1) for n a positive integer

and a, b, ¢ are complex numbers such that ¢ # 0,—1,—2,... . The number k
is called the modulus of K, and k' := /1 —k? is called the complementary
modulus.
Let K, K', L and L' denote the complete elliptic integrals of the first kind
associated with the moduli k, &/, [ and I’ respectively. Suppose that the equality
K L

- 1.2
o=t (12)
holds for some positive integer n. Then a modular equation of degree n is a
relation between the moduli k£ and [ which is induced by (1.2). Following Ra-
manujan, set o = k? and B = [?. Then we say 3 is of degree n over a. The

multiplier m is defined by

K
=, 1.
m== (13)
However, if we set
g = exp (—WKI/K) , ¢ =exp (—ﬂ'LI/L) ) (1.4)

we see that (1.2) is equivalent to the relation ¢" = ¢/. Thus a modular equation
can be viewed as an identity involving theta-functions at the arguments ¢ and ¢".
The theory of modular equations dates back to 1771 and 1775, when J. Landen
records Landen’s transformation in his papers [7], [8]. But actually the theory
commenced when A. M. Legendre, in his paper derived a modular equation of
degree 3 in 1825. C. G. J. Jacobi established modular equations of degree 3 and
5 in his famous book [6]. L. A. Sohncke established modular equations of degrees
7,11, 13, 17 and 19 in his papers [18], [19]. Subsequently many mathematicians
have contributed to the theory of modular equations. Ramanujan’s contributions
in the area of modular equations are immense. For more details one can see the
following papers [9], [10], [11], [12].

Remark 1. The equation involving a!'/8 and 3/3 is referred to as Jacobi-
Sohncke type modular equation.

Following are the special cases of Ramanujan’s general theta function,

- _ 679
v(a) = f(a.q) Zq =G (1.5)

¥(q) == Z qn(n+1)/2 (qq))oo’ (1.6)
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f=q)=f(=¢.—)) =D _(-D"¢ = = (g:0)o0, (1.7)
and
X(a) = (~;:¢%) s, (1.8)
where
fla,b) = Z @D 2pnn=1/2 - 1gp| < 1,
and
(@i Q) = [J(1 —ag™), | g |< 1.
n=0

Let K, K', Ly, LY, Lo, L}, L3 and L% denote complete elliptic integrals of the
first kind corresponding, in pairs, to the moduli /c, /5, /7 and V6, and their
complementary moduli, respectively. Let nq, no and ng be positive integers such
that ng = nine. Suppose that the equalities

K' L 5’ _ £§ K' Ly

ny— N9 and ng—

==L === 1.9
K Ly K Ly K L3 (1.9)

hold. Then a “mixed” modular equation is a relation between the moduli /c,
VB, /7 and /4 that is induced by (1.9). We say that 3, v and § are of degrees
n1, no and ng, respectively over a. The multipliers m = K/L; and m’ = Lo/Ls
are associated with «, 8 and ~, 6.

In this paper, we establish several new Jacobi-Sohncke type mixed modular
equations in Section 3 by using the results enlisted in Section 2. As an appli-
cation, in Section 4 we obtain several modular relations for Ramanujan-Selberg
continued fractions and in Section 5, we discuss the congruence properties of
overpartition p—tuples of n with odd parts.

2 Preliminary Results

In this section, we collect the results which are useful in proving our main
results.

Lemma 2.1. (1) [3, Ch.18, p.215] If 3 is of degree 2 over «, then

= ()



40 M. S. Mahadeva Naika, K. Sushan Bairy, C. Shivashankar

(2) [3, Ch.19, Entry 5 (ii), (xiii), pp. 230-231] If 8 has degree 3 over «, then
(@B) !t + {1 - )1 =B}/ = 1. (2.2)

1 1
N——=2(M-— 2.
v =2(-5), (2.3
where M = (a8)"/® and N = (8/a)"*.
(3) [3, Ch.18, p.215] If 3 is of degree 4 over «, then

8= (;y@y (2.4)

(4) [3, Ch.19, Entry 13 (i), p. 280] If 5 has degree 5 over «, then
()2 +{(1 = a)(1 = B)}'/2 +2{1605(1 — a)(1 - B)}/° = 1. (2.5)
(5) [3, Ch.19, Entry 19 (i), p. 314] If 8 has degree 7 over «, then

(@B)F+{(1—a)(1-B)}/* =1. (2.6)
(6) [4, Ch.36, Entry 62, p.387] Let
L=1-af—/(1-a)(l-5), (2.7)
M =64 (VaB+ /I =a)1-B)— VaBl-a)1-8)), (28)
. N =32v/aB(1 —a)(1 - p). (2.9)
If 3 is of degree 9 over a, then
L°® — N(14L3 + LM) — 3N? = 0. (2.10)

(7) [3, Ch.20, Entry 7(i), p. 363] If 8 has degree 11 over «, then
(@) 4+ {(1 = ) (1 = B} + 2{160B(1 — ) (1 - )}/ = 1. (2.11)
Lemma 2.2. Let g be defined as in (1.4), then
x(q) = 2"%(a(1 — a) /q) "1/, (2.12)
X(—=q) = 2/5(1 = )/ (a/q) 71/, (2.13)
where a = k2, k is called the modulus of K.

Proof. For proofs of (2.12) and (2.13), see [3, Entry 12 (v),(vi), Ch.17, p.124].

Lemma 2.3. [3, Ch.18, Entry 24(v), p.216] If we replace a by 1 — 3, 8 by
1—a, and m by n/m, where n is the degree of the modular equation, we obtain
a modular equation of the same degree.
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3 Mixed Modular Equations

In this section, we derive several Jacobi-Sohncke type mixed modular equa-
tions.

We set
P = {apys}'/16, (3.1)
1/16
of
Q= {75} | (3.2)
ary 1/16
and ,
o8 116
T:=< — . 3.4
{ By } 34
Throughout this section, we use the following notations
Poi= (PP o (3.5)
o 1= or ) .
Q= <Q“+ 1) (3.6)
K o+ QH ) :
R, = (R + — (3.7)
o= T .
and
" 1
Ty := <T + T“) . (3.8)

By rewriting the equation (2.3), we obtain the following lemmas.

Lemma 3.1. If o, 3, v and ¢ are of degrees 1, 3, n and 3n respectively,

then
all2 = 42 <_a2+ S) : (3.9)

Y2 = <_b2+ t> , (3.10)

where a = 2<u—1>, b= 2(1}—3}), u = (aﬂ)1/8, v = (75)1/8, 2 =a’ 44

n
and t2 = b2 + 4.
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Lemma 3.2. If o, 3, v and ¢ are of degrees 1, 3, n and 3n respectively,

then
al/t — <a24;5> , (3.11)
b+t
A ( - ) (3.12)

1 1
where a = 1 <u2 - u2>’ b= 3 <U2 — v2>’ u=(B/a)/8, v =(6/7)"8, s* =

a?+ 4 and 2 = b2 + 4.

Theorem 3.3. If «, 5, v and § are of degrees 1, 3, 3 and 9 respectively,
then

Q6 + 2Q4 — 5Q2 + 4P + 12 = 4P>Qy, (3.13)
R4 4 2Ry 4+ T4 = RoTy + 4, (314)
1 1 T P?
6 2 _
T—T6—3<T—T2>_4<P2—T2). (3.15)
Proof of (3.13). The equation (2.2) is rewritten as
(N + {1 - )1 - =1, (3.16)

where v is of degree 3 over a.

Employing the equations (3.9) and (3.10), in the equation (3.16), we obtain,
16uv — 6u’sv5t + 6u’sv3t + 6ussvdt — 6ussvt + 24u’ + 240° — 24u%0?
—4u’s — 400t — 24u%0° + 36uv?t — 24u5v? + 3600’ — 54utv? + 36ute?

— 24u%08 + 36u%0* + 12080t — 120503t — 18u*v®t + 18u*v3t + 1208 50"

— 18udsv* + 12u°sv? + 12u20°t — 120203t — 1203508 + 18u3sv? — 8u?

— 12u”sv? — 8ut + 24010 — 330® + 368uPv® — 64udv — 64uv® + 1296u°°
— 684u3v® — 320302t + Suv?t — 32uv3s + 8ulvus + 4wtV st + 64utvist

— 12u*v?ts — 1200 st + 64uBv®st — 1120300 st — 1120808 st + 1961800 st
— 112u%*st — 112000 st + 64uBv* st + 64ute®st + 2105u?st — 12uBv?st

— 1208%u?st + 21uSsv?t 4+ 108u’v + 108uv® + 1296w v" — 12967 v°

— 1296u°v" + 684u*v™ — 304u’v® — 304uv? + 256170 — 576u V" — 240°ut
— 576u"v” + 576u%v? + 1007t — 100°t — 108v7u — 108u"v — 10u’s + 4u''s
+ 48u”v — 288u®v’s — 288u”v®t + 224u%v”s — 288uSvtt + 152utv?s

— 288utv®s — 24utvs 4 54uPv®t — 24uvtt + 54uv®s — 504uT V0t + 10u7s
+ 504uv5t — 504uSv7s + 504uSv°s — 266uSv®s — 266wVt + 288utv” s
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+ 15208035 + 1520308t — 128003t + 224005t + 288u vt — 8u'? — 8u!?
—128uBv”s + 288ubv7s — 33u® + 24010 — 128w vt — 128ut0?s + 4o!?
+ 420%ut + 42uSvs — 24uBvs — 54u vt + 24uv%t + 240%u%s + 5761 0P

+ 152030t + 684u"v3 — 684u°v® — 540 ust + 288u’ vt + 480U = 0.
(3.17)

Eliminating s and ¢ in the equation (3.17), we find that

(u + v)(u® — 4P + 20 — 5uv? + dutvt + 12u30% — 4udv — 4u30®

— 5utot + 4u*0? + 205U — 4v3u + 08) (—12288uv? — 135936100

+ 1024u5v* 4 4096u3v® + 904764uv? + 24576ubv? 4 24576utv°

+ 1024u%0°® — 602040uv" — 60204007 0" + 538816u"v” + 1738561 v°

— 2054406 v° — 2438410 + 23808u"v3 + 1738561 v — 205440u507
+105472u’v® — 15360u°v3 — 24384u30v” + 23808uv” — 15360u3v®

+ 256uv + 256v°u — 2048ubv* — 2048utv® — 54792u1%08 + 34561 00>

+ 173856u30? — 3072u8v? — 21024u'%* 4 183696uSv® — 87752u'3v”

— 602040u0? + 311760u' 07 + 40056ut30° — 87752utv® — 1135201303

+ 21312uM0?® 4+ 576u'3v — 576 v + 11760uv'? — 2102441010

— 5479201 %0 4 173856031 — 307208u% + 18369605u8 + 34560 %>

— 6020400 0w — 8775201347 + 3117600 w” + 4005603 u’ — 877520 tu®

— 1135208343 4 213120 0?4 576013 — 5760w + 117600 w2

— 439008u8v® 4 538816u! ot + 1416u'*0? — 2672u'?0? + 1416020

— 2672u2v'? — 439008u0010 + 1054720201 4 3328061 %0® + 332806150
— 205440u 30t — 2054400t 0t? + 1416u%0? — 237200t + 1416000

— 23720t 0™ — 276840205 — 24384150 + 213126107 — 11352u!%0°

+ 2160u'®v® + u!® + 018 — 296100 — 27684uv!? — 2438401%u° — 15912016
+ 213120%%u" — 113520%%4° + 216004 — 296054 + 11760u 40°

+ 256u"0? — 576ulTv” + 576uT0® — 296utTv? + 4207w — 5479208012

+ 117600 8 + 2560 7w — 57601 Tu” + 5760 U’ — 2960 U3 + 4207w

— 5479208%u!? — 135936u'20'? + 40961 50" + 18369612010 + 1836961012
— 15360u%v!? — 15360u'3v!® + 23808uPvt! + 23808utlv!® — 2672u!00°

— 2672u%0'% — 1590002 + 1024415012 — 12288u* 0™ + 245761 4012

+ 1024u?01¢ 4 24576020 — 307200010 — 2048u*010 — 307210010
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— 2048u'%™ + 345611008 — 21024u*0® + 34561500 — 21024u801) = 0.
(3.18)

By examining the behavior of the factors of the equation (3.18) near ¢ = 0,
we can find a neighbourhood about the origin, where the second factor is zero;
whereas other factors are not zero in this neighbourhood. By the Identity The-
orem second factor vanishes identically.

Setting u = PQ and v = P/Q, in the second factor, we arrive at the required
equation (3.13). QED

Proof of (3.14). Employing the equations (3.11) and (3.12), in the equation
(3.16), we obtain,

— 4suv!? 4+ 20tu?0'0 — 20tu 208 — 4tut?0? + 6uSv® 4 36uSv!0 + 36ul%°

+ 21669 + 205u 0012 — 205u50'? — WP + 2012 + 1208012 4 240012

+ 2u'? + 24u1%0* 4+ 1201208 + 4801202 + 200012 4 2010012 + 4yt sp!?

+ 4vMtut? — dstu'3o? — 8stu'3v? — dstul3v® 4 24stut?v'? — 24stut?e®

— 64stultolt — 8stuv!? — 16stu’v? — 8stu’v® — 24stubv'? + 24stube®

— 4studv!? — 8studv? — 4studv® — 2sul3v® — 18suB vt + 18sutdv”

+ 12s5u20™ + 72502010 + 1250205 — 32sutt 0! 4 32s5ut0? — 4sudvl?

— 36su’v! + 365u”07 + 4su’v3 — 125080 — 72508010 — 125008 — 25u5010

— 18suv!t + 18suPv” + 2su’v® — 2tutPv!d — 4tul®0? — 2tu®0® + 12tutto!?

— 12tu0® — 32tu ot — 18tu ot — 36tutte? — 18tultv® + T2tu! 0012

— 72tu%® + 32tu vt + 18tu v + 36tu"v? + 18tu" v + 12tuSv'? — 12tub0®

+ 2tudot3 + dtude® + 2tudo® — ulSo — 9ulPolt + 9utSe” 4 ulte?

+ 36ut 0t + 6ult® — 160t + 16030 — 9ute!® — 81uttott + 81utty”

+ 9utte® + 36u00M + 16120 — 16u90° 4+ 9u"v!® + 81u v — 81u V7

— 9u 03 + 6ubo™ + ol + 25ut30 4 6ultot? + 9udvtt — 9udVT = 0.

(3.19)
Eliminating s and ¢ in the equation (3.19), we find that

(uv + 1) (u? — v°u’ — v — 2utv? + ut + 40P0® + Wb — 2u0? + ot

— uv — uv®) (u?® — 670u”v? + u® + 0¥ + uPv + uv® + 54uv'? — 6uv?
+913u505 — 1040u%0'0 — 114080 + 1113u%0® — 114u0® — 6u?0® + 85utv?
— 126303 — 10406802 4 105002 — 560 0u? + 5401008 + 4144013
+1350u"v! — 1356u"v” + 34u"v? + 105uSv 4 102u0!® — 140uv ™

4340307 — 9020 + 9uPlT — 26003 + 4140500 — 3420508 4+ w'™ — 56ued
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+ 9uv'® — 9uv® + ulTo? — 9utT0? + w606 — 6ut00!? + 540008 — 560 60?

— 1200 + 34u!t — 140607 + 1026%0? + 85ultu!t — 1140414010

+ 105uM0® — 56u'v? + w3l — 342001 4 414uP0? — 266300 + July

— 6u?0'% + 913u'?0'? — 10400 208 + 105u20* + 34utte’® — 13560 vt

+1350uM 07 + u'%"® — 11460 + 11130910 — 10400108 + 544102

+ 414005 — 9udv + w10 + 9T’ + wlTv — 140001 — 140u11213) =0.

(3.20)

By examining the behavior of the factors of the equation (3.20) near ¢ = 0,
we can find a neighbourhood about the origin, where the second factor is zero;
whereas other factors are not zero in this neighbourhood. By the Identity Theo-

rem second factor vanishes identically. Setting u = % and v = %, in the second
factor, we arrive at the required equation (3.14). QED

Proof of (3.15). Interchanging /5 and + in the equation (3.13), we obtain
R + 2Ry — 5Ry + 4P5 + 12 = 4P3Ry. (3.21)

Solving the equation (3.14) for R and using in the above equation (3.21), we
arrive at (3.15). QED

Theorem 3.4. If «, 8, v and § are of degrees 1, 3, 2 and 6 respectively,
then

P+ Q*—-2 [P2Q2+ PQQQ] +4=0, (3.22)
T—2+R—2 —oq (L B g ] (3.23)
R T2 R T T2R2 |’ ‘

Proofs of the equations (3.22) and (3.23) are similar to the proof of equations
(3.13) and (3.14) except that in place of the equation (2.2), we use the equation
(2.1).

Theorem 3.5. If «, 8, v and ¢ are of degrees 1, 3, 4 and 12 respectively,
then

2 2 2 2
PP+ Q% +16 [52 + gQ] [BPQQ2 + P28Q2} —4 [P4Q4 + PigJ [SQ + gQ]
2 2
+6P'Q + ]314254 — 32 [PQQQ + PZSQQ} — 112 [SQ + gQ] +160 = 0,

(3.24)
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R T4 R T2 1 R T 1
) [ R Ad —T|=+= At
T4 + R4 + [T2 + 32} 8 [R + R4T4} 7 [T + R} {R RAT4
1 T2 R? 3 R3 1
44 44 _
—4|:RT +R4T4:| [RQ—FT2:|+[R3+T3:| |:}%4T4_RT:|+22_0
(3.25)

Proofs of the equations (3.24) and (3.25) are similar to the proof of equation
(3.13) except that in place of the equation (2.2), we use the equation (2.4).

Theorem 3.6. If o, 5, v and § are of degrees 1, 3, 5 and 15 respectively,
then
Qs — 10Q4 — 5Qg — 60 = 16P4 — 20P — 20P2Q2, (3.26)

R4+ 20 =Tg — 5Ty + 15T>, (327)

Tig — 5[3T16 — 24T14 + 149T 19 — 709T + 2638Tg — 7343T¢ + 15403T,

—23719T; + 28094] = 256Pg — 640Pg + 80P4 (39 — 15Ty + 50T, — Tp)

— 40Py (846 — 6705 + 425T4 — 184T + 55Tg — 10T1o + T12) .

(3.28)

Proofs of the equations (3.26), (3.27) and (3.28) are similar to the proof of
equation (3.13) except that in place of the equation (2.2), we use the equation
(2.5).

Theorem 3.7. If o, 5, v and § are of degrees 1, 3, 7 and 21 respectively,
then

Qs + 28Q¢ + 112Q4 + 364Qy — 64Pg + 224P, — 448P

3.29
— 308P2Q2 + 112P4@2 — 84P2Q4 + 686 = 0, ( )

Rg — 14R4 + 49Ry — Tg — 14Ty + 7TR,Ty — 70 = 0. (3.30)
Proofs of the equations (3.29) and (3.30) are similar to the proof of equation
(3.13) except that in place of the equation (2.2), we use the equation (2.6).
Theorem 3.8. If o, 5, v and § are of degrees 1, 3, 9 and 27 respectively,
then
Q18 — 42Q16 — 159Q14 — 2160Q12 — 2372Q1 — 40056Qg — 27684Q¢
— 311760Q4 — 332806Q; — 904764 = 2'2P5 + 2'Py( (12 — 15Q,
—Qq) + 2°Pg (412 — 96Q3 + 93Q4 + 12Qs + Qg) + 2°P¢ (2124 — 9Qy
—54Qg — 381Qs + 2°Q4 — 3210Q2) + 24Py (33676 + 36Q12 + 167Q1
+1332Qs + 1314Qg + 10866Q4 — 11481Qy) + 23Ps (54876 — 37Q14
—177Q12 — 1419Q1¢ — 1470Qg — 10969Q¢ + 6849Q4 — 75255Q2) ,

(3.31)
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T4 + 12T19 + 85T + 342Tg + 913Tg + 1356T4 + 1113T5 4+ 670 = R4
+ Ri2 (102 4+ 56T9 + 9T4) — Rg (T19 4+ 9Ts + 54T + 140T4 + 105T2 + 26)

+ Ry (Tlg + 6T + 34Ts + 114T¢ + 414T4 + 1040T3 + 1350) .
(3.32)

Proofs of the equations (3.31) and (3.32) are similar to the proof of equation
(3.13) except that in place of the equation (2.2), we use the equation (2.10).

Theorem 3.9. If o, 5, v and 0 are of degrees 1, 3, 11 and 33 respectively,
then

Q12 + 88Q10 + 374Q5 + 3696Qg + 4015Q4 + 17336Q4 + 12980 = 219Py,
+ 5632Pg + 9856P¢ + 23936P, + 21032P; — 4532P2Q4 + 10560P,Q4
— 2816P3Qy — 14432P4,Q5 — 14080P6Q2 + 3520PsQy4 + 836P>Qs

— 2464P4Qg + 10472P,Q4 — 1804P2Qg,
(3.33)

Rig 4+ 11 (QRg + 5Rg — 20R4 + 56Roy — 64) =T — 11 (2T8 + 25T,

(3.34)
+10TyR4 — T4Rg — 15T4R2) .

Proofs of the equations (3.33) and (3.34) are similar to the proof of equation
(3.13) except that in place of the equation (2.2), we use the equation (2.11).

4 Modular identities for Ramanujan-Selberg contin-
ued fraction

The continued fraction identity

1
Hg — & 4 CFted d+d (4.1)
I+ 1+ 1+ 1+ 1+
1
_ e
(6% ’

appears as Formula 5 [16, p.290] and was first proved by Selberg [1, eq.(54)].
Other proofs have been given by Ramanathan [15] and Andrews, Berndt, Ja-
cobsen and Lamphere [2]. C. Adiga, M. S. Mahadeva Naika and Ramya Rao [1]
have obtained two integral representations for H(q), also derived a relation be-
tween H(q) and H(q"™) and some explicit evaluations of H(q). Mahadeva Naika
et al. [13],[14] have obtained several integral representations and also Rogers-
Ramanujan type functions for H(q).
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In this section, we establish modular relations between Ramanujan-Selberg
continued fractions H(q), H(¢%), H(¢") and H(¢*") for n = 2,3,4,5,7,9,11.
We define

w:=4H(q)H(q*)H(¢")H (¢*"), (4.2)
_ H(g)H(¢%)
= Hig)H@™ 43
_ H(g)H(¢")
Y HH o
H(q)H(¢*")
H(qH() 49
Throughout this section, we use the following notations
W, = (M + w{g) , (4.6)
X, = (z“ + ;ﬁ) , (4.7)
kg L
Y. :<y +yﬂ), (45)
T, = <z*”~ + ;) . (4.9)
Lemma 4.1 ([13], Th.3.2). We have
al/8
H(q) = W’

where ¢ is as defined in (1.4) and o = k2, k is called the modulus of K.

Using the above lemma in the corresponding Jacobi-Sohncke type mixed
modular equations obtained in the previous section, we deduce the following
theorems.

Theorem 4.2. If «, 5, v and § are of degrees 1, 3, 2 and 6 respectively,
then

2
w2+x2—2<w$+>+4:0, (4.10)

wr

() led)
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Theorem 4.3. If «, 5, v and § are of degrees 1, 3, 3 and 9 respectively,
then

Xy + 2Xo — 5X; + AW, + 12 = AW, X, (4.12)
Yo + 2Y1 + Zo = Y1Zs + 4, (4.13)
1 1 w
3
I Y _4(7_7)_ 4.14
S (z z) w oz (414)

Theorem 4.4. If «, 5, v and ¢ are of degrees 1, 3, 4 and 12 respectively,
then

8 16
w4+x4+16<2+£> 3wr+ — | — 4 (wz? + (E—FE)
Tz w wx w2x? x  w

128 8
+ 6w+~ — 32 (wa: + ) —112(= 4+ 2) + 160 =0,

(4.15)

L) 8<w+>—7<f SBICE
e da) (03 (V8 5) o) e

(4.16)

Theorem 4.5. If «, 5, v and ¢ are of degrees 1, 3, 5 and 15 respectively,
then

X3 — 10Xs — 5X; — 60 = 16Wy — 20W, — 20W, X, (4.17)
Yo 4+ 20 = Zs — 579 + 157, (418)

Ly — 5 [3Zg — 2477 + 14976 — T09Z5 + 263874 — 734373 + 15403Zo
—23719Z + 28094] = 256W 4 — 640W3 + 80W3q (39 — 15Z1 + 50Z9 — Z3)
— 40W; (846 — 67071 + 42579 — 18475 4+ 5574 — 1075 + ZG) .

(4.19)

Theorem 4.6. If o, 5, v and ¢ are of degrees 1, 3, 7 and 21 respectively,
then

Xy + 28%X3 + 112Xy + 364X — 64W3 + 224Wy — 448W,

(4.20)
— 308W,X; + 112WyX; — 84W; X, + 686 = 0,

Yg — 14Yo +49Y, — Zy — 1479 + 7Y 1Zo — 70 = 0. (421)
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Theorem 4.7. If «, 5, v and ¢ are of degrees 1, 3, 9 and 27 respectively,
then

Xg — 42Xg — 159X7 — 2160Xg — 2372X5 — 40056X, — 27684X3

— 311760X, — 332806X; — 904764 = 212W¢ + 219W; (12 — 15X, — X»)
+ 28W, (412 — 96X + 93Xo 4 12X3 + Xy) + 26W3 (2124 — 9X5 — 54Xy
—381X5 + 2°Xy — 3210X;) + 2* W (33676 + 36X + 167X5 + 1332Xy
+1314X3 4 10866Xy — 11481Xy) + 2°W, (54876 — 37X7 — 177X

—1419X5 — 1470X4 — 10969X3 + 6849X, — 75255X] ) ,
(4.22)

Ly + 127 + 8575 + 34274 + 91373 + 135679 + 111371 + 670 = Yg
+ Y6 (102 + 56Z1 + 9Z2) — Yy (Zs + 974 + 5473 + 140Zy + 105Z1 + 26)
+ Yo (Z¢ + 6Z5 + 3474 + 11473 + 41479 + 10407, + 1350) .
(4.23)
Theorem 4.8. If o, 5, v and  are of degrees 1, 3, 11 and 33 respectively,
then
Xg + 88X5 + 374X, + 3696X3 + 4015X5 + 17336X; + 12980 = 210Wj
+ 5632W4 + 9856W3 + 23936Wso + 21032W; — 4532W1X; + 10560W9Xo
— 2816W,4 X — 14432WoX; — 14080W3X; + 3520W3Xs + 836W1Xy
— 2464Wo X3 + 10472W Xy — 1804W X3,
(4.24)

Y5+ 11 (2Y4 +5Y3 — 20Yo + 56Y; — 64) =Z¢— 11 (224 + 2579 (4 25)
+10ZoYo — Zo Y3 — 15Z2Y1) . )

5 Congruence relations for overpartition with odd
parts

An overpartition of n is a non increasing sequence of natural numbers whose
sum is n in which the first occurrence of a number may be overlined. Let p(n)
denote the number of overpartitions of an integer n. For convenience, we set
p(0) = 1. For example, there are four overpartitions of 2 2, 2, 1+1,
1+1.

S. Corteel and J. Lovejoy [5] provided the generating function p(n) as

(G0
nz:%p(n)q (@D (5:1)
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Similarly, let P(n) be the number of overpartitions of n in which only odd parts
are considered.

> e 2
> B = I (5.2
n=0 ’ o0
Now from (2.12) and (2.13), we can write
(1—a)” V8 = RIONEES P(n)q". (5.3)
x(=q) 7;] !

By Lemma 2.3, equations (3.1), (3.2), (3.3) and (3.4) reduces to

A= {1 -a)(1=B) (L —)(L =8}, (5.4)
{5 5
cn{laoy
= {5 6

Let I, m be positive integers with | # m, we define the following :
S0 = R e O

where P} (n) denotes the number of overpartitions of n with odd parts in 4p
colors in which, p colors appears in only multiples of [, another p colors appears
in multiples of m and remaining p colors appears only in multiples of Im.

Let
lm)

g - SISOV
n=0

XP (=) xP(=g )xP(q™)xP(¢"™)’

where Qi (1) denotes the number of overpartitions of n in 2p colors in which
p colors appears only in odd parts that are not multiples of m, and another p
colors appears only in odd parts that are multiples of [ but are not multiples of
Im.

Let

S R n XP@XP (=N (™)X (=4"™)
;}Rl m(n)q _ Xp(*Q)Xp(ql)Xp(*qm)Xp(qlm)’ (510)
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where RZZ (1) denotes the number of overpartitions of n in 2p colors in which
p colors appears only in odd parts that are not multiples of [, and another p
colors appears only in odd parts that are multiples of m but are not multiples
of Im.

For [, m relatively prime, let ']I“Z (1) denotes the number of overpartitions of
n into odd parts with p colors that are not multiples of I or m. The generating
function for ']I‘f’ (1) satisfies,

in,m(”) g = XX (g (=g (g™

XP(—=)xP (¢")xP (™) xP(—¢'™) (5:11)
Theorem 5.1. We have
@3 5(2n) = IP’% 5(2n) (mod 5), (5.12)
R3 5(2n) = T3 5(2n) (mod 5), (5.13)
Tg 5(2n) = IP’§ 5(2n) (mod 5). (5.14)

<B6 + ;) = <A4 + f;) (mod 5). (5.15)

Employing (5.3) in the equations (5.4) and (5.5), the above equation becomes

X)X (—)xP(—q )+X3(—Q)X3(—q3)X( °)x*(¢"?)
=) (=@)x(@®)x(@®) X3 (O (@®)xP(—a®)xP (=)
XX (P)x*(@°)x*(¢") N X*(—q)x 2( )X (=¢°)x*(—¢"°) (m0d 5)
X2 (=E)N ()X (—q'D) X2 ()x*(@®)x*(¢%)x?(¢"%) '
(5.16)
With the aid of (5.8) and (5.9), we arrive at (5.12). QED

Proofs of the equations (5.13) and (5.14) are similar to the proof of equation
(5.12) and except that in place of the equation (3.26), we use the equations
(3.27) and (3.28).

Theorem 5.2. We have
3.7(2n) = P3 7(2n) (mod 7), (5.17)
R3 7(2n) = T3 ;(2n) (mod 7). (5.18)

Proofs of the equations (5.17) and (5.18) are similar to the proof of equation
(5.12) and except that in place of the equation (3.26), we use the equations
(3.29) and (3.30).
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Theorem 5.3. We have
Q39(2n) = Qf4(2n) (mod 2). (5.19)

Proof of the equation (5.19) is similar to the proof of equation (5.12) and

except that in place of the equation (3.26), we use the equation (3.31).

Theorem 5.4. We have

Q§11(2n) = Q3 11(2n) (mod 2), (5.20)
Q5 11(2n) = P5,,(2n) (mod 11), (5.21)
R} 11(2n) = T§,,(2n) (mod 11). (5.22)

Proofs of the equations (5.20), (5.21) and (5.22) are similar to the proof

of equation (5.12) and except that in place of the equation (3.26), we use the
equations (3.33) and (3.34).
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