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1 Introduction

In this paper, for 1 < p < oo, we denote by p’ the real number satisfying
% + ]% = 1. A Radon measure p on R? belongs to the Wiener amalgam space
MP, (1 <p<oo)if q]|pl|p, < co with

SR

ellely = D ul@pP ] . r>0
kezd

where I} = H?:l [kir, (ki 4 1)r) for k = (ki,...,kq) € Z% and |u| denotes the
total variation of u.

The Fourier transform on amalgam spaces has been studied by various authors
including F. Holland ([8], [9]), J. Stewart [11], J. P. Bertrandias and C. Dupuis
[2], J. J. F. Fournier ([6], [7]) and I. Fofana [5].

In [8], the Fourier transform f — fdeﬁned on the usual Lebesgue space L! by

_d
2

Fay=en? [ rweay, oew
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has been extended by F. Holland to the spaces (L9, [P) defined for 1 < ¢, p < oo
as follows:

= {7 €111l < 0}

where L stands for the space of (equivalence classes modulo the equality
Lebesgue almost everywhere of) all complex-valued functions defined on R?
and for r > 0,

S P G

kezd
sup || fxr
x€R4

p
J if1<p< oo,

. if p = o0,

where JI = [[%(x; — Lo+ %) for = (z1,...,24) € RY, xr; denotes the
characteristic function of I}, and | - ||4 is the usual Lebesgue norm. In the same
paper, he extended to the spaces MP (1 < p < 2) the Fourier transform u — p

defined on the space M of finite Radon measures on R? by

i) = 2m) 4 [ auty), a e
Rd

In fact, he proved that if u belongs to MP (1 < p < 2), then there exists a
unique element 7i € (L¥', 1°°) such that for any sequence (Tn) >y of positive

o —

real numbers increasing to oo, the sequence (u|J5™)n>1 converges in (L¥', 1°°)
to [, where p| J)™ is the measure defined by (| Jj™) (N) = p (Ji™ N N) for any
Borel subset N of R?. In addition,

/gw(x) dx—/ G() du(z), ge (L, 1Y).
R R4

In [5], I. Fofana has proved the following Hausdorff-Young inequality :

7 iy, 0 < C allul,, >0 (1)

e

where the real constant C' does not depend on p and r.

The relation between the properties of a Radon measure and the asymptotic
behavior of its Fourier transform is an important topic in Harmonic Analysis.
A well-known theorem of Wiener [14] states that if u € M?, then

s [ Gy =3 () (1.2

a€D
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where D = {a € R? | u({a}) # 0} is a countable set.
The left-hand side of (1.2) is the so-called Bohr mean of ;1. Wiener’s result
has found many applications in various areas of mathematics, including ergodic
theory and optimal control theory. Since then, Wiener-type characterizations
of continuous measures are extensively investigated (see for example [1], [3],
[4], [12] and [13, Section 12.5]). Strichartz has established that equality (1.2)
continues to hold if the measure u belongs to M? (see Theorem 4.4 in [12]).
The aim of this note is to give, by a new proof, the reasons for which the
continuous part of a measure belonging to M? does not contribute to formula
(1.2). To this end , we prove in Section 2 the following result: if 4 is a continuous
measure that belongs to MP, then

I =0.
lim o llp = 0

In Section 3, we show that if u is a discrete measure that belongs to MP, then

L o f|ellp = (Z !u({a})lp> :

a€eD

Since any Radon measure on R? has a decomposition into discrete and continu-
ous parts, we combine these above results with inequality (1.1) to establish, in
Section 4, the generalization of Wiener’s theorem obtained by Strichartz.

2 MP-estimate of a continuous measure

Let us recall the definition of a continuous Radon measure.

Definition 1. A Radon measure p on R? is continuous if for any z € R?
we have p({z}) = 0.

Notice that for any Radon measure p on R? and any = € R? we have
ln({x})| = |p|({z}). Therefore, a Radon measure on R? is continuous if and
only if its total variation is continuous.

The following proposition will be useful in the proof of the main result of this
section.

Proposition 1. [10]. Let 1 <p <oo. If u € MP and 0 < r < s < 00, then

e
LY

(@) slul, < (Int(3) +2)7 2

integer not exceeding f;

rlull, . where Int (£) denotes the greatest

s
T

d d
(@) r llpll, < 3% 27 s [|pl,,-
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We can now prove the following result.

Proposition 2. Suppose that 1 < p < oo and p is a continuous measure
that belongs to MP. Then we have

(i) limy o supgeze |ul(I]) =0,

(i7) p> 1= lim, 50 ,||pllp = 0.

Proof. For each non-negative integer n, set

sn = sup |ul(If ).
kezd

(i) Notice that (sy)p is a decreasing sequence of positive real numbers. Suppose
that lim,, o s, = s > 0. For each non-negative integer n, let

Kn={kez!|ulF ") >3 }.

Let us notice that for each positive integer n,

2 p 2 p
o<araky< (2 pluly) < (2 aluly) <o

and i)
—(n+ —-n
k€ Ky =—31l€K,: I} cI?,
where card K,, denotes the cardinality of K,. So there exists a sequence (ky)n
of elements of Z% such that for each non-negative integer n we have

k, € K, and ITWH) - Ik;n.

knt1

It follows that N, I7 " is a one point set and |u|(N,I7 ") > 0. This is in contra-
diction with the fact that p is a continuous measure. So

lim s, = 0.
n—oo

Now let us consider a real number £ > 0. There exists an integer ng such that
Sny < 51 Let us notice that for each element (r, k) of (0, 27m0) x 7%, the set

IT intersects at most 2¢ elements of { I? ™ |1 € Z¢}. So
\u|(IF) < 2%, (1, k) € (0, 27™) x Z%,
It follows that

sup [ul(If) <&, re (0,27),
kezd
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Therefore,

lim su I7)=0.
b kEZPdW( k)

(ii) Suppose p > 1. Let us consider a real number ¢ > 0. There exists a finite
subset L of Z% such that

Do Iy <t

keZNL

Let us set

E=]JI

kel

and for each non-negative integer n,

Ly = {k czd | 12" ¢ E} an =Y |ul(I Pandt, = > |ulI ).
k€L, ke€Z\Ly,

Then, for each non-negative integer n,
1 —
anllpllp = (@ +tn)7, ap < sE7Hu[(B) and ¢, <t.

Let us notice that
Hl(B) < card L 1||ull, < o0

(where card L denotes the cardinality of L) and (y-n||p||p)n is a decreasing
sequence. It follows that

1
Jim g [fl, < 27

Since the above inequality holds for an arbitrary real number ¢ > 0, we deduce
that

Jim ool = 0.
Further, for each non-negative integer n, it follows from Proposition 1 (ii) that
4 o4 —n
0< pllully <37 22 o-nllplly, — re (0,277).

So

I =0.
L flellp

QED
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3 MP-estimate of a discrete measure

This section is devoted to the proof of the following result.

Proposition 3. Suppose that 1 < p < 0o and u is a discrete measure that
belongs to MP. Then

tim ], = (Z Iu({a})!p> y

a€D
where D = {a € R? | u({a}) #0}.

Proof. Let us consider a real number € > 0. There exists a finite subset K of
7% such that

D=

Solul@)P | <

keZN\K

DO
-vs\g.‘ ®

Set

E= Utk Do={aeDllnt@)] >} | od (B =u(B0D)
keK

for any positive integer n and any Borel subset B of R?. Then, for each positive
integer n and each element r of (0, 1), we have

el < [ D0 Il TENEP |+ | Y Iul G\ E)

kezd kezd

1
p

3=
hSA

Sl IEnEP |+ (28 > |ul(1h)”

kezd keZI\K

3=
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Since for each positive integer n the set D,, is finite, then there exists an element
rp, of (0, 1) such that for all a, b € D,
a#zb=3Jie{1,...,d} : |ai—"bi|>mry,

and for each element 7 of (0, r,)

B =
—

Sl (| = (Z!u({a})p>P

kezd a€Dn,

-

IN

(Z \u({a})\p> "

aceD

Therefore, for each element r of (0, ) we have

rllully < <Z \u({a})|p> 4 |l (EN(D\ Dp)) +e.

a€eD

Since |u|(E) < oo and (D \ Dy,), is a decreasing sequence that converges to the
empty set, we get

liril_f(l)lp rlliellp < (Z \M({a})\p) “te

a€eD

As this inequality holds for an arbitrary real number £ > 0, we deduce that

imsup 1 < (Z m({a})rp) R

acD
Further, for all real numbers r > 0, we have

1

(Z\u({a})lp)pz Dol X WlapP )| < vl

a€D kezd \aeDNI}

So

=

L[|l = (Z Iu({a})l”) :

a€eD

QED
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4 Generalization of Wiener’s theorem

Throughout this section, for 1 < p < oo and u € MP, we set D = {a € R? |
p({a}) #0}.

Proposition 4. Let 1 <p < oo. If p € MP then

Lim o flpell, = (Z Iu({a})!p> gy

a€eD

Proof. Let us write p = . + ps, where p. is a continuous measure and p; is a
discrete measure. For each real number » > 0, we have

rlluslly < rllullp < rllpelly + #llwsllp-

The desired result follows from Propositions 2 and 3. QED

As an immediate consequence of (1.1) and Proposition 4, we have the fol-
lowing result.

Corollary 1. Let 1 < p < 2. There exists a real constant C > 0 such that
for any p € MP we have

1
_d g
limsup r 7 ,||ft]/p, .0 < C <Z |M({a})|p> .
r—>00

a€eD

In the case p = 2, we obtain the following generalization of Wiener’s theorem.
Proposition 5. If u € M? then

1

Jim ( /ngy)r?dy) =<Z \M({a})l2> .

aeD

Proof. a) Let us write u = p. + ps, where p. is a continuous measure and g is
a discrete measure. It follows from Propositions 2 and 3 that

2
T ifpelr=0 and  Jim iHué\b:(Z!u({a}V) <.

a€D
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Note that for each element (r, ) of (0, o) x R?, we have

AW dy = / 73 ()|? dy + 2Re / ) W) dy + [ 1) dy,

J’I‘ T J;‘

T

where Re/ 15(y) ite(y) dy denotes the real part of / s (y) fie(y) dy.

By the Holder’s inequality and (1.1), we have

/ G dy| < (J 73y |dy) ( / ey |dy>
< s H2,+oo
< 02 1 1 H He H2 Td

and
| P < N < Pyl o

It follows that

. _d . _d —
limsup 772 ,[|f1]]2, o = limsup 772 ,||115/2, 0o
r—00 T—00

and

. . _d ~ : : -4 -
liminf 772 ,[|i]|2, 0o = iminf 772 || is][2, co-
r—00 r—00

Therefore, it suffices to consider the case where p is a discrete measure to prove
the desired result.
b) Suppose now that u is a discrete measure.

1
Let us consider an element & of (O, 2 (Xeep ln{a})? 5)

For each positive integer n and each Borel subset B of R, set

D, = { e D | |u({a}) > i} and jin(B) = p(B 1 Dy).

There exists a positive integer N such that

> Ju({ah))? <ﬁ, (4.1)

(IGD\DN
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where C' is a real constant as in Corollary 1. So

a ~ —~
2 oli - inlle e <O Y (e | <
CLGD\DN

limsup r~
r—+00

€
5

Thus, there exists a real number Ry > 0 such that for any » > R; and any
z € RY,

( ﬁ(y)!zdy> —r3 (/ rmy)wy) <= (4.2)
Jr Jz

Since py is a finite measure, it follows from (1.2) that

W ™

=

Jim ( /. m(y)?dy) = 3 Intfapr

a€EDpn

Thus, there exists a real number Ry > 0 such that for any r > R,

1
2

</ym<y>|2dy> 3 mtabP) <5 (43)

a€Dpn

e,

e

Let R = max{ R, R }. From inequalities (4.1), (4.2) and (4.3), we obtain

1

(/Jﬁ(y)ley) —(Zlu({a})l2> <e,  rzR

a€eD

Hence

[NIES
i

- (Z \u({a})l2>2-

aeD

. _d —~ 2
Jm rT ( p |1(y)] dy)

QED

As an immediate consequence of Proposition 5 and Definition 1, we have the
following criterion.

Corollary 2. Let j € M?. Then 1 is continuous if and only if

T—00

i+ [ ) dy = o
Jo
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