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Abstract. We prove that, given two elliptic operators A; and As in LP(1) and LP(Q2)
respectively whose spectral properties are known, we can deduce those of the operator A
coinciding with A; on 1 and with Az on Q2. Conversely, if the spectral properties of the
operator A are known in LP(Q2), we deduce those of the restriction of A to a smaller subset of

Q.
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1 Introduction and Notation

Given 1 < p < oo, consider the operators

N N
A = Z aijjl(x)Dij + Z bi,l(x)Di + c1(z),
i,j=1 i=1

N N
As =Y aija(@)Dij + Y bia(x)D; + ca(x)
ij=1 i=1

in LP(Q) and LP(Qs), respectively, where 5 and Q3 are bounded or unbounded
subsets of RY with non empty interior set. The coefficients (a;j1), (a;2) are
uniformly elliptic matrices in 27 and 29 and we assume that Q; U Qs = Q and
0, NQy = C is a bounded smooth domain of RY.
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The operators A; and Ay are endowed with the domains D and Dy con-
tained in the respective maximal domains

Dpmas(Aj) = {u € LP(Q) N W2EP(Qy) : Aju € LP(Qy), j=1,2}.

Our goal consists in deducing information on the operator

N N
A= Z Qjj ({L‘)Dz] + Z bl(l')Dl + C(SL‘)
=1

1,j=1

whose coefficients coincide with a;;1, b;1 and ¢; on 1 and with a;;2, b; 2 and
co on §2y once the properties of the operators A; and As are known.

In particular, we obtain spectral properties of the new operator A by the
ones of A; and As. This allows us to deduce generation results for A. More
specifically, the strategy consists in constructing an approximate resolvent R(\)
for A,

R(A) =mi(A— A1) "'+ me(A — A2) g,

where 71,72 are smooth functions supported in €1, 9, respectively, and such
that n? +n5 = 1. If we assume the validity of gradient estimates for A; and As
in a suitable set containing €1 Ny, the operator R(\) satisfies (A — A)R(\) =
I+ S(A) and ||S(N)|| < 1/2 for |A| large. Then, for A € C4, |A| large, we have

A=A~ =R +SMN) ™

and hence the resolvent estimates for A follow from the ones for A; and As.

Conversely, if the spectral properties of the operator A in 2 are known, by
using similar arguments we can deduce those of the restriction of the operator
A in (C Q) endowed with Dirichlet boundary conditions.

We point out that the results contained in the paper have been useful to
deduce generation results for some elliptic operator with singular coefficients

(see [4], 3], [5], [6], [7]).
Notation. For 0 < 6 < 7, p > 0, we denote by ¥y , the closed set

Yo, ={A € C: |\ > p,|Arg\| < 0}.

2 Properties satisfied by the operator A

We shall construct a resolvent for A by gluing together the resolvents of A;
and As. In some cases we can proceed in the opposite direction, that is deduce
results for Ay or Ay from properties of A in the whole space. First we define the
spectral properties of general elliptic operators L in §2.
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Definition 1. Let (L, D(L)) be the operator L endowed with the domain
D(L) C Dp maxz(L) on LP(§2). We say that (L, D(L)) satisfies P(0, p, C, ), where
C,p>0,vy>0and0 <0 <7if ¥y, C p(L) and for every A € Xy , the following
estimate holds

C

A— L)Y < —.
II¢ ) ”—p\p

(1)

Definition 2. We say that (L, D(L)) satisfies P(0,p,R,C,~,d), R > 0,
0 € R if it satisfies P(0, p, C, ), the coefficients of the operator are bounded in
Cr:={z € RY ; R < |z| < 2R} and moreover

B C
IO = L) r@-wiaien < (3 2)

where the last norm is understood as the operator norm from LP(Q2) to WP (Cg).

Remark 1. Clearly, L generates an analytic semigroup if and only if the
property P(6, p, C,~) holds for some 6 > 7/2, v =1 (see e.g., [2, Section 3]).

Now we assume that (A1, D1), (A2, D2) are the previously defined operators
endowed with domain Dy and Dj contained in LP(€);), LP(£s) respectively. We
also assume that if u; € D; and 7; are C*° functions with compact support in
1, Qo, respectively, then nu;n; € D;, for i,j = 1,2. The domain of A, say D,
is defined as follows.

Definition 3. For given (Aj, D1) and (A2, D), we define

D::{UELP(Q)Z u=ui + ug, ug € D1, ug € Do,

uy, ug with compact support contained in Q;, Qg respectively}.

Remark 2. Observe that if w € D, then n;u € D;. In fact, writing v =
u1 + uz with u; as in Definition 3, then n;u; € D;.

Proposition 1. Under the above assumptions, suppose that the operators
(A1, Dn), (A2, D9) satisfy P(0,p,R,C,v,0) in LP(21) and in Ly(Q2) respec-
tively, with 6 > 0. If there exists Ay > 0 such that (A — A, D) is injective for
every A > Mo, then (A, D) satisfies P(0,p1,C1,7) in LP(RY), where p; and
C1 depend only on p,0,p, R,C,~. If v > %, then (A, D) satisfies P(0, p1,C1,7)
in LP(RN) without injectivity condition on A. Finally, if P(0, p1, R,C,v,6) are
satisfied both in LP, L1 and the resolvents of Ay, As are coherent in LP, L9,
then the resolvents of A are coherent in LP, LY.

PRrROOF. Let 0 < 71, n2 < 1 be positive C*°-functions supported in €

and g, respectively, such that 77 + n3 = 1. For A € Sy, f € LP(), set
RN f =ni(A— A)"L(nif) € D;N D for i = 1,2. Observing that An; = A;n;,
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n; A = n; A; it follows that

A= AR N f = (A= Ami(A— A) " (i f)
= ni(A — A (A — A) " (i f) + [mi, AJ(N — A) 7 (i f)
=0 f + i, AJ (A — A) " (i f),

where

[mi,Ailg = ni(Aig) — Ai(n:g)

N
= - Z (ajk,i + akj,i)(Djnz Dkg ( Z A5k i ]knz Z b] ZD]771>

Gk=1 Jk=1
is a first order operator supported on Cr. Therefore
A= AR\ f =nf+Si(\)f

where

N
Sz()\ Z Ajki + agj, l)(D]771>(Dk(A A; ) (sz))
k=

( ki Djkni — Z bj, zDﬂh) (A— Ai)il(nif)-

7=1
By (2), it follows that
C1
1S: (M| e @y < P
for A € ¥y , and with ¢; depending only on C, R. Then

(A=ARNf = f+ SN/,

where we set

Choosing [A| > py large enough, we find [[S(A)||ryy < 1 and we deduce that
the operator I + S()) is invertible in LP(RY). Setting V/(\) = (I + S(\))~! we
have

A= ARNVNf = f
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and hence the operator R(\)V ()), which maps LP(R¥) into D, is a right inverse
of A — A and, by (1), satisfies

IRV < fff 3)

for A € ¥y ,,. Clearly, R(\)V(\) coincides with (A — A)~! whenever this last is
injective. If A — A is injective for A > Ao, then |\, 0o[C p(A) and the a-priori
estimates (3) show that the norm of the resolvent is bounded in the set g5,
hence this set is contained in p(A), where the resolvent operator coincide with
R(N)V(A) and satisfies (3).

Ify > %, then we have to prove the injectivity of A — A for |\| large enough.
Let u € D, XA € ¥y ,. Then n;u € D;, see Remark 2, n; Au = n; A;u and

2
RN —Au=> n(A—A) 'ni(A— A (4)

i=1

2
= Z mi(A = A) (A = Aju

2
_Zn,)\ A) T = Admiu > mi(h = A) A .

=1

Suppose that (A — A)u = 0. Then (4) implies u = — Z?:l ni(\ — A) Az, nilu.
It follows that

Al lullp = HAUHp<ZHAm (A = A) " [Ai, milul], - ()
=1

Since Vn;, An; have support contained in Cr and by the definition of [A;, n;]u,
we have
HAm()\ — Ai)_l[Ai, m}u“p
< |[x = A (A — Ai)’l[Ai,m]qu + || Ami (A — Ai)’l[A,m]qu
< A = A (A = A) A il
+[1[Az ] (N = A) 7 A milullp + [[Ame (A = A) T Az il
< Jlmi A, milull, + 1Az m) (A = A) ™ Ag milullp + MmN = Ao~ As, malul,

1 _
< Clullwrpcy) + WHUHWLP(CR) + M ullwreeg | - (6)
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By the interpolative estimates [1, Theorem 7.28] there exists C' > 0 such that
for every e > 0

C
ullwrrcr) < ellullwercg) + zHUHLI’(CR)‘
Using the interior estimates for elliptic operators (note that a is positive and far

from the origin) as in [1, Theorem 9.11] we deduce the existence of a constant
C > 0 such that for every € > 0,

[ullwrrcry) < C

1
el Aul + —ull
Lp (BQR+1\B§) 3 Lp (BQR+1\B§>

<C e+ 1] (7)

where we have used A\u = Au. Combining (6) and (7) with (5), we deduce that
for every €,e; > 0 and some C independent of ¢,

_ i _ 1
full < € A7+ A2 ] [ela o+ 2

By choosing ¢ = |)\|_%, it follows that
el < € [INTF + 570 4 A July,

Since v > %, u =0 for |\| > p, p large enough, and A\ — A is injective for every
A > p. Finally, if the hypotheses hold in L?, L? and the resolvents of Ay, Ao are
coherent in LP, L4 (in Bog, B, respectively), we have seen in the proof that the
resolvent of A is the operator R(A\)V()\) which is coherent in LP(RN), LI(RYN)
by construction.

3 Properties satisfied by A; and A, if the properties
of A are known
The proof in the previous section can be adapted to deduce results both in

exterior and interior domains from the whole space. In this section we consider
the operator (A4, D) in LP(RY), where

A= Za” DZ]—FZb )D; + c(x)

1,7=1
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and
D C Dpmae(A) = {u € LP(RN) N W2P(Q) : Au € LP(RV)}.

loc

Let A; be the operator A restricted to Bog with Dirichlet boundary conditions
on 0Bsr. More precisely, we define (41, D1) and (Ag, D) as follows.

Definition 4. For given (A, D), we respectively define (A1, D) and (Ag, D2)
as

Dy ={u € LP(Bog N W?P(Byg \ B:) Ve > 0 : ujgp,, =0, (8)
nu € D ¥y € C°(Bagr),n = 1 near 0}.

and

Dy ={u € LP(BENW?*?(B,\ Br) Vp > R : upp, =0, (9)
nu € D Vn € C*°(B%),n =1 near co, n = 0 near OBR}.

Then we have

Proposition 2. Let (A, D) satisfy P(6,p, R, C,~,8) in LP(RY). Let (A, D3)
in Bpre as defined in (9). If there exists Ao > 0 such that A — Ag is injective
for every A > g, then Ay satisfies P(60,p2,Ca,7) in LP, where pa, Cy depend
only on p,0,p,R,C,~. If v > %, then Ay satisfies P(0,p1,Ch,v) in LP with-
out injectivity condition on As. Finally, if P(0,p1, R,C,,0) is satisfied both in
LP LY and the resolvent of A are coherent in LP, L1, then the resolvents of Ao
are coherent in LP, L9,

PROOF. The proof is similar to that of Proposition 1 and we only outline
the main steps. Let 0 < 11, 12 < 1 be positive C*°-functions supported in Baopr
and B§, respectively, such that n? +n3 = 1. Let Ag be the operator A in the
annulus C'r with Dirichlet boundary conditions, that is with domain

Dy(Ag) = {u € W*P(Cr) N Wy (Cr)}.

Since a > 0 in Cg, Ap is uniformly elliptic and generates an analytic semigroup
in Cp, see [2]. In particular, A satisfies P(0, p, R, C,~,?).
For A € ¥y, f € LP(B%) (extended to zero outside Bf) we set

RO\ f=mA—AR) "' (mf) + n2(A — A) " (n2f) € Ds.

Then we argue as in Proposition 1. QED

Proposition 3. Let (A, D) satisfy P(0, p, R, C,~,8) in LP(RY). Let (A1, D)
in Bar as defined in (8). If there exists A\g > 0 such that A — Ay is injective for
every A > Xo, then Ay satisfies P(0, p1,Ch,7y) in LP, where p1,Cy depend only
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onp,0,p,R,C,~v. If v > %, then Ay satisfies P(0, p1,C1,7y) in LP without injec-
tivity condition on Aj. Finally, if P(0,p1,R,C,~,0) is satisfied both in LP, L4
and the resolvents of A are coherent in LP L1, then the resolvents of Aj are
coherent in LP, L1,

PRrROOF. Keeping the notation of the proof of Proposition 2, for f € L,(B2r)
(extended to zero outside Br) we set

RO =m\—A) " (nf) +m2(X — Ag) "' (n2f) € Dy

and we argue as in Proposition 1. QED
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