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Introduction

In [10], [11], [12] E. Carlini, M. V. Catalisano and A. V. Geramita started a
detailed analysis of the Hilbert function of certain multiple structures on unions
of linear spaces, usually prescribing the Hilbert polynomial and then requiring
that the structure is general with the prescribed Hilbert polynomial. Let X C P"
be a closed subscheme. X is said to have mazimal rank if for all integers k& > 0
either h%(Zx (k)) = 0 or h'(Zx(k)) = 0, i.e. if for all integers k > 0 the restriction
map px : HO(Opr(k)) — H°(Ox(k)) is a linear map with maximal rank, i.e.
either it is injective or it is surjective, i.e. h®(Zx (k) = 0 if h°(Ox(k)) > (ijk)
and h'(Zx(k)) = 0 if h%(Ox (k) < ("1F).

We recall that for each P € P" the 2-point 2P of P" is the zero-dimensional
subscheme of P" with (Zp)? as its ideal sheaf. Hence 2P has degree r + 1. For
all integers r > 3, ¢t > 0 and a > 0 let Z(r,t,a) be the set of all disjoint
unions A C P of ¢ lines and a 2-points. For each integer x > 0 and any
A € Z(r,t,a) we have h%(A,04(z)) = t(x + 1) + a(r + 1). The critical value
of the triple (r,t,a) or of any A € Z(r,t,a) is the minimal positive integer k
such that (ijk) > (k+ 1)t +a(r+1). Fix A € Z(r,t,a). The Castelnuovo-
Mumford’s lemma gives that A has maximal rank if and only if h'(Z(k)) = 0
and h°(Za(k — 1)) = 0. The key starting point of our paper is a theorem of R.
Hartshorne and A. Hirschowitz which says that for all integers » > 3 and ¢ > 0
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a general union of lines X C P" has maximal rank ([18]). A famous theorem
of J. Alexander and A. Hirschowitz says that a general union of 2-points of P"
has maximal rank, except in a few well-understood exceptional cases ([19], [2],
(3], [4], [9], [13], [14], [15]). In this paper we consider (but do not solve) the
problem for a general union of a prescribed number of lines and a prescribed
number of 2-points in P". Since the disjoint union A of two 2-points in P",
r # 1, has h%(Z4(2)) > 0 and h!'(Z4(2)) > 0, we do not consider the restriction
map px.2 : H(Opr(2)) — H°(Ox(2)), or rather we restrict to cases in which
this map is injective. It is easy to check for which (r,¢,a) € N3, r > 3, X2
is injective for a general X € Z(r,t,a) and to determine for all (r,¢,a) the
dimension of ker(px,2) (Lemma 1). The next case is when k = 3 and here there
is a case in which a general X € Z(3,2,3) has not maximal rank (Example 1).
For r = 3,4,5 we did not found any other exceptional case with respect to px 1,
k > 3, (except of course the case (r,t,a) = (4,0,7), which is in the exceptional
list for the Alexander-Hirschowitz theorem).
In this paper we prove the following result.

Theorem 1. Fiz r € {4,5}, (t,a) € N?\ {0,0} and an integer k > 3.
Assume (r,t,a,k) ¢ {(4,0,7,3),(4,0,14,3)}. Fiz a general X € Z(r,t,a). Then
px i has maximal rank.

In the case r = 3 we only have partial results (Propositions 4 and 5). The
latter one look at general disjoint unions of lines, 2-points and reducible conics.
In [18] both reducible conics and sundials are used as a tool to get their main
theorem related to disjoint unions of lines. Sundials may simplify the proofs
in [18] ([10]). We use sundials, but we found easier to avoid reducible conics
and use instead the +lines introduced in [6]. As usual for fat points we use the
very powerful Differential Horace Lemma ([5, Lemma 2.3]), although only for
2-points.

Remark 1. After this paper was submitted we solved the general case for

r =3 ([7]) (it does not cover Proposition 5, but it could be used to shorten the
proof of the case r = 4 done here in section 4).

We work over an algebraically closed field with char(K) = 0. To apply the
Differential Horace Lemma for double points it would be sufficient to assume
char(K) # 2 or the characteristic free [14, Lemma 5], but for a smooth quadric
surface we also use [20, Propositions 4.1 and 5.2 and Theorem 7.2].

1 Preliminaries

For each integer z > 0 and any A € Z(r,t,a) we have h°(A, O(z))

t(x+1)+a(r+1). The critical value of the triple (r,¢,a) or of any A € Z(r,t,a)
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is the minimal positive integer k£ such that (T”;k) > (k4 Dt +a(r+1). Fix
A € Z(r,t,a). The Castelnuovo-Mumford lemma gives that A has maximal rank
if and only if h!'(Za(k)) = 0 and h®(Z4(k — 1)) = 0. Let Z(r,t,a)’ the closure of
Z(r,t,a) in the Hilbert scheme of P". Fix natural numbers r,t, a, k with r > 3.
By the semicontinuity theorem for cohomology ([17, II1.12.8]) to prove that
hY(Zx(k)) = 0 (resp. h®(Zx(k)) = 0) it is sufficient to prove the existence of
at least one W € Z(r,a,t)’ such that h'(Zy (k)) = 0 (resp. h°(Zyw (k) = 0).
The set Z(r,t,a) is irreducible and hence Z(r,t,a)’ is irreducible. Therefore to
prove that a general element of Z(r,¢,a) has maximal rank it is sufficient to
find A, B € Z(r,t,a) such that h'(Za(k)) = 0 and h°(Zg(k — 1)) = 0, where
k is the critical value of the triple (r,t,a). A sundial B C P" is an element of
Z(r,2,0)" ([10]).
Lemma 1. Fiz a general X € Z(r,t,a), r > 3.

(a) We have h°(Zx (2)) = 0 if and only if either a < r—3 and 3t > (T+§_a)
ora=r—2andt>3 ora=r—1,randt>0o0ra>r-+1.

(b) Assume 0 < a <1 — 3. Then h°(Zx(2)) = max{(r73+2) —3t,0}.

(c) Assume a = r—2. We have h°(Zx(2)) = 6—2t ift <1, h%(ZTx(2)) =1
ift=2 and h®(Zx(2)) =0 ift > 3.

Proof. Write X =Y U A with Y € Z(r,t,0) and A = Upecg20, §(S) = a, and
S general in P". The case a = 0 is covered by [18]. Assume a > 0. Let (S) be
the linear span of S. Since S is general, then dim((S)) = min{r,a — 1}. The
linear system |Zx (2)| is the linear system of all quadric cones containing Y and
with vertex containing (S). In particular we get h°(Zx(2)) =0if a >r+1 or
a=randt>0. Now assume 1 < a < r. Let £:P"\ (S) — P"% be the linear
projection from (S). If a <r —2, then Y N (S) = () and £(Y") is a general union
of t lines of P"~¢ (it is P! if a = r — 1). We get the lemma in the case a = r — 2,
because 3 distinct lines of P? are not contained in a conic. If 1 < a < r — 3, then
((Y) is a general element of Z(r — a,t,0) and we apply [18] to ¢(Y"), because
WO(Tx (2)) = hOP™, Ty (2)).

Fix an integral variety 7', an effective divisor D of T and any closed sub-
scheme X C T. The residual scheme Resp(X) of X with respect to D is the
closed subscheme of T' with Zx : Zp as its ideal sheaf. For each £ € Pic(T") we
have an exact sequence of coherent Op-sheaves

0= TRes, (x) @ £(=D) = Ix ® L = L|D © Ixnp,p — 0. (1)

From (1) we get the following inequalities:

(1) hO(T, Ix ® ﬁ) < hO(T,IReSD(X) & ﬁ(—D)) + hO(D,E‘D ®IX(]D7D);
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(2) WN(T,Ix ® L) < WN(T, IReg,(x) @ £(=D)) + h' (D, L|D ® Ixnp,p)-

As in [11], [12], [10] we say that something is true by “ the Castelnuovo’s se-
quence ” if it is true by one of the two inequalities above for suitable T, D, X,
L.

We use the following form of the Differential Horace Lemma for double points
(12, (1.3), (1.4)(5)], [14, Lemma 5] (although stated only in P™); [5, Lemma 2.3]
contains the case with arbitrary multiplicities).

Lemma 2. Let T C P" be a degree t irreducible hypersurface. Fiz a closed
subscheme X C P" not containing T and integers a« > 0, k > t. Fiz a general
S C T such that §(S) = « and set B := Upes20, B' := BNT. Let W be the
union QfX and o general 2-points of PT. Then h'(Zy (k)) < hi(IResT(X)uB'(k_
t)) + hZ(T7I(XﬁT)US(k))7 t=0,1.

Take the set-up of Lemma 2. Since S is general in T, then

(1) WU, Zixaryus (k) = max{0, h(T, Ixrr (k) — a};
(2) WM (T, Zxrryus(k)) = hN(T, Ixar(k)) + max{0, o — h°(T, Zxqr(k))}-

The following result is an elementary consequence of [10]. We will not use it
here. Sometimes it may be used in a situation in which we would like to apply
Lemma 4 below.

Lemma 3. Fiz integersn > 3, k> 0,e>0andt > 0. Let X C P" be a
general union of t lines and e reducible conics.
(a) If e(2k + 1) + t(k +1) < ("1%) — e, then h!(Zx(k)) = 0.
() If ("T%) —e < ek + 1) +t(k+1) < ("), then h'(Zx(k)) < e(2k +
D +t(k+1)— ("t +e and hO(Zx (k) = B (Zx (k) + ("1F) —e(2k+1) —t(k+1).
(c) If e(2k + 1) + t(k+ 1) > ("*F) — e, then hO(Zx(k)) <e.

Proof. For each P € Sing(X) let Cp C X the connected component of X
containing P. Write X =Y U UPeSing(X) Cp. For each P € Sing(X) let Np C
P™ be a general 3-dimensional linear space containing Cp. Let Ep C Np be
the sundial with Cp as its support. Set W := Y U UPeSing(X) Ep. Since X
and each Np is general, W is a general union of e lines and f sundials. Hence
either h(Zyy (k) = 0 (case (t + 2¢)(k + 1) > (”Zk)) or h'(Zy (k) = 0 (case
(t+2e)(k+1) < (nzk)) Let n be the nilradical of Oy, i.e. let n the Oy -ideal
sheaf of the subscheme X of W. We have n = Zx /Zy. Hence we have the exact
sequence

0— Zw(k) = Zx(k) = n(k) — 0. (2)

Since 7 is supported by finitely many points, we have h!(n(k)) = 0 and h°(n(k)) =
e. Hence (2) gives h!'(Zx(k)) < hY(Zw(k)) < h'(ZTx(k)) + e and R (Zx(k)) <



Lines and 2-points 27

hO(Zw (k)) + e. In the set-up of part (a) we have h'(Zy (k)) = 0 and hence
hY(Zx(k)) = 0. In the set-up of part (c) we have h°(Zy (k)) = 0 and hence
hO(IX( )) < e. In the set-up of part (b) we have h'(Zy (k)) = e(2t + 1) +t(k +
—e— (") and hence h'(Zx(k)) < e(2k + 1) + t(k + 1) — (") + e. The
equahty “hO(Zx(k)) = RN (Zx(k)) + ("Zk) —e(2k+1)—t(k+1)” in part (b)
is true, because h'(Ox (k)) = e(2k + 1) + t(k + 1).

Lemma 4. Fiz integers n > 2 and k >t > 0, s > 0. Let T C P" be
an integral degree t hypersurface and let Y C P" be a closed subscheme such
that h'(Zy (k)) = 0. Let S be a general subset of T with #(S) = s. We have
Y (Zyus(k)) = 0 if hO(IResT(Y)(k —1)) < WO (Zy (k) — s.

Proof. Set Yy := Y. We order the points Pj,...,P; of S. For each integer
ie{l,...,s}set Y; :=Y U{P,...,P}. Notice that Resy(Y;) = Resp(Y") for
all i. Since h'(Zy (k)) = 0, we have h' (Zys(k)) = 0 if and only if h(Zys(k)) =
hY(Zy (k)) — s. Therefore by induction on s we may assume that h°(Zy, ,(k)) =
hO(Zy (k)) — s + 1. It is sufficient to prove that h%(Zy,(k)) = h(Zy,_, (k)) — 1.
Assume that the last inequality is not true. Since Ps is a general point of T,
we get that T is in the base locus of [Zy, ,(k)|. Hence h®(Zy(k)) — s + 1 =
hO(Zy, ,ur(k)) = h° (IResT(Y)(k —t)), a contradiction. QED

Lemma 5. Fiz a projective variety W, R € Pic(W), a closed subscheme U
of W with U =Y U A, with A union of some of the connected components of
U and A zero-dimensional. Let B C W be a zero-dimensional scheme such that
ACBand BNY =0. Set V :=Y UB. Then h'(Zyw ® R) < h'(Tyw @ R)
and hO(IVyV ®R) < hO(IUyV ® R).

Proof. Since U C V, we obviously have h(Zyw ® R) < h°(Zyw ® R). The ideal
sheaf 77y of U in V is isomorphic to the ideal sheaf 74 p of A in B. Since B
is zero-dimensional and Z4 g is supported by B,.q, we have h! (Zap®R) =0.
Hence a trivial exact sequence gives h!'(Zyw @ R) < hY(Zyw @ R). QED

2 +lines

For any P € P, n > 1, a tangent vector of P"* with P as its support is a
degree two connected zero-dimensional scheme v C P" such that v,.q = {P}. If
X CP*and P € X we say that v is tangent to X or that it is a tangent vector
of X if v is contained in the Zariski tangent space TpX C P™ of X at P. Fix
aline L C P", n>2 O € L, and a tangent vector v of P at O which is not
tangent to L (i.e. assume that L is not the line spanned by v). Set A := L U v.
We say that A is a +line, that A is the support of L, that O is the support of
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the nilradical of O4 and that v is the tangent vector of A. The scheme A has
p(t) =t + 2 as its Hilbert polynomial. For all t > 0 we have h'(O4(t)) = 0 and
hP(OA(t)) =t +2. We say that L is the support of A and that O is the support
of the nilradical of A. For all integers » > 3, ¢ > 0 and ¢ > 0 let L(r,t,c) be
the set of all disjoint unions of ¢ lines and ¢ +lines. Now assume r > 4 and
fix a hyperplane H C P". Let L(r,t,c)g be the set of all A € L(r,t,c) such
that the nilradical Q4 is supported by points of H (we do not impose that the
¢ tangent vectors of A are contained in H; we only impose that their support
is contained in H). The set L(r,t,c)y is an irreducible variety of dimension
(t+c)2r—2)+c(r—1).

For all integers r > 3 and k > 0 define the integers u,; and v, by the
relations

k
(k+1Dmyp+npp = (Ti— >, 0<n.,<k. (3)

For all integers r > 4 and k > 1 consider the following assertions B, :

By, r >4,k > 0: A general X € L(r,m, ,—n,,ny ) g satisfies hO(IX(k)) =0

Remark 2. A statement like By, » > 4, k > 1, but with X € L(r,t,c)
instead of X € L(r,t,c) g was proved in [6], §4. B, is trivially true for all r > 4.
It is easy to check that the quoted proof in all cases gives X € L(r,t,c)y if as
Y we take some Y € L(r,t', '), suitable ¢, ¢, i.e. if we use induction on k for
a fixed r for the assertion B, as stated here, not as in [6].

Lemma 6. Fix integersrT >4, k> 0,t >0 and ¢ > 0 such that ¢ < k and
(k+Dt+ (k+2)c< (Ttk) Then hY(Zx (k)) =0 for a general X € L(r,t,c)py.

Proof. We use induction on k, the case k = 1 being obvious. Assume k > 2 and
that the lemma is true in P" for the integer k — 1. Set e := (ijk) —(k+ 1)t —
(k + 2)c. Increasing if necessary ¢ we may assume that e < k. Fix a general
Y € L(r,my; — nygynr i) - We have h'(Zy (k — 1)) = 0, i = 0,1 (Remark 2).
Since (k+ 1)t + (k+2)c+e = (Hk), we have

T

r+k—1
(k+1)(t—myp—1+npp—1)+(k+2)(c—npp—1)+e+mp 1 = ( S ) (4)

Since e < k and ¢ < K, either t = m; — ¢, ¢ < nyp and e = n,.p, — ¢ or
¢c>npg, t =mpp —c—1land e=k+1~—c+mn,, The case ¢ > n,; is done
in step (a) of the proof of [6, Theorem 1 for r > 4]. Now assume ¢ < n, .
Fix any W € L(r,m. — npg,nr ) with b (Zw (k)) = 0, i = 0,1. Take any
X € L(r,t,c) with Wy..q C X C W and use the surjectivity of the restriction
map HO(W, Ow (k) — HY(X, Ox(k)). QED
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3 P

Example 1. Take r = 3, k = 3, ¢t = 2 and a = 3. Fix a general X €
Z(3,2,3). Then h%(Zx(3)) = h'(Zx(3)) = 1. Indeed, since (k + 1)t + (r 4+ 1)a =
20 = (3), we have h'(Zx(3)) = h%(Zx(3)). Write X = UL A with A = Upes20,
S C P3 the union of 3 non-coplanar points and U a disjoint union of two lines.
Let H be the plane spanned by S. Since U is general, there is a unique quadric
surface @ containing U U S. We have Q U H € |Zx(3)|. Take any 7" € |Zx(3)].
Since T'|H has 3 non-collinear singular points, S, and contains two general
points, U N H, of H, H must be a component of 7". Hence h°(Zx(3)) = 1.

Proposition 1. Fiz a general X € Z(3,t,a)
(i) If (t,a) € {(1,4),(3,2), (4,1)}, then h°(Zx(3))
or

(ii) If (t,a) # (2,3), then either h°(Tx(3)) = Z

h'(Zx(3)) =
HIx(3) = 0

Proof. First assume (¢,a) = (3,2). Let Q C P? be a smooth quadric surface. Fix
a general S C @ with #(S) = 2 and set A := Upes20, where 20 is a 2-point
of P2. Let Y C P3 be a general line. Let £ C @ be a general union of two lines
of type (0,1). We have h'(Q,Zgna(3,1)) = 0 ([20, Propositions 4.1 and 5.2
and Theorem 7.2]). Since h'(Zyys(1)) =0, i = 0,1, we get h*(Zyurua(3)) = 0,
i=0,1.

Now assume (t,a) = (4,1). Let H C P3 be a plane. Fix a general union
Y C P3 of 3 lines, a general line L C H and a general O € H. We obviously
have h*(Zyy(0y(2)) = 0, i = 0,1, and h'(H, Zaonmyur(3)) = 0. Since Y N H is
a general union of 3 points, we have h*(H, Z(yuru20)na(3)) = 0, i = 0, 1. Hence
R (Zyur2o(3)) = 0,4 =0,1.

Now assume (¢,a) = (1,4). Let Y C P? be a general union of one line and
one 2-point. Take a general S C H with £(S) = 3 and let A be the union of
the 2-points of P? with the points of S as their support. It is sufficient to prove
h'(Zyua(3)) = 0. We have h'(H, Zyyaynm(3)) = 0, because h' (H, Zan (3)) = 0
and deg(H N (Y UA)) = (5). Since ' (Zy(2)) = 0 and h°(Zy (1)) = 0, Lemma 4
gives h'(Zyus(2)) =0,i=0,1.

Now assume (t,a) = (2,4). Fix a general Y € Z(3,2,3) and a general O € P3.
Since h°(Zy (3)) = 1 (Example 1), we have h°(Zy20(3)) = 0.

The other cases of part (ii) follow from part (i) and the case (t,a) = (2,4)
just done. QED

Proposition 2. Fiz a general X € Z(3,t,a).
(a) If (t,a) € {(1,7),(2,6),(3,5), (4,3),(5,2),(6,1),(7,0)}, then we have
hH(Ix(4)) =0.
(b) If (t,a) € {(1,8),(2,7), (4,4),(5,3),(6,2)}, then h°(Ix(4)) = 0.
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Proof. The case (t,a) = (7,0) is true by [18]. Let S; C @ be a general union
of x points and let E, C @ be a general union of y lines of type (0,1). Set
Ap = Upes, 20. Let H C P3 be a plane and let Q C P? be a smooth quadric
surface.

(i) Assume (t,a) = (1,7). Fix a general line Y C P3. We have h'(Zy(2)) =
0 and hY(Zy) = 0. Hence h'(Zyys.(2)) = 0, i = 0,1 (Lemma 4). We have
hYQ,Za,n0(4)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]) and
hence h'(Q, Zyua;ng(4)) = 0. Hence h' (Zyya,(4)) = 0.

(ii) Assume (t,a) = (2,6). Fix a general Y € Z(3,1, 3). Proposition 1 gives
h'(Zy(3)) = 0. Since a double plane only contains a two-dimensional family of
lines, we have h%(Zy (2)) = 0. Hence h!(Zys(3)) = 0 for a general S C H with
#(S) = 3 (Lemma 4). Set A := Upes20. We have h'(H,Zsny(3)) = 0 and hence
W(H,Ziyuaynn(3)) =0, i = 0,1. Hence h'(H, Ipyyuaynu(4)) =0, i=0,1, for
a general line L C H. Therefore h'(Zyrua(4)) = 0.

(iii) Assume (t,a) = (3,5). Take a general Y € Z(3,3,1). We have
hY(Zy(3)) = 0 and h°(Zy(2)) = 0. Hence h'(Zyys(3)) = 0, i = 0,1, for a
general S C H with #(S) = 4. Set A := Upes20. We have h'(H,Zany(4)) =0
and hence h'(H, Ziyyayni(4)) = 0,4 = 0,1. Therefore h' (Zyya(4)) = 0, = 0,1.

(iv) Assume (t,a) = (4,3). Let Y C P3 be a general union of two lines.
We have h!(Zy(2)) = 0 and h°(Zy) = 0 and hence h'(Zy s, (2)) = 0. We have
hNQ,Zonas(4,2)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]) and
hence h'(Q, Zgn(yuas)(4)) = 0, i = 0,1. Hence h'(Zyup,ua,(4)) = 0.

(v) Assume (t,a) = (5,2). Fix a general Y € Z(3,2,0). We have h!(Zy (2))
= 0 and hence h!'(Zyys,(3)) = 0. Since h'(Q,Z4,nq(4,1)) = 0 and Y N Q is
a general union of 4 points, we have hl(Q7I(yUA2)nQ(4, 1)) = 0, i.e. we have
h(Q, Zru(vuasng(4)) = 0. Hence 7' (Zyup,ua,(4)) = 0.

(vi) Assume (¢,a) = (6,1). Fix a general Y € Z(3,3,0). We obviously
have hi(Zyys, (2)) =0, i = 0, 1. Since h1(Q, Z20,n0(4,1)) = 0, we obtain
W Q. Taouyurs)ng(4)) = 0. Hence h! (Zyup,u20, (4)) = 0.

(vii) Assume (¢,a) = (1,8). Fix a general line Y C P3. We have h!(Zy (2)) =
0 and h%(Zy) = 0. Hence h°(Zyuss(2)) = 0, i = 0,1 (Lemma 4). We have
hNQ,Zagno(4)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]) and
hence h°(Q, Ziyuag)ng(4)) = 0. Hence h®(Zyyaq(4)) = 0.

(viii) Assume (¢,a) = (2,7). Fix a general Y € Z(3,1,3). Lemma 1 gives
h'(Zy(3)) = 0. Since a double plane contains only a two-dimensional family of
lines, we have h%(Zy (2)) = 0. Hence h'(Zys(3)) = 0 for a general S C H with
#(S) = 4 (Lemma 4). Set A := Upes20. We have h°(H,Zang(3)) = 0. Hence
hO(H, Iy, uanm)(4)) = 0 for a general line L C H. Therefore h°(Zyurua(4)) = 0.

(ix) Assume (t,a) = (4,4). Let Y C P3 be a general union of two lines. We
have h'(Zy(2)) = 0 and h°(Zy) = 0 and hence hi(Zyys,(2)) =0, i = 0,1. We
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have h'(Q,Zgna,(4,2)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2])
and hence we get hO(Q,IQm(yUA4)(4, 2)) =0, i.e. hO(Q,IEzu(YUA)mQ(Zl)) = 0.
Hence h°(Zyyg,ua,(4)) = 0.

(x) Assume (t,a) = (5,3). Fix a general Y € Z(3,3,0). Notice that
h2(Zyus; (2)) = 0. Since h'(Q,Zasn0(4,2)) = 0, then h%(Q, Ly ua,no(4,2)) =
0. Hence h°(Q, L, (yuas)ng(4)) = 0. Hence h°(Zyup,uas(4)) = 0.

(xi) Assume (t,a) = (6,2). Fix a general Y € Z(S,S,O) Notice that
RO (Zy s, (2 )) = 0. We have hl(Q,I ,n0(4,1)) = 0. Hence h%(Q, YUAS)QQ(ZL 1))

= 0, ie h%(Q,Zp,u(vuayng(4)) = 0. Hence h°(Tyupyua,(4)) =

Proposition 3. Fiz a general X € Z(3,t,a).
(a) If (t, ) € {(1,12),(2,11),(3,9), (4,8), (5,6), (6,5), (7, 3), (8,2), (9,0)},
then h'(Zx(5)) = 0 and h°(Zx(5)) = 56 — 6t — 4a.
(b) If (t,a) € {(1,13),(3,10), (5,7),(7,4),(9,1)}, then h®(Zx(5)) = 0.

Proof. The case (t,a) = (9,0) is true by [18]. Let Q C P? be a smooth quadric
surface. Let S; C @ be a general union of x points and let £, C @ be a general
union of y lines of type (0,1). Set A, := Upes,20. Let H C P3 be a plane.

(i) Assume (t,a) = (e,13 —e) with e = 1,2. Fix a general Y € Z(3,e,4)
and a general S U S" C H such that §(S) =6, §(S') =3 —eand SNS =
Set A := Upes20, B := Upeg20 and B’ := BN H. Since h'(H,Zsng(5)) =
0 by the Alexander-Hirschowitz theorem, we have hi(IS/U((yU Anm)(5) = 0,
i = 0,1. By the Differential Horace Lemma (Lemma 2) to prove that a general
union W of Y U A and 3 — e 2-points satisfies h'(Zy(5)) = 0 it is sufficient
to prove h'(Zyusup(4)) = 0. We have h%(Zy(3)) = 0 by Lemma 1. There-
fore Lemma 4 shows that it is sufficient to prove that h'(Zy_p/(4)) = 0. We
have h'(H,Zpynm)(4)) = 0, because §(B'req) < 3 and Y N H is general
union of e points of H. Since h!'(Zy(3)) = 0, the Castelnuovo’s sequence gives
Y (Zyup (4)) = 0.

(ii) Assume (t,a) = (3,9). Let S C H be a general subset with §(5) = 6.
Set A := Upes20. Fix a general Y € Z(3,3,3). We have h'(Zy(4)) = 0,
e.g., by the case (t,a) = (3,3) of Proposition 2. Since h°(Zy(3)) = 0 by
the case (t,a) = (3,2) of Proposition 1, Lemma 4 gives h'(Zyyus(4)) = 0.
We have h'(H,Zang(5)) = 0 by the Alexander-Hirschowitz theorem and so
hi(H, Ziyuanu(®d)) = 0, i = 0,1. The Castelnuovo’s sequence gives
hY(Zyya(5)) = 0.

(iii) Assume (¢,a) = (4,8). Fix a general S C H such that #(S) = 4 and
a general line L C H. Fix a general Y € Z(3,3,4). We have h'(Zy(4)) = 0
(case (t,a) = (3,5) of Proposition 3) and h°(Zy (3)) = 0 (Proposition 1). Hence
R (Zyus(4)) = 0,4 = 0,1. We have h'(H,Zang(4)) = 0 by the Alexander-
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Hirschowitz theorem. Hence hi(H, Zruvuaynm)(5)) = 0. The Castelnuovo’s se-
quence gives h*(Zyyurua(b)) =0, 1 =0, 1.

(iv) Assume (t,a) = (5,6). Fix a general Y € Z(3,2,2). We have h!(Zy (3))
= 0 (Proposition 1) and h%(Zy (1)) = 0. Hence h!(Zyyus,(3)) = 0 (Lemma 4).
Since (YU A4)NQ is a general union of four 2-points of @ and 4 points, we have
Q. Zryuanng(5,2)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]).
Hence h'(Q, Z(yua,uEs)no(5)) = 0. Hence h' (Zyua,ug; (5)) = 0.

(v) Assume (t,a) = (6,5). Fix a general Y € Z(3,3,1). We have h!(Zy (3))
= 0 (Lemma 1) and h°(Zy (1)) = 0. Hence h*(Zyus, (3)) = 0,7 = 0,1 (Lemma 4).
Since (Y UA4)NQ is a general union of four 2-points of @) and 6 points, we have
hi(Q,I(yUA4)mQ(5, 2)) = 0,4 =0,1 ([20, Propositions 4.1 and 5.2 and Theorem
7.2]). Hence h'(Q, Ziyyua,ums)no(5)) = 0, i = 0,1. Hence h'(Zyua,urs(5)) = 0,
i=0,1.

(vi) Assume (t,a) = (7,3). Fix a general Y € Z(3,4,1). We have h!(Zy (3))
= 0 (Proposition 1) and h*((Q, Zyua,)ng(5,2)) = 0 ([20, Propositions 4.1 and
5.2 and Theorem 7.2]). We get h'(ZyUg,ua5(5)) = 0 and so h®(ZyUp,ua,(5)) =
2.

(vii) Assume (¢,a) = (8,2). Fix a general Y € Z(3,3,2). We have hi(Zy (3))
=0,7=0,1 (Proposition 1). Since Y N(Q is a general union of 6 points, we have
W (Zigryyues(5)) = 0, i = 0, 1. Therefore h'(Zyyug,(5)) = 0.

(viii) Assume (t,a) = (1,13). Fix a general Y € Z(3,1,1). Since h!(Zy (3))
= 0 and h%(Zy (1)) = 0, we have h*(Zyys,,(3)) = 0, i = 0,1 (Lemma 4). Since
h(Q,Zgna,(5)) = 0,4 = 0,1, ([20, Propositions 4.1 and 5.2 and Theorem 7.2]),
we have h(Q, Zon(yuay,)(5)) = 0. Therefore h°(Zyyua,,(5)) = 0.

(ix) Assume (t,a) = (3,10). Fix a general Y’ € Z(3,3,0). Since h!(Zy (3))
0 and h%(Zy (1)) = 0, we have h®(Zys,,(3)) = 0. Since hl(Q,IAwmQ(5)) =
(120, Propositions 4.1 and 5.2 and Theorem 7.2]), we have h'(Q, Zon(yuay,) (5)
0, i =0,1. Hence h°(Zyua,, (5)) = 0.

(x) Assume (t,a) = (5,7). Fix a general Y € Z(3,3,1). Since h'(Zy(3)) =
0 (Proposition 3) (i.e. h%(Zy (3)) = 4) and h°(Zy (1)) = 0, we have h®(Zy s, (3)) =
0 (Lemma 4). Since h'(Q, Zonae(5,3)) = 0 ([20]), we have h'(Zgnyuae) (5, 3)) =
0, i = 0, 1. Therefore h*(Zgnup, (5)) = 0. Hence h°(Zyug,uaq(5)) = 0.

(xi) Assume (t,a) = (7,4). Fix a general Y € Z(3,3,2). Since hi(Zy(3)) =
0,7 = 0,1 (Proposition 3), we have h?(Zy s, (3)) = 0. Since h'(Q, Za,no(5,1)) =
0, we have h'(Zgn(yua,)(3)) = 0. Therefore h°(Q, Zg,(vuay)(5)) = 0 and so
hO(IYUEQUAz (5)) =0.

(xii) Assume (¢,a) = (9,1). Fix a general Y € Z(3,5,0). We have h*(Zy (3
=0, =0,1. Since h'(Q,Za,nq(5,1)) = 0, we have h°(Q, Zg, on(vua)(5)) =
0 and so h®(Zyug,ua, (5)) = 0. QED

o

~—
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Lemma 7. Fiz a line L C Q and take a general union S’ C L of 4 points
of L. Fiz a general S C Q with §(S) = 4. Take a general W € Z(3,3,3). Then

ht (Zwusus (4)) = 0.

Proof. Since h°(Zy/(2)) = 0 and S is general in Q, it is sufficient to prove
hY(Zywus (4)) = 0 (Lemma 4). It is sufficient to prove that h'(Zyyr(4)) = 0.
This is the case (¢,a) = (4, 3) of Proposition 2. QED

Lemma 8. Let (t,a) be one of the following pairs: (9,5), (8,7), (w,z) (w >
9,2 > 6), (10,4). Fiz a general X € Z(3,t,a). Then either h'(Zx(6)) = 0 or
h(Zx(6)) = 0.

Proof. We have (g) = 84. In all cases we will take integers x > 0 and y such
that 2t 4 5x + 3y is near to 49, y < a and y is as large as possible. In all cases we
will have o < t. Let Y C P3 be a general union of ¢t — z lines and a — y 2-points.
Fix a general S C P3 such that #(S) = y and set A := Upecs20. Let E C Q be
a general union of z lines of type (0,1). We always use Y UF U A € Z(3,t,a).

First assume (¢, a) = (9,5). Take (z,y) = (5,2). We have h' (Q,Z4nq(6,1)) =
0 and hence h'(Q, Ly ruang(6)) = 0. We have h?(Zy(2)) = 0 (obvious) and
h'(Zy(4)) = 0 (Proposition 2). Hence h'(Zy_s(4)) = 0 (Lemma 4). Hence
Y (Zyupua(6)) = 0.

Now assume (t,a) = (w,z), with z > 6 and w > 9. Take a general M €
Z(3,9,5). We proved that h°(Zy;(6)) = 1. Hence h°(Zp;up(6)) = 0 if B contains
either a general line or a general 2-point.

Now assume (t,a) = (10,4). We take (z,y) = (4,3). We have h!(Zanq(6,2)
= 0 and hence h'(Q,Zyupuang(6)) = 0, i = 0,1. We have h%(Zy(2))
(obvious) and h!'(Zy(4)) = 0 (Lemma 2). Hence h'(Zy s(4)) = 0, i =
(Lemma 4). Hence h'(Zyypua(6)) =0, i =0, 1.

Now assume (t,a) = (8,7). Let L C @ be a general line of type (1,0) and
F C Q a general union of 4 lines of type (0,1). Set S" := FNL and T := Upe g 20.
Notice that E U L UT is a flat limit of a family of disjoint unions of 5 lines of
P3. Let W C P3 be a general union of 3 lines and 3 2-points. Take y = 4. Set
M :=WULUFUTUA. We have M € Z(3,8,7) and Resg(M) =WUSUS".
We have h°(Zy/(2)) = 0 (obvious) and h'(Zy(4)) = 0 (Lemma 2). We have
R (Zwusus'(4)) = 0 (Lemma 7). Hence h*(Zp(6)) =0, i =0, 1. QED

,2))
=0
0,1

Proposition 4. Fix integers a > 0, t > 0 and k > 3 such that (k + 1)t +
da+ 3k < (kgg) Let X C P3 be a general union of t lines and a 2-points of P3.
Then h'(Zx(k)) = 0.

Proof. Increasing if necessary a we may assume that (k+1)t+4a+3k > (k;r:%) -3.
By [18] we may assume a > 0. By the Alexander-Hirschowitz theorem we may
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assume t > 0 at least if & > 4. Fix a smooth quadric surface Q C P3. The
cases with k = 3,4, 5 are true by Propositions 1, 2 and 3. Hence we may assume
k > 6.

(a) Assume k = 6. We have 61 < 7t + 4a < 66. Hence

(t,a) € {(1,14),(2,13),(3,11),(4,9), (5,7),(6,6), (7,4), (8,2)}.

First assume a < 8 and ¢t < 7. We specialize X to X' = Y1UZ with Y the union of
t distinct lines of type (1,0) on Q. Since t < 7, we have h'(Q,Zy (6)) = 0. Since
a < 8, we have h'(Zz(4)) = 0 by the Alexander-Hirschowitz theorem. Hence
h'(Zx:(6)) = 0 by the Castelnuovo’s sequence. Now assume (t,a) = (8,2). We
specialize only 7 lines inside Q. We only need to use that h*(Zrz(4)) = 0 if L
is a line and Z is a general union of two 2-points. Now assume a > 9. We have
2t+3a < 49. We specialize X to Y U Z with Y a a general union of ¢ lines and Z
a general union of 9 2-points with support on Q. We have h'(Q,Zonz(6)) = 0
([20, Propositions 4.1 and 5.2 and Theorem 7.2]). Since 2t + 3a < h%(Q, Og(6))
and Y NQ is a general union of 2t points, we get h' (Q, Zyuz)ng(6)) = 0. By the
Castelnuovo’s sequence it is sufficient to prove h'(Zy_s(4)) = 0, where S is a
general union of a points of . Hence it is sufficient to prove that h'(Zy (4)) =0
and that h?(Zy(2)) < h%(Zy(4)) — a. This is true, because Y has maximal rank
by [18].

(b) Now assume k > 6 and that the result is true for the integers k' = k—2.
Recall that (k + 1)t 4 4a + 3k > (k-§3) — 3. Set u:= [((k+1)* — 2t)/3]. Since
t <(k+3)(k+2)/6 and k > 7, we have v > 4. Assume for the moment a > u.
We specialize X to X' =Y U Z' U Z with Y U Z" a general union of ¢ lines and
a — u 2-points and Z a general union of u 2-points of ) with support in Q.
We have h'(Q,Zznq(k)) = 0 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]).
Since Y N @ is the union of 2¢ general points of @ and 2t + 3u < (k + 1)2, we
have h'(Q,Zgnx'(k)) = 0. We have Resg(X') =Y UZ'U S, where S := Z,.cq is
a general union of u points of Q). By the Castelnuovo’s sequence it is sufficient
to prove that h'(Zyyzus(k —2)) = 0. Since (k + 1)t + 4a + 3k < (k§3) and
2t +3u > (k+ 1) — 2, we have (k — 1)t +4(a —u) + u + 3k — 2 < (k'gl)
Since u > 4, we get (k — 1)t +4(a —u) +3(k — 2) < (k;rl) Hence the inductive
assumption gives hl(Zyyz (k — 2)) = 0. Assume h'(Zyyzus(k — 2)) > 0. Let
u' < u be the first integer such that h*(Zyuzus (k — 2)) > 0 for some S’ C S
with #(S") = «/. Fix P € S’ and set S” = S’ \ {P}. By the minimality of
the integer u’ we have hl(IyUzlugll(k —2)) = 0 and hO(IyUzlugll(k —-2)) =
hO(Zyzus (k—2)). Since P is a general point of Q, we get that [Zyy 7 g7 (k—2)|
has @ in its base locus. Since no irreducible component of (Y UZ’),..q is contained
in Q, we get h%(Zyyzusi(k — 2)) = h®(Zyuz (k — 4)). Since v/ < u, we get
hO(ZyUZ/(]{:—Q))—u—i-l < hO(IyUZ/(k—4)). Since hl(IyUZ/(k—Q)) = 0, we have
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W (Zyuz (k—2)) = (F&') = (k—1)t—4(a—wu). Since (k—1)t+4(a—u)+u+3k—2 <
(*11), we get hO(Zyyuz (k —4)) > 3k — 2. Since (k + 1)t +4a + 3k > (*1%) — 3
and (k+1)2 =2 <2t + 3u < (k+ 1)%, we get h'(Zyuz/(k —4)) > 0. Since YV
has maximal rank by [18], we get Z' # () and (k — 3)t < (kgl) — 3k + 2. Since
k —4 > 3, we may use the inductive assumption for the integer &' := k — 4. Let
v be the maximal integer such that v < a —w and (k — 3)t +4v + 3(k —4) <
(kgl) Assume for the moment v > 0 and take a union Z” of v connected
components of Z’. The inductive assumption gives h!(Zyz~(k —4)) = 0. Since
hY(Zyyz (k — 4)) > 0 we get v < a — u. Hence the maximality property of the
integer v gives (k — 3)t +4v +3(k —4) > (kgl) — 3. Since h(Zy zn(k —4)) =
0, we get hO((Zyuzr(k —4)) < 3(k —4) +3 < 3k — 2. Since 2’ D Z" and
RO (Zyz (k — 4)) > 3k — 2, we get a contradiction. If v < 0 we get the same
contradiction taking Y instead of Y U Z”. QED

Proposition 5. Fiz integersa > 0,t >0, k > 3 and e such that 0 < e <k,
and (2k+1)e + (k+ 1)t +4a + 5k < (kg?’) Let X C P2 be a general union of t
lines, e reducible conics and a 2-points of P3. Then h'(Zx(k)) = 0.

Proof. If e = 0, then we may apply Proposition 4. Hence we may assume e >
0. In particular we get k # 3. Since (2k + 2)e + (k + 1)t < (k;rg), we may
assume a > 0 by part (a) of Lemma 3. Increasing if necessary a we may assume
(kjgg) -3 < (2k+ e+ (k+ 1)t +4a+ 5k < (k;r:s) Assume k = 4. Hence
e =a =1 and t = 0. This case is obvious. Let Q C P3 be a smooth quadric
surface.

(a) Assume k = 5. We have 28 < 1le + 6t + 4a < 31. The triples (¢,e,a)
are the following ones (0,2,2), (2,1,2), (1,1,3). Fix a plane H C P3 and a
reducible conic T' C H. First assume (¢, e,a) = (0,2,2). Let S C H be a general
subset with #(S) = 2. Set A := Upes20. Let Y C P? be a general reducible
conic. Since h!(Zy(x)) = 0, x = 3,4, we have h'(Zyyus(4)) = 0 by Lemma 4.
We have hl(H,I(yUTuA)mH(E))) = 0, because hl(H,I(TuA)ﬁH(?))) = 0. Hence
h'(Zyua(5)) = 0. Now assume (t,e,a) = (2,1,2). Let Y1 C P? be a general
union of two lines. Since h'(Zy,us(4)) = 0, we get h'(Zy,ua(5)) = 0. Now
assume (t,e,a) = (1,1,3). Let Y’ C P? be a general union of a line and a
2-point. Since h'(Zy:(x)) = 0, x = 3,4 (e.g., by Proposition 4)), we first get
hY(Zyus(4)) = 0 and then h'(Zy:4(5)) = 0.

(b) Assume k& = 6. We have e > 0 and 53 < 13e + 7t + 4a < 56. Hence
e < 4. Let E C @ be a union of e distinct lines of type (0,1). For each integer
x > 0let E, C @ be a general union of z lines of type (0,1). First assume
e+t >5. Fix ageneral Y € Z(3,e +t — 5,a) and write Y = Y/ UY” with
Y" e Z(3,2¢+t—>5,a) and Y’ € Z(3,¢e,0). Since Y N Q is a general union of
4e + 2t — 10 > e points of Q we may find F with Y’ U E a disjoint union of e
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reducible conics, ENY” = (). We have h!(Zy (4)) = 0 by Proposition 2, because
5(e+t—>5)+4a <56 —35—2(e+t—5). We claim that h'(Zyupup,_, (6)) = 0.
The claim would prove Proposition 5 in this case. Since h!'(Zy(4)) = 0, it is
sufficient to prove hl(Q,IEuEkeU(yﬁQ) (6)) = 0. Since each line of Y meets
E, YN (Q\ E) is the union, B, of e + 2(t — 5 + €) = 3e + 2t — 10 general
points of ) and some points of E. To prove the claim it is sufficient to prove
that h'(Q,Zg(6,1)) = 0. Since B is general, it is sufficient to have #(B) < 14,
which is true. Now assume e + ¢ < 4. Set b := min{a,6} if e +¢ =4, b := 6 if
(e,t) = (3,0) and b := min{a, 9} in all other cases. Fix a general Y’ € Z(3,¢,0),
a general U € Z(3,0,a — b) and a general S C @ such that §(S) = b. Set
A = Upes20. We may assume that each line of E contains a point of Y/ N Q
so that Y/ U E is a disjoint union of e reducible conics. The set Y/ N (Q \ E)
is a general union of e points of (). To prove Proposition 5 in these cases it
is sufficient to prove that h'(Zy:uyuaug, (6)) = 0. We have h'(Zyyy(4)) = 0
(Proposition 2) and h®(Zyn,4(4)) > h°(Zy,u(2))+b. Hence b (Zyuyus(4)) = 0.
Therefore it is sufficient to prove that h! (Q,Zyn(@\E)u(an@) (6,6 —e — 1)) = 0.
We have h'(Q,Zang(6,6 — e —t)), because 3b < 7(7 — e — t) and, if e + t = 4,
then #(S) < 6 ([20, Propositions 4.1 and 5.2 and Theorem 7.2]). Therefore it is
sufficient to check that e +3b < 7(7 —e —t), i.e. 8¢ + 7t + 3b < 49. This is true,
because 13e + 7t +4a < 56, ¢ >0, b<a and e+t < 4.

(c¢) From now on we assume k > 7 and that Proposition 5 is true for the
integers k — 2 and k — 4. Increasing if necessary a we reduce to the case

(k_;g)—5k—3§(2k+1)e+(kz+1)t+4a§ <k;3> 5k (5)

Let Q C P? be a smooth quadric surface. Set € := max{0,e — k + 2}. Hence
0 <e<2and eithere=0o0r e —e=Fk—2. Since (2k + 1)e+ (k+ 1)t < (kérg),
we have 4(e —¢€) +2t < (k+1)(k+ 1 —¢€). Let X; C @ be a general union of of
e lines of type (0,1). Set b := min{|((k+ 1)(k+ 1 —€) —4(e —€) — 2t)/3],a}.
Since k + 1 — € > 3, we have h'(Q,Zp(k + 1,k + 1 —¢€)) = 0 for a general union
B C @ of b 2-points of @ ([20, Propositions 4.1 and 5.2 and Theorem 7.2]). Set
S := By.q. The set S is a general union of b points of Q. Let A C P3 be the
union of b 2-points with S as its support. Notice that Q@ N A = B (as schemes)
and Resg(A) = S.

(c1) Here we assume b = [((k+ 1)(k+ 1 —¢€) —4(e —€) — 2t)/3]. Let
Y C P3 be a general union of a — b 2-points, e — e reducible conics, ¢ lines,
€ lines, each of them intersecting one of the components of Xy, so that Y U
X1 U A is a digjoint union of e reducible conics, ¢ lines and a 2-points. Set
W :=Y UX; UA. By the semicontinuity theorem for cohomology it is sufficient
to prove that h'(Zy (k)) = 0. We have Resg(W) =Y U S. The scheme W N Q
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is the disjoint union of X, B and 4(e — €) + 2t general points of @. Since
RYQ,Zp(k+1,k+1—¢€) =0and 3b+4(e —¢) +2t < (k+1)(k+1—¢),
we have h'(Q,Zwng(k)) = 0. By the Castelnuovo’s sequence it is sufficient
to prove that h'(Zyus(k — 2)) = 0. Since X is a general union of two lines
of type (0,1) of @ and every line of P? meets ), Y may be considered as a
general union of @ — b 2-points, ¢ + € lines and e — € reducible conics. We have
RO (Oyus(k—2)) = h°(Ow (k)) —3b—4(e — €) — ke, because for all z > 0 we have
hY(Og(z)) = 2x+1if E is a reducible conic and h°(Og(z)) = x+1 if F is a line.
Since (k+1)(k+1—¢)—4(e—e)—2t > (k+1)2—2and (*{%) - (&) = (k+1)?,
we get ("11) — B0(Oyus(k —2)) > (F£%) — hO(Ow (k)) — 2 > 5k — 2. Since V'
is a general union of e — € reducible conics, t + € lines and a — b 2-points and
RO (Oy (k—2))+5(k—2) < (k;’rl), the inductive assumption gives h!'(Zy (k—2)) =
0. We also have h?(Zy (k—2)) > #(S) + 5k — 2. Hence if either h%(Zy (k—4)) =0
or h%(Zy (k —2)) > #(S) + h°(Zy (k — 4)), then we may apply Lemma 4. Assume
hO(Zy (k—4)) > 0. We have h%(Oy (k—2)) — h%(Oy (k—4)) = 4(e —€) + 2(t +¢),
while (kgl) - (kgl) = (k—1)2. However, we cannot claim that h'(Zy (k—4)) = 0,
because we cannot claim that h®(Oy (k—4)) +5(k —4) < (kgl) Assume for the
moment hY(Oy (k —4)) + 5(k — 4) > (kgl) Take E C Y with E a union of all
2-points of Y, all degree 1 connected components of Y, some of the reducible
conics of Y, at least one the components of each reducible conic of Y so that
E is minimal with the property that h°(Og(k — 4)) > (kgl) —5(k —4). Set
x = deg(Y) —deg(E). First assume h?(Og(k—4)) = (kgl) —5(k—4). In this case
the inductive assumption gives h!(Zg(k—4)) = 0. Hence h®(Zg(k—4)) = 5(k—4).
Each line contained in Y, but not contained in £ may be considered as a general
line intersecting one of the lines of E. Hence this line may contain a general point
of P3. Hence h°(Zy (k — 4)) < max{0, h°(Zg(k — 4)) — 2} = 5(k — 4) — z. Since
RO(Zy (k—2)) > #(S) +5k—2, we get h!(Zyus(k—2)) = 0 in this case by Lemma
4. Now assume h°(Op(k—4)) > (kgl) —5(k—4). The scheme E C Y is minimal,
either because it contains no reducible conic or because it contains at least one
reducible conic, but h%(Op(k —4)) < (k;’rl) —5(k—4)+ (k—5). Assume that E
contains at least one conic, but h°(Og(k —4)) < (kgl) —5(k—4)+ (k—5). Let
F' C E be obtained from F taking only one component of one of the conics of E.
We have h%(Op(k—4)) = h2(Op(k—4))—(k—4) < (k;rl) —5(k—4) and hence we
may apply the inductive assumption to F' (with a separate analysis of the case
k = 6) and get h(Zy (k—4)) < —x—1+h%(Zp(k—4)) < 5(k—4)+(k—5)—z—1.
Now assume that E is maximal, because it contains no reducible conic, i.e. Y
is the union of £ and e — ¢ suitable lines. If h0(Op(k — 4)) < (*3') — 3(k — 4),
then Proposition 4 gives h'(Zg(k — 4)) = 0. Now assume h°(Og(k — 4)) >
(k_l) —3(k—4). Let G C Y the union of all of the 2-points of E and of some of

3
the lines of E with deg(G) maximal among all subschemes with h?(Og(k—4)) <
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(kgl) 3(k — 4). The maximality of G gives h°(Og(k —4)) > ( ) A(k—4).
Proposition 4 gives h'(Zg(k — 4)) = 0 and hence h°(Zg(k — )) < 4(k — 4).
Since h?(Zy (k —4)) < h®(Zg(k —4)) and h®(Zy (k — 2)) > #(S) + 5k — 2, we get
hY(Zyyus(k — 2)) = 0 by Lemma 4.

(c2) Here we assume b < |((k+1)(k+1—¢)—4(e—e€)—2t)/3]. Hence b = a
in this case. Since e < k and 3b < (k+1)2—4e—2t, the first inequality in (5) gives
t > k—1 (otherwise one has to adapt the definition of f below). Let f be maximal
integer such that 0 < f < k—1—eand 44+2(t—f)+3b < (k+1)(k+1—e—f). Let
E C @ be a general union of f+ ¢ lines of type (0,1). In this step we take as Y a
general union of e reducible conics and ¢’ :=t — f — ¢ lines. Set W :=YUAUE.
Since k — (f +€) > 0 and e > 0, we have h'(Q,Ziyngupur(k)) = 0 ([20,
Propositions 4.1 and 5.2 and Theorem 7.2]). Since Resg(W) = Y U S, it is
sufficient to prove h!(Zyys(k —2)) = 0. Y is a general union of ¢ lines and e
conics. We first check that (t'+e)(k—1) < (k+3) We have (k;r?’) —hO(Ow(k)) =
(31 = hO(Oyus(k—2)) +6, where § = h%(Q, Og(k)) — (k+1)(f +¢€) —3b—4e—
2(t — f —€). We have h%(Og(k)) = (k +1)? = (k+3) (k?;l) The maximality
of the integer f gives the inequality 6 < 3k + 2. Hence h%(Oyyus(k — 2)) <
(k?;l) — 5k + 3k + 2 > e. Part (a) of Lemma 3 gives h'(Zy (k — 2)) = 0. Since
hO(Oyus(k—2)) < (M4 — 5k + 3k + 2, we have h(Zy (k — 2)) > #(S) + 2k — 2.
By Lemma 4 to prove that h'(Zyys(k — 2)) = 0 it is sufficient to prove the
inequality h%(Zy (k — 4)) < h%(Zy (k — 2)) — #(S). Lemma 3 gives that either
h(Zy (k—4)) < eor h'(Zy (k—4)) < e. Since e < k, h°(Ty (k—2)) > #(S)+2k—2,

(kgl) - (kgl) = (k—1)% and h%(Oy (k — 2)) — h%(Oy (k — 4)) = 2t' + 4e, we are
done. QED
4 P

In this section we handle the case r = 4. Let H C P* be a hyperplane.

Lemma 9. Fiz a hyperplane H C P4, O € H, a general Y € Z(4,1,0) and
a general P € P4, Set B :=20 N H. Then h'(Zyyp2p(2)) = 0.

Proof. Let £ : P*\ {P} — P? denote the linear projection from P. For general
P,Y, O, the scheme (Y U B’) is a general element of Z(3,1,1). Therefore we
have h! (P?, Zyyupy(2)) = 0, ie. hO(P?, Zyyupy(2)) = 3. Since [Zyupruzp(2)] is
the set of all quadrics cones containing Y U B’ and with vertex containing P,
we get hO(IyUB/UQP(Q)) = 3, i.e. hl(IyUB/UQP(2)) = 0.

Lemma 10. Fix integerst > 0, a > 0 such that (t,a) # (0,7). Fiz a general
X € Z(4,t,a). Then either h°(Zx(3)) =0 or h'(Zx(3)) = 0.
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Proof. All cases with a = 0 are true by [18]. Hence we may assume a > 0.
Among the X’s with h°(Ox(3)) = 4t + 5a < (D = 35 it is sufficient to check
the pairs (¢,a) € {(1,6),(5,3)}. Among the pairs (t,a) with 4¢ 4+ 5a > 35 it
is sufficient to check the pairs (¢,a) € {(0,8),(1,7)}. All cases with ¢t = 0 are
covered by the Alexander-Hirschowitz theorem, because we excluded the case
(t,a) =(0,7).

We need to check all pairs (¢,a) with a > 0, ¢ > 0, and 32 < 4t 4+ 5a < 38.
We may also exclude all cases with 4¢ 4+ 5a > 37 and ¢ > 0, because any two
general points of P are contained in a line and hence to prove the case (¢,a) it is
sufficient to check the case (¢',a’) = (t—1,a). Hence (t, a) is one of the following
pairs (7,1), (6,2), (5,3), (4,4), (3,4), (2,5). All cases with either a > 9 or a = 8
and t > 0 or a =7 and t # 1 are obvious and the remaining ones are reduced
(increasing or decreasing ¢, but with a fixed a) to a case with 32 < 4t + 5a < 36
or to the case (t,a) = (2,6).

Let H C P* be a hyperplane. Let £ C H be a general union of f lines and
let S, C H be a general union of x points. Set A, := Upeg, 20.

(a) In this step we assume a = 1 and ¢ = 7. Notice that |30 — 4¢| = 2.
Let Y C P* be a general union of 4 lines. We have h!(Zyys, (2)) = 0 and
h?(Zyus, (2)) = 2. Take f = 3. Proposition 1 gives h'(Ziynmyupuanm(3)) =0,
1=0,1. Use YUEUA;,.

(b) In this step we assume a = 2 and t = 6. Let Y be a general union of 4
lines. We have h!(Zyys,(2)) = 0. Take f = 2. e h(H, Liynayueu(a:na)(3)) = 0.
Use Y U EF'U Ay and the Castelnuovo’s sequence.

(c) In this step we assume @ = 3 and t = 5. Let Y C P* be a gen-
eral union of 4 lines. Take f = 1. Since Y N H is general in H, we have
W{(H, Lty nmyueoasni) (3)) = 0, i = 0,1 (Proposition 1). We have h'(Zyuys,(2))
=0,7=0,1, by [18] and the case t = 1 of Lemma 4. Use Y U E U A3 and the
Castelnuovo’s sequence.

(d) Assume a = 4 and t € {3,4}. Take f = 0. Let Y C P* be a union of
t lines. Use Y U Ay. We have hl(H, Ziyuayna(3)) =0 and hO(I(yUA4)mH(3)) =
t — 4 (Proposition 1). We have h!(Zy s, (2)) = max{0, 11 — 3t}.

(e) Assume a = 5 and t = 2. Let Y C P* be a general union of 2 lines and
one 2-point. Use Y U A4. We have h*(Zyys,(2)) =0, = 0,1 (Lemmas 1 and 4).
We have h'(H, Trhn(vuay)(3)) = 0 (Proposition 1).

(f) Assume a = 6 and ¢t = 1. Fix O € S5 and set Sy := S5 \ {O}. Set
B’ :=20NH. Fix a general Y € Z(4,1,1). We have h'(Zy_p/(2)) = 0 (Lemma
9). We have h'(H,Za,nx(3)) = 0 and hence h'(H, Ziyuanaugoy(3)) = 0. Since
h9(Zy (1)) = 0 and h°(Oyyp/(2)) = 16, Lemma 4 gives h'(Zyupus, (2)) = 0.
The Differential Horace Lemma (Lemma 2) gives that a general union W of
Y U Ay and a 2-point satisfies h!(Zy(3)) = 0.
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(g) Assume @ = 6 and t = 2. Let Y C P* a general union of two lines
and one 2-point. We have h%(Zyus; (2)) = 0 and h°(H, Iy a5)nu (3)) = 0 (even
without the two points of Y N H). QED

Lemma 11. Fiz integers a > 0 and t > 0 with (t,a) # (0,14). Fiz a general
X € Z(4,t,a). Then either h°(Tx(4)) =0 (case a +t > 14) or h'(Tx(4)) =0
(case a +t < 14).

Proof. Since (i) = 70, it would sufficient to do the case a + ¢t = 14, but the
case (t,a) = (0,14) is an exceptional case in the Alexander-Hirschowitz list (it
has h%(Zx(4)) = hY(Zx(4)) = 1 by [15], Proposition 2.1). By the Alexander-
Hirschowitz theorem all cases (0,a) with a # 14 are true. Hence it is sufficient
to do the cases with a = 14 — ¢t and 1 < t < 14. The case a = 0 is true by
[18] and hence we may assume ¢ < 13. For all (z,y) € N® let S, U S, C H
denote a general union of points with #(S;) = =, £(S;) = y and S, NS}, = 0. Set
Ag :=Uoes, 20, By = Uopes; 20 and By :=B,NH. Let B, CH,z>0,bea
general union of z lines.

(a) Assume 1 <t < 7. Define the integers u, v by the relations t+4u+v =
35, 0 < v < 3. The quadruples (¢,a,u,v) are the following ones: (1,13,8,2),
(2,12,8,1), (3,11,8,0), (4,10,7,3), (5,9,7,2), (6,8,7,1), (7,7,7,0). In all cases
we have a > u+v and u > v. Let Y C P* be a general element of Z(4,t, a—u—v).
Since v < 3 and any 3 points of P are contained in a hyperplane, Y U B,
may be considered as a general element of Z(4,t,a — u). In all cases we have
hY(Zy (3)) = h*(Zyus,(3)) = 0 by Lemma 10 (when t = 1 we have a —u—v = 3
and @ —u = 5). Lemma 5 gives h'(Zyyp; (3)) = 0, i.e. h%(Zyyup,(3)) = u. Since
obviously h%(Zy(2)) = 0, we get hi(IYuB;,uSu (3)) =0,7=0,1. Since a < 8, in
all cases we have h'(H,Za,nr(4)) = 0 by the Alexander-Hirschowitz theorem.
Hence h'(H, Thn(vua,)us, (4)) = 0. The Differential Horace Lemma for double
points (Lemma 2) gives that a general union X of YUA,, and v 2-points satisfies
h'(Zx(4)) =0,i=0,1.

(b) Assume 8 < ¢ < 13. Let f be the minimal integer such that ¢ +
A4f + 4a > 35. Set f' := t + 4f + 4a — 35. Notice that 0 < f’ < 3 and that
t—f—f ' +4a+5f = 35. The quadruple (¢,a, f, f') are the following ones:
(8,6,1,1),(9,5,2,0), (10,4, 3,3), (11, 3,3,0), (12,2,4,1), (13,1, 5,2). In all cases
we have f > f and t > f+ f'. Fix Ey C H and write Ey = Ey_p U Ep.
Let Y C P? be a general union of t — f lines, with the only restriction that
f" of the lines of ¥ meet H in a point of a different component of E, so
that Y U Ey is a disjoint union W U F of W € Z(4,t — 2f',0) and a disjoint
union F of f’ reducible conics. Let G C P* be general sundials with F =
Gred- The scheme Resy (G) is a general union of f/ +lines of P* with nilradical
supported by a point of H. Proposition 2 gives hl(H, Ig;u(A.nE)(3)) = 0, ie.
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hO(H, IEfu(AamH)(?’)) =t— f— f'. Hence h'(H, I(WuGuAa)mH(4)) =0,7=0,1.
Since f’ < 3, Lemma 6 gives h1<ZWuResH(G)(3>) = 0. Since h°(Zy(2)) = 0,
Lemma 4 gives h' (IWURGSH(G’)USa (3)) =0,7=0,1. Hence h*(Zwucua, (4)) =0,
i=0,1. Since WU A, € Z(4,t—2f',a) and G is a disjoint union of f’ sundials,
we are done. QED

Remark 3. Fix integers ¢ > 0, r > 4 and k > 4 and a > [k/r] +r — 1.
Let f be the minimal integer such that t — f + (k+ 1)f +ru/ + ' = (thf)
(i.e. such that t + kf + ru/ +0' = (Tiﬁf)) for some integers v/, v’ with v/ > 0,
0 <v' <r—1andu+v < a. There is such an integer, because a > [k/r]+r—1
and hence among the integers ru’+v’ with v/ 4+v" < a we may realize all integers
xz with 0 <z < k.

Claim : We have a —u' < |[k/r] +r — 1.
Proof of the Claim: Write k = ejr+eg with ey = |k/r| and 0 < ey < r—1.
Let u”, v” be the only integers such that 0 < v” <r—1and k(f—1)+ru”"+v" =
Ef +ru 4+, ie.
—k+ru”" +0" =rd + 0. (6)

Since f — 1 < f, the minimality of f gives that either v” < 0 or a < u” + v”.
Since v’ > 0 and v” < r — 1, we have v’ > 0. Hence a < u” + v” — 1. Since
a >+, we get v’ +0v" > +v" +1. From (6) we get that either v/ = eg+ v’
and u” =u' +e; (case v +ea<r—1)orv’ =es+v —rand v’ =u +e; +1
(case v/ +e2 > 7). Sincea <u” +v"—1,0<v" <r—land 0<v' <r—1, we
get a —u' < ey +r — 2 in the first case and a — v’ < ey +r — 1 in the second
case.

To conclude the proof of the case r = 4 of Theorem 1 it is sufficient to prove
the following result.

Proposition 6. Fix non-negative integers k,a,t such that k > 4. Let X C
P* be a general union of t lines and a 2-points. If k = 4, then assume (t,a) #
(0,14). Then either h'(Zx (k) = 0 (case (k+1)t+5a < (*1%)) or hO(Zx(k)) =0
(case (k+ 1)t + ba > (krl)).

Proof. If k = 4, then the result is true (Lemma 11). We fix an integer k > 5
and we almost use induction on k, in the sense that we use the result for the
integers ¥’ := k — 1 and ¥’ = k — 2, except that if 2 < k¥’ < 3, then we quote
Lemma 1 and Proposition 1.

(a) In this step we assume t(k + 1) + 5a < (kf). Increasing if necessary
the integer a we may assume t(k+ 1)+ 5a > (krl) —4. Set u := L((k;r?’) —t)/4]
and v := (kg“g) — t — 4u. Notice that 0 < v < 3.

Claim 1: u+4v < (kéﬂ) —tif k> 8.
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Proof of Claim 1: Assume u+4v > (k'§2) —t+1. Since 4u+v = (k;r?’) —t,
we get 15v > 4(’“}:2) — (k'gg’) — 3t + 4. Since v < 3, we get

A1+ 3t > (k+2)(k + 1)(3k — 3) /6. (7)

Since (k+1)t < (k+4)(k+3)(k+2)(k+1)/24, we get 41+ (k+4)(k+3)(k+2)/8 >
(k+2)(k+1)(k —1)/2. The last inequality is false if k£ > 8.

(al) Here we assume a > u + v.

(al.1) We check here Claim 1 (with the assumption a > u + v) for k =
5,6,7. First assume k = 5. From (7) we get ¢ > 14. Since 6t + 5a < 126,
we get a < 8. Since t +4u + v = 56 and a > u + v, we get ¢ > 24. Hence
6t > 126, a contradiction. Now assume k = 6. From (7) we get ¢ > 33. Hence
7t > 210 = (T), a contradiction. Now assume k = 7. From (7) we get ¢ > 65.
Hence 8t > 330 = ().

Let Y C P be a general union of ¢ lines and a—u—wv 2-points. Set J := YNH.
J is a general union of ¢ points of H. Fix a general S U S’ C H with §(5) = u,
#(S") =vand SNS = 0. Let A C P* (resp. A’) be the union of the 2-points of
P* with S (resp. S') as its support. Let B C H (resp. B’ C H) be the union of
the 2-points of H supported by the points of S (resp. S’). The definition of the
integers u and v gives h%(H, O pug (k) = (k+3) t.

Claim 2: We have u > v and h'(H,Z;,pus (k) =0,i=0,1.

Proof Claim 2: We have v < 3. Assume u < v and hence u < 2. We
get t > (k'§2) — 11. Since t < (kK +4)(k + 3)(k +2)/24 and k& > 5, we get a
contradiction. Since S’ is general in H and h°(H, Oy pus (k) = (ké“q’) —t, it
is sufficient to check that h'(H,Z; pus/(k)) = 0. Since k > 5, then Claim 2
follows from the Alexander-Hirschowitz theorem, because v’ > 0.

By the Differential Horace Lemma (Lemma 2) and Claim 2 to get h'(Zx (k))
= 0 it is sufficient to prove that h'(Zyysup/(k — 1)) = 0. We have (kf’) =
RO (Oyusup (k—1)) = (k+4) hY(Ox (k)). By Lemma 4 it is sufficient to prove
hl(IyUB/(k) — 1)) =0 and h0<Iy(k' )) > deg(S’U B/) + hO(Iy(k — 2)) Lemma
5 gives hY (Zyup (k—1)) < hY(Zyua(k—1)). Since 4(S) < 3, " is general in H
and any 3 points of P* are contained in a hyperplane, Y U A’ may be considered
as a general union of ¢ lines and a — u 2-points. Assuming for the moment k > 6
the inductive assumption gives that h'(Zyya (k—1)) = 0if R%(Oyua(k—1)) <
(*53). We have h%(Oyusup(k — 1)) = (*F%) — (F1) — h0(0x (k) < (*1?)
and deg(A’) = deg(B’) + v. Hence to prove that h'(Zy_p/(k — 1)) = 0 it is
sufficient to note that u > v (Claim 2). In the case £ = 5 we also need that
either t > 0 or a —u < 9; assume k = 5 and t = 0; in this case h!(Zx(k)) = 0 by
the Alexander-Hirschowitz theorem (alternatively, in this case we have a = 25,
u =19 and v = 0).

(al.2) In this step we check that h°(Zy (k — 2)) = 0.
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Claim 3: We have h®(Oy (k — 2)) > (kl'z).

Proof Claim 3: We have (1) = ("1%)+ (*3?)+ (*+?). We have h°(Oy (k—
2)) = (k—1)t+5(a—u—v). We have (k+1)t+5a > (kfl) —4 and t+4u+v = (k;rs)
Hence 2t + 8u + 2v = 2(’“?;3). Hence it is sufficient to check that 3u — 3v >
(*32) + 4, ie 4u — 40 > 2(k +2)(k + 1)/3 + 16/3. We have 4u = (*13) —t —v
and hence it is sufficient to check that 2(k+2)(k+1)/34+16/3+5v < (k;r?’) —t.
Since v < 3, it is sufficient to check that ¢t < (k+2)(k+1)(k—1)/6 —15—16/3.
We have (k + 1)((k +2)(k + 1)(k — 1)/6 — 15 — 16/3) > (*1*) for all k& > 6.
Now assume k = 5. First of all Y is a general union of ¢ lines and a — u — v
2-points. To get h%(Zy (3)) = 0 it is sufficient to have 4t + 5(a — u — v) > 35
and either t # 0 or a — u — v > 8 (Proposition 10). Hence we may assume
t < 8. Since 122 < 6+ ba < 126 and t+4u+v = 56 we get the following values
for the quadruples (¢, a, u,v): (8,14,2,0), (7,16,12, 1), (6,18,12,2), (5,19,12, 3),
(4,20,13,0), (3,21,13,1), (2,22,13,2), (1,24, 13,3). All the values for (¢,a—u—
v) gives h'(Zy(3)) = 0 by Proposition 10.

(a2) Now assume k < a < u + v. Let f be the minimal integer such that
t—f+(k+1)f+4u +0" = (k'g?)) for some integers v/, v’ with v/ > 0,0 < v <3
and u' +v' < a. There is such an integer, because a > k > 3+ |k/4| and hence
among the integers 4u’ + v’ we may realize all integers z with 0 < x < k. Since
(k+ 1)t +5a > (kf‘) — 4, we have

<’“I3>_4§k(t—f)+5a—4“'—“/§<k13>' ®)

The minimality of the integer f gives a — v < 3+ |k/4] (Remark 3). Since
a>k>34+u +|k/4], we have v’ > v’

Claim 4: We have f <t.

Proof of Claim 4: Assume f >t + 1. From the first inequality in (8) we
get (kf’) <4+ 5a—4u —v' — k. Since 5a — 5u’ < 15+ 5k/4 and v' > 0, we
get ' + 11+ k/4 > (kf’). Since 4u’ < (k'?tg), we get (k+3)(k+2)(k+1)/24+
11+ k/4 > (*1?) (false for all k > 5).

Claim 5: If k> 7, then t — f + v > 3k.

Proof of Claim 5: Assume t — f < 3k — v’ — 1. From the first inequality in
(8) we get 3k% — k — kv' +5a — 4u’ — ' > (M%) — 4. Since 5a — 5u/ < 15+ 5k/4,
we get 3k% 4+ u' — (k+ 1)v' + 15+ 5k/4 > (kf’) — 4. Since 4u’ + ' < (k;r:)’) and
v' >0, we get 3k% + (k +3)(k +2)(k +1)/24 + 5k /4 > (*1?) — 4, which is false
for all kK > 7.

Assume for the moment ¢t — f + v’ > 3k (e.g., assume k > 7). Fix a general
SUS’ C H with #(S) =/, 4(S") =" and SN S" = 0. Let E C H be a general
union of f lines. Set A := Upes20, Z := ANH, B := Upcs/20 and B’ := BNH.
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Let Y C P* be a general union of t— f lines and a—u/—v’ 2-points. As in step (al)
it is sufficient to prove that h'(H, Zyrmyusiuz (k) = 0 and b (Zyusup (k—1)) =
0. Since (Y U H) U S’ is a general union of ¢t — f + v’ > 3k points of H and
deg((Y N H)U S’ U Z) = ("£?), Proposition 4 gives h'(Zyusup (k — 1)) = 0.
We first check that h'(Zyup/(k — 1)) = 0. Since B’ C B and B’ is a union of
connected components of Y U B’, we have h'(Zyp/(k—1)) < hY(Zyyp(k —1)).
Hence to prove that h'(Zy g (k — 1)) = 0 it is sufficient to prove h'(Zy g (k —
1)) = 0. Since v’ < 3 and any 3 points of P4 are contained in a hyperplane,
Y U B may be considered as a general union of ¢ — f lines and a — v’ 2-points.
Since v’ > ' (Claim 3) and h%(Oyyp(k)) = h%(Oyusruz (k) +v' —u' = (M43 +
(kf‘) —(k+1)t—>5a, the inductive assumption (see below for the case k = 5) gives
hY(Zy,p(k—1)) = 0 and hence h'(Zy g/ (k—1)) = 0; if k = 5 we need that either
a—u <13 ort— f > 0; the latter inequality is obvious, because we assumed
t — f > 3k. Therefore h°(Zyyuz (k — 1)) > w'. Since S is general in H, to get
hY(Zyusup (k — 1)) = 0, it is sufficient to prove that either h°(Zy (k — 2)) = 0
or h%(Zy(k — 2)) < h%(Zy(k — 1)) — v’ — 40" (Lemma 4). We assume for the
moment that ¥ has maximal rank (this is true by the inductive assumption and
Proposition 10 if either £ > 6 or k = 5 and (t— f,a—u— f) # (0,7)). Hence the
inequality h%(Zy (k—2)) < h%(Zy (k—1))—u'—4v' is equivalent to t— f+u'+4v" <
(k?) Assume t— f+u' +40" > (k?f) +1. Since t— f+ (k+1)f+4u' +0" = (k?),
we get (k+1)f +3u' — 30 < (k;r2) + 1. Since a < u + v, we have f > 0. Hence
w <v' + (k2 +k+2)/2. Hence t — f + 50" + (k2 + k +2)/2 > (k'§2) + 1. Since
v <3, we get t — f > (k* — k — 90)/6, contradicting the second inequality in
(8) for all k > 7. Now assume k = 5,6. We assumed ¢ — f +u' + 40" > (k§2) +1.
Since a > v’ + ', we have 5a — 4u’ —v' > u/ + 4v’. Hence the last inequality in
(8) gives (k— 1)(t — f) + (*£?) +1 < (*1?). Since t — f > (k* — k — 90)/6, we
get a contradiction even if k = 5, 6.

(a3) Now assume a < k — 1. Since (k + 1)t + 5a > (kj1r4) — 4, we have
(k+1)t+5k—1> (krl). Let f be the minimal integer such that ¢t — f + (k +
1)f+4a > (k?;?’) Set f/:=t—f+(k+1)f+5a— (kf’) We have 0 < f/ < k-1

and

t—f—f’—i—(k—&-l)f—i—éla:(k;—?)). (9)
From (9) we get
(kl_S)—4§(k:+1)(t—f—f’)+kf’+a§<k13>. (10)

Claim 6: We have f > 0.
Proof of Claim 6: Assume f < —1, i.e. assume t — k + 4a > (k'g?’) Since



Lines and 2-points 45

a<k—1,wegett> (k3+6k*—19k+36)/6. Since k > 5, we get (k+1)t > (krl),
a contradiction.

Claim 7: We have t — f — ' > 0.

Proof of Claim 7: Since (k+ 1)t + 5a > (krl) — 4, we have f <t. Assume
t—f—f < —1.Since f' <k —1 we also get f >t — k + 2. Hence (9) gives
—1+k-2)k+1)+(k+1)t+4a < (k?;?’) Since a < k —1 and k > 5, we get
(k+1)t+5ba < (krl) — 4, a contradiction.

Claim 8: If k > 7, then t — f — ' > 3k.

Proof of Claim 8: Assume t— f— f' < 3k—1.Sincea < k—1and f' < k—1,
from the first inequality in (10) we get (kig) —4 < (k+1)(Bk—1)+k? -1,
which is false for all £k > 7.

Claim 9: Take k = 5,6 and take a pair (¢,a) for which t — f — f' <3k —1
and 0 < a < k — 1. The pair (¢;,a1) with ¢; := f and a; := a is covered by
Lemmas 3 and 8.

Proof of Claim 9: First assume k = 5. We have 122 < 6f 4+ ba < 126,
t+5f+4a— f =56 and 1 <a < 4. Since 1 < a < 4, we get that (¢,a, f, f/) is
one of the following quadruples: (17,4,5,2), (18,3,6,4), (19,2,6,1), (20,1,7,3).
The pairs (5,4), (6,3), (6,2) and (7,1) are covered by Proposition 3.

Now assume k = 6. We have 206 < 7t +5a < 210 and t +6f + 5a — f' = 84
and 1 < a < 5, the quadruple (¢, a, f, f') is one of the following quadruples:
(26,5,7,4), (27,4,7,1), (27,3,8,3), (28,2,8,0), (29,1,9,3). The pairs (7,4),
(8,3) and (9,3) are covered by Lemma 8. Fix a general S C H and set A :=
Uoes(A). Let E C H be a general union of f lines. Write £ = E; U Fy with
deg(Es) = f’ and deg(E)) = t— f— f’. We have h! (H, Zg,(anp (k) = 0 (Claims
7 and 8 and Proposition 4).

Since f' < k — 1, either h'(Zy(k — 1)) = 0 or h°(Zy(k — 1)) = 0 for a
general Y € L(4,t — f — f', f')u by Byj—1. Since h®(Oy (k — 1)) = (kf’) —a—
(*F*) — (k + 1)t — 5a), we get ' (Zy (k — 1)) = 0 and h°(Zy (k — 1)) > a. For
a general Y € L(4,t — f — ', f')g we have h°(Zy (k — 2)) < h%(Zy._,(k — 2)) =
0 ([18]). Hence h'(Zyus(k — 1)) = 0 (Lemma 4). Write Y = Y; LU Y2 with
Y1 € L(4,t — f — f',0), Yo € L(4,0, f"). Any f’ general lines of H have the
property that picking a general point of each of them we get a general union
of f’ points of H. Hence for fixed Y, S, E1 we may assume that Fy of f’ lines
of H pass through f’ general points of H. Hence we may find S, E and Y so
that h'(Zyus(k — 1)) = 0, k' (H, Zpyanu(k)) = 0, S, E1 and Y; are general,
but each line of Fs contains one of the points of Yo N H. In this case Y U E is
a disjoint union of ¢t — 2f” lines and f’ sundials. Hence Y U FU A € Z(4,t,a)’.
The Castelnuovo’s sequence gives h'(Zy rua(k)) = 0.

(b) In this step we assume t(k + 1) + 5a > (kf). Set 6 :=t(k+ 1)+ 5a —

(krl). Decreasing if necessary a we reduce to the cases in which either § < 4 or
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a=0and t(k+1) < (kfl) + k. In the latter case we have h%(Zx (k)) = 0 by [18].
Hence we may assume 1 < § < 4. We may also assume a > 0 ([18]) and ¢ > 0
(by the Alexander-Hirschowitz theorem). Since h°(Zy (k) = 5 — § for a general
W € Z(4,t,a — 1) and any 2-point contains a point, the case § = 4 follows
from the case (t,a — 1) proved in step (a). Every 2-point contains a tangent
vector. Hence in characteristic zero if h®(Zy (k) = 2, then h®(Zy20(k)) = 0
for a general O € P* ([16], [8], Lemma 1.4). Hence in characteristic zero we may
assume 0 € {1,2}. We will easily adapt step (a3) to the case t(k+1)+5a > (kf).
To adapt steps (al) and (a2) we need the following observations. In steps (al)
and (a2) we needed to prove that h'(Zyp/(k — 1)) = 0, where B’ is a general
union of v (or v') 2-points of H. In our set-up we need h°(Zy sup/(k)) = 0.
Of course, if h%(Zyp/(k — 1)) = 0, then we are done; however we always have
RO (Zyup (k — 1)) > v — 6 (case a > u + v) or h®(ZTyup/(k — 1)) > v -6
(case k < a < u+v). To get h®(Zyysum/(k)) = 0 it is sufficient to prove
that h°(Zy (k — 2)) = 0 (easy) and that h'(Zyyp/(k)) = 0 (the difficult part).
Let A" C P* the the union of the 2-points of P4 with the points B/, as their
support. We saw that it is sufficient to prove that h'(Zya/(k)) = 0. We have
RO (Oyua (k) =8 +v —u (case a > u +v) or h%(Oyyua(k)) =6 +v" — ' (case
k < a < u+w) by the inductive assumption (see below for cases k = 5,6). Hence
we introduce the integers u,v as in step (al) and if a > u + v we need to check
the following numerical condition £:

£:u>v+9.

If k < a < u+ v we introduce the integers u/,v’, f as in step (a2). We need
to check the following numerical condition £.£:

L£L:u >0 +6.

(b1) Assume k = 5. We have 127 < 6t+5a < 129. We get that (¢, a, d, u,v)
is one of the following quintuples: (2,23, 1,13,2), (3,22,2,13,1), (4,21,3,13,0),
(7,17,1,12,1), (8,16,2,12,0), (9,15,3,11,3), (12,11,1,11,0), (13,10,2,10,3),
(14,9,3,10,2), (17,5,1,9,3), (18,4,2,9,2), (19,3,3,9,1). In all cases we have
u > v+ 4d. Among the previous quintuples with 5 < a < u+wv we get the follow-
ing sextuples (¢,a, 0, f,u',v"): (13,10,2,2,8,1), (14,9,3,2,8,0), (17,5,1,5,3,2).
We always have v’ > v'+4§. We get the following pairs (f, u): (2, 8), (5, 3). Propo-
sition 3 covers these cases. Now assume 1 < a < 4, i.e. (t,a,0) = (19,3,3). We
have (t,a,0, f, ') = (19,3,3,5,0). We have t — f — f' > 0 and f > f’. The pair
(f,a') = (5,3) is covered by Proposition 3.

(b2) Assume k = 6. We have 211 < 7Tt+5a < 213. We get that (¢, a, d, u,v)
is one of the following quintuples: (2,40, 2,20, 2), (4,37,1,20,0),(5, 36, 3,19, 3),
(6,34,2,19,2), (8,31,1,19,0), (9,30,3,18,3), (11,29,2,18,1), (13,24,1,17,3),
(14,23,3,17,2), (16,22,2,17,0), (18,19, 1, 16, 2), (19,18, 3, 16, 1), (21, 15,2, 15, 3),
(23,11,1,15,1), (24,10,3,15,0), (26,8,2,14,2), (28,3,1,14,0), (29,2,3,13,3).
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The ones with a > u + v (i.e. the ones with ¢ < 19) have u > v + ¢ and
hence we may quote [18] in these cases. The quintuples with 6 < a < u + v
give the following sextuples (¢,a,d, f,u’,v"): (21,15,2,1,4,1), (23,11,1,4,9,1),
(24,10,3,9,0), (26,8,2,7,3,0). We always have v’ > v’ +§ and t — f > 18. The
latter inequality allows us to apply Proposition 4 (alternatively, use Proposi-
tion 8). The ones with 1 < a < 5, give the following quintuples: (¢, a,d, f, f'):
(28,3,1,8,4), (29,2,3,8,1), (29,2,3,8,1). In these cases we always have f > f’
and t — f — f’ > 0 and hence we may apply Lemma 2.

(b3) From now on we assume k > 7. To repeat steps (al) (case a > u+v)
or (a2) (case k < a < u+wv), we need to check the numerical conditions used in
those steps plus £ and ££.

Claim 10 Assume a < © + v. Then Claim 1 is true.

Proof of Claim 10: Since a > 0 and 6 < 4, we have (k+ 1)t < (k+4)(k+
3)(k+2)(k+1)/24. By (7) we get a contradiction if k£ > 8, while if £ = 7 we
get t > 58. Since 58 - 6 > 330 = ('), Claim 10 is true.

Claim 11: Assume a > u + v. Then £ is true

Proof of Claim 11: We have (k+ 1)t = (kgz) (k+1)—4(k+1)u—(k+1)v.
Since a > u + v, we have (k+ 1)t < (kf) — bu — 5v + 4. Hence (k?) (k+1)—
Ak + Du — (k+ v < (M1 = 5u — 50 + 6, ie. u(l —4k) +v(4 — k) — 6 <
(k+2)(k+1)(—5k® + k +12)/24. Assume u < v —1+6. Since v < 3 and § < 2,
we get —4 — 16k +8 — 2k — 2 < (k+2)(k + 1)(—5k% + k + 12) /24, which is false
for all kK > 7.

Claim 12: Assume k < a < u+v. Then ££ is true.

Proof of Claim 12: Assume v’ < v’ + ¢ — 1. Hence v/ < 6. Since a — v’ <
3+ |k/4] (Remark 3), we get |k/4] < k — 3, which is false for all k£ > 7.

(b3.1) Assume 0 < a < k — 1. In this case the proof of step (a3) works
verbatim (here we prove that h%(Zyyug(k — 1)) = 0, because h®(Zy (k — 1)) =
max{0,a — 6} and hence h°(Zy (k — 2)) = 0).

5 DP°

Lemma 12. Fiz a hyperplane H CP",r > 5, O € H and set B := 20NH.
Fiz an integer t > 0. Let X be a general element of Z(5,t,1). Then either
RO (Zxup(2)) =0 or k1 (Zxyup/(2)) = 0.

Proof. Write X = Y U 2P with Y € Z(r,t,0). Let ¢p : P"\ {P} — P" L
For general H,O,Y, P, the map ¢ sends isomorphically Y U B’ onto its image
(Y UB’) and (Y UB’) is a general element of Z(r — 1,¢,1). Lemma 1 gives
hO(Pril,Ig(yUB/(Q)) = max{(), (7"—02—1) —7"—3t} and |IYUB/U2P(2)‘ = ‘IZ(YUB’) (2)|
Therefore h%(Zx(2)) = max{0, (r;ﬂ) — hY(0x(2))}. QED
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Lemma 13. Fix integers t > 0, t' > 0. Fiz a hyperplane H C P°, a general
O € H, a general P € P and a general U € L(5,t,t")y. Set B' := 20N H
and W := U U2P U B'. Then either h®(Ty(2)) = 0 (case 3t + 4t > 10) or
RN (Zw (2)) = 0 (case 3t + 4t < 10).

Proof. Let E C P? be the image of the linear projection of U by the line /
spanned by O and P. For general O, P,U the scheme F is a general element of
L(3,t,t") and it is general (we use that P is general, so that the condition that the
nilradical of U is supported by ¢’ points of H give no restriction to E). By [6] E
has maximal rank. Since the linear system |Zopyp/(2)| is the projective space of
all quadric cones with vertex containing ¢, we have h%(Zy (2)) = h°(P3, Zr(2)).

Lemma 14. Fiz (t,a) € N?\ {(0,0)}. Fiz a general X € Z(5,t,a). Then
either h%(Zx(3)) =0 or K1 (Zx(3)) = 0.

Proof. We have (g) = 56 and (g) = 35. Set e := 56 — 4¢ — 6a. Increasing or
decreasing if necessary t it is sufficient to cover all pairs (¢,a) with —3 < e < 3.
By [18] and the Alexander-Hirschowitz theorem all cases with either ¢ = 0 or
a = 0 are true. Let H C P® be a hyperplane. Let S, C H denote a union of
general points of H. Set A, := Upeg, 20.

Assume for the moment ¢ > 0 and e € {—3,—2}. We have 56 — 4(t — 1) —
6a € {1,2}. Assume that Lemma 14 is true for the pair (¢t — 1,a) and take
Y € Z(5,t—1,a) such that h'(Zy(3)) = 0, i.e. such that h%(Zy(3)) =4 +e < 2.
Since any two points of P are contained in a line, we get h%(Zyyr(3)) = 0
for a general line L. Hence Lemma 14 is true for the pair (¢,a). Therefore it is
sufficient to prove Lemma 14 for all pairs (¢,a) witht > 0,a > 0and —1 < e < 3,
i.e. for the triples (¢,a,¢€): (2,8,0), (3,7,2), (5,6,0), (6,5,2), (8,4,0), (9,3,2),
(11,2,0), (12,1,2).

(a) Take (t,a) = (2,8). Fix a general line L C P° and a general line R C H
containing the point L N H. Let U C P5 a general sundial with L U R as its
support. Set L' := Resy(U). The scheme L’ is a general +line with L as its
support and RN L as the support of its nilradical. Fix a general P € P® and
set Y := L' U2P. Fix a general SU S C H with §(S) = 6, #(5') = 1 and
SNS" =(. Let A (resp. B) the union of the 2-points of P> with the points of
S (resp. S') as their support. Set B’ := BN H. Since h'(H,Zr,anm)(3)) = 0
(case (t,a) = (1,6) of Lemma 10), we have h'(H, Zp aumus(3)) = 0,7 =0, 1.
To prove the case (t,a) = (2,8) it is sufficient to prove that a general union
W of A, the sundial U and a general 2-point satisfies h(Zy(3)) = 0. By the
Differential Horace Lemma (Lemma 2), this is the case if h%(Zysup/(2)) = 0.
Since Y contains a 2-point, we have h%(Zy (1)) = 0. Hence by Lemma 4 it is
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sufficient to prove h'(Zyp/(2)) = 0. This is true by the case (¢,¢') = (0,1) of
Lemma 13.

(b) Take (t,a,e) = (3,7,2). Let Y C P® be a general union of 3 lines
and one 2-point. We have h'(Zy(2)) = 0 (Lemma 1), i.e. h°(Zy(2)) = 6. Since
hO(Zy (1)) = 0, we get h'(Zyus,(2)) =0, i = 0, 1. Since h'(H,Zaynu(3)) =0 by
the Alexander-Hirschowitz theorem, we have h®(H,Z4,n5(3)) = 6 and hence
W' (H, Ziysa)nn (3)) = 0. Hence h'(Zyya(3)) = 0.

(c) Take (t,a,e) = (5,6,0). Let Y C P° be a general union of 5 lines and
one 2-point. We have h(Zy(2)) = 0,i = 0,1 (Lemma 1). We have h*(H, Zany(3))
= 0 and hence k' (Zyyaynu(3)) = 0. Hence h*(Zyua(3)) =0, i = 0,1.

(d) Take (t,a,e) = (6,5,2). Let Y C P® be a general union of one
2-point and 2 lines. We have h'(Zy(2)) = 0 (Lemma 1), i.e. h%(Zy(2)) =
6 Obviously h°(Zy(1)) = 0. Hence h'(Zyys,(2)) = 0 (Lemma 4). We have
hl(H,IEgu(AmH)(S)) = 0 (Lemma 1) and hence hi(H,I(yﬂH)UE3U(A4mH)(3)) =
0, i = 0, 1. Therefore we have h!(Zyyg,ua,(3)) = 0.

(e) Take (t,a,e) = (8,4,0). Let Y C P5 be a general union of 4 lines
and 2 +lines with nilradical supported by points of H. We have h!(Zy(2)) = 0
(Lemma 6). Obviously h°(Zy (1)) = 0. Hence h'(Zyys,(2)) =0, i = 0,1 (Lemma
4). Since E3 contains two general points of H, without loss of generality we may
assume that each line of Fy contains the support of the nilradical of one of the
+lines of Y, so that Y U E5 a disjoint union of 4 lines and two sundials. We have
W (H, Zgyuasnm)(3)) = 0 (Lemma 10) and hence h'(H, Ziynmyug,uana) (3) =
0. Therefore h*(Zya,uE,(3)) = 0. Since Y U A4 U By is a disjoint union of an
element of Z(5,4,4) and two sundials, we are done.

(f) Take (t,a,e) = (9,3,2). Let Y C P° be a general union of one 2-point
and 4 lines. We have h'(Zy(2)) = 0 (Lemma 1) and hence h'(Zyyg,(2)) = 0.
We have h'(H, Zg,a5nm)(3)) = 0 (Lemma 10). Hence h'(Za,upsuy (3)) = 0.

(g) Take (t,a,€) = (11,2,0). We have h'(H,Z 4,nm)uE;(3)) = 0 (Lemma
10). Fix a general Y € L(5,5,1)y. We have h'(Zy(2)) = 0 (Lemma 6). Ob-
viously h%(Zy,,,(1)) = 0. Hence h*(Zyyus,(2)) = 0, i = 0,1 (Lemma 4). Since
FEj3 is general, we may assume that D N H is a point of E. Therefore we have
hl(H,I(YmH)UE5U(AmH)(3)) = 0, 1= O, 1. Hence hZ(IYUAuE4(3)) = 0, 1= 0, 1.
Since Y U AU Ej is a disjoint union of an element of Z(5,9,2) and a sundial,
we are done.

(h) Take (t,a,e) = (12,1,2). Let Y C P° be a general union of 5 lines and
one 2-point. We have hi(Zy(3)) = 0, i = 0,1. We have h'(H,Zg.(3)) = 0 and
hence h! (H,Zrynmyur, (3) = 0. Hence Y (Zy g, (3)) = 0. QED

Lemma 15. Fiz anyt,a and a general X € Z(5,t,a). Then either h°(Zx (4))
=0 or h1(Zx(4)) = 0.
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Proof. We have (g) = 126 and (i) = 70. Set e := 126 — 5t — 6a. For a fixed t and
any f € N define the integers u, v, uy, vy by the relations t+5u+v = 70,0 < v <
4, t+4f +bduy +vy =70, 0 < vy < 4. Increasing or decreasing if necessary t it
is sufficient to cover all pairs (¢,a) with —4 < e < 4. By [18] and the Alexander-
Hirschowitz theorem all cases with either ¢ = 0 or a = 0 are true. Assume for
the moment ¢ > 0 and e € {—4, —3}. We have 70—5(t—1) —6a € {1,2}. Assume
that Proposition 15 is true for the pair (t — 1,a) and take Y € Z(5,t — 1,a)
such that h'(Zy(4)) = 0, i.e. such that h%(Zy(4)) = 5+ e < 2. Since any
two points of P5 are contained in a line, we get h(Zy(4)) = 0 for a general
line L. Hence Lemma 15 is true for the pair (¢,a). Therefore it is sufficient
to prove Lemma 15 for all pairs (t,a) with ¢ > 0, @ > 0 and —2 < e < 4.
The quintuples (¢, a, e, u, v) are the following ones: (1, 20, 1,13,4), (2,19, 2,13, 3),
(3,18,3,13,2), (4,17,4,13,1), (4,18,-2,13,1), (5,17, —1,13,0), (6, 16,0, 12,4),
(7,15,1,12,3), (8,14,2,12,2), (9,13,3,12, 1), (10,12, 4,12,0), (10,13, -2, 12,0),
(11,12, —1,11,4), (12,11,0, 11, 3), (13,10, 1,11,2), (14,9,2,11,1), (15,8,3, 11,0),
(16,7,4,10,4), (16,8,—-2,10,4), (17,7,—1,10,3), (18,6,0, 10, 2), (19,5,1,10, 1),
(20,4,2,10,0), (21,3,3,9,4), (22,2,4,9,3), (22,3, -2,9,3), (23,2, —1,9,1).

Let H C P5 be a hyperplane. For any positive integer z let S, U Sy C H
be general subsets of H with §(S;) = z, #(S;) = y and S, N S, = 0. Set
Ay = Uoes, 20, By = (UOES;2O and B; =HnN By.

(a) Assume 1 <t < 10. In all cases we have a > u +v. Let Y C P5 be a
general union of ¢ lines and a—u—v 2-point. In all cases we have h'(Zyyp,(3)) =
0 by Lemma 14, because u > v, u > v—ecife <0andift =1,2, then a—u < 8.
Hence h'(Zyyp; (3)) = 0. In all cases we have h%(Zy(2)) = 0. Lemma 4 gives
that either hO(IYuB/UUSu(:’))) = 0 (case e < 0) or hl(IYuB!UuSu(3)) = 0 (case
e > 0). The Differential Horace Lemma (Lemma 2) gives all these cases.

(b) Assume (t,a,e) = (11,12, —1). Let Y C P° be a general union of 11
lines. We have h!(Zy(3)) = 0, h%(Zy(2)) = 0 and hence hi(Zys,,(3)) = 0. We
have h'(H,Z,,nn(4)) = 0, i.e., h%(H,Za,,nm(4)) = 10. Therefore we obtain
hO(H, Ziy G ary)nn (4)) = 0. Hence h%(Zyya,,(4)) = 0.

(c) Assume 11 < ¢t < 24 and (t,a,e) # (11,12, —1). Let f be the min-
imal integer such that t + 4f + 5a > 70. Set f’ := t + 4f + 5a — 70. The
quadruples (¢,a, e, f, f') are the following ones: (23,2, —1,10,3), (23,1,5,11,4),
(22,3,-2,9,3), (22,2,4,10,2), (21,3,3,9,2), (20,4,2,8,2), (19,5,1,7,2),
(18,6,0,6,2), (17,7,—1,5,2), (17,6,5,6,1), (16,8,-2,4,2), (16,7,4,5,1),
(15,8,3,4,1)), (14,9,2,3,1), (13,10,1,2,1), (12,11,0,1, 1), (11,11,5,1,0). In all
cases we have f/ < fandt > f+f andt—f > 5. Let Y C P® be a general union
of t— f— f' lines and f’ +lines with nilradical supported by a general point of H.
Since f > f" and Ey is a general union of f” lines of H, we may assume that each
+line of Y meets H in a line of Ey so that YUEy is a disjoint union of t—2f” lines
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and f’ sundials. In all cases we have h!(H, Tg,u(A.nm)(4)) = 0 by Proposition 7.
Since t — f — f'+5f +ug+vf = 70, we get h'(H, Liyug,ua)nu(4)) = 0,7 =0,1.
Lemma 6 gives h!(Zy(3)) = 0. Since t — f > 5, we have h?(Zy(2)) = 0 ([18]).
Lemma 4 gives that either h%(Zys,(3)) = 0 (case e < 0) or h'(Zyyus,(3)) = 0
(case e > 0). Therefore either hO(IyUEqua(k:)) =0or hl(IyUEqua(k)) = 0.
Since YU Ef U A, is a disjoint union of a 2-points, ¢t — 2’ lines and f’ sundials,
the lemma is true in these cases. QED

Proof of Theorem 1 forr =5:
By Lemmas 14 and 15 we may assume k > 5. Let H C P° be a hyperplane.
(a) In this step we assume (k 4+ 1)t + 6a < (k-g5) Set § = ("’;5) —

(k + 1)t — 6a. Increasing if necessary a we may assume that 0 < § < 5. Set
u = L((kfl) —t)/5] and v := (krl) — ¢t — 5u. Notice that 0 < v < 4. See step
(ad) for the case k = 5.

(al) Here we assume a > u + v.

Claim 1: u -+ 5v < (kf’) —t.

Proof of Claim 1: Assume u+ 5v > (kf’) —t+1. Since bu+v = (krl) —1t,
we get du —4v < (k'§3), Le.u<v+ (kér?’) /4. Since a > u+v, we have 6u+6v <
(ZgS)—af—(kH)t = ("”5“:’)—6’+(k:+1)5u+(k:+12€vz(k+l})(kf"), ie (k+1k) (-
( ;5)4—5’ < u(5k—1)+v(k—5). Hence (k+1)(*}*) —( f’) < (5k—1)( Jgrg)/4+
v(4k+4). Since v < 4, we get (k+1)(*11) — (1%) < (5k—1)(*1?) /4 +4(3k +4).
Hence (k+4)(k+3)(k+2)(k+1)k/30 < (5k—1)(k+3)(k+2)(k+1)/24+4(3k+4),
which is false for all k& > 6.

Fix a general Y € Z(5,¢,a —u—v). Fix a general SUS’ C H with §(5) = u,
8(S") =vand SNS" = 0. Let A C P" (resp. A’) be the union of the 2-points of
P" with S (resp. S’) as its support. Let B C H (resp. B’ C H) be the union of
the 2-points of H supported by the points of S (resp. S7).

Claim 2: We have u > v.

Proof Claim 2: Since bu +v = (krl) —t, Claim 2 follows from Claim 1.

Claim 3: We have h*(H, Zynmyupus (k) =0, =0, 1.

Proof of Claim 3: The definitions of the integers v and v are done to get
hO(O(YmH)UBUsI(k)) = (krl). Hence to prove Claim 3 it is sufficient to prove
that hl (H, I(YQH)UBUS’(k)) = 0. We first check that hl(H, I(YQH)UB(k)) = 0.
Since h°(Oynmup(k)) = (kj: J—v—0d < (kf‘) and Y N H is a general subset
of H with cardinality ¢, it is sufficient to prove that h'(H,Zg(k)) = 0. This is
true by the Alexander-Hirschowitz theorem. Lemma 5 gives h*(Zyup (k—1)) <
hY(Zyuar(k —1)). Since #(S’) < 4, ' is general in H and any 4 points of P° are
contained in a hyperplane, Y U A’ may be considered as a general union of ¢
lines and a —u 2-points. Let z be the maximal integer such that kz+5v < (kj[4
Since u > v (Claim 2) we have z > t. Hence we have h'(Zy_a (k — 1)) = 0 by
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the inductive assumption on k. Therefore h'(Zyp/(k—1)) = 0. By Lemma 4 to
prove Claim 3 it is sufficient to prove that h°(Zy (k — 2)) = 0. Since k > 5, the
inductive assumption on k and Lemmas 14 and 15 give that either h%(Zy (k —
2)) =0 or h'(Zy (k — 2)) = 0. Assume h*(Zy (k — 2)) = 0. By Claim 3 we have
hl(H,I(yﬂH)USUB/(k —1)) = 0. Since u > v, we have 5u + v > u + 5v. Hence
the inductive assumption on k, the relation ¢t 4+ bu + v = (krl), the theorem in
P* and the Castelnuovo’s sequence

0— Zy(k —2) = Iyusup (k — 1) = Iyusup ,a(k —1) = 0

give ' (Zyyusup (k — 1)) = 0.

(a2) Now assume |k/5] +8 < a < u + v. Let f be the minimal integer
such that £ — f + (k+1)f +5u/ + 0/ = (V1) (ie. t+ kf +5u +o' = (V%)) for
some integers u/, v’ with v/ > 0, 0 < v < 4 and v + v’ < a. There is such an
integer by Remark 3. We have

k(t—f)+6(a—u —v)+u +5 = (k;4>—5'. (11)
We have a — v’ < |k/5] + 4 (Remark 3). Since a — v’ < |k/5] + 4 and
a > |k/5] + 8, we have v’ > 4. Hence v’ > v'.

Claim 4: We have f <.

Proof of Claim 4: Assume f > t+1. We get —k+ (k+1)t+5u'+0v > (kfl)
with 0 < v’ <4 and a > ' +v'. Since ¢’ <5, (11) gives (kfl) < 54 6a—5u —
v =k, ie., 6a —bu — v > (kf‘) + k — 5. Since a — v’ < 4+ |k/5], we get
w' +2446k/54+5—k > (kfl). Hence 5u’ > 5(’“14) — k —145. Since bu’ < (kzzl)
and k > 6, we get a contradiction.

Fix a general SU S’ C H with §(5) =/, #(5') = v and SN S = . Let
E C H be a general union of f lines. Let A C P® (resp. A’) be the union of the
2-points of P° with S (resp. S’) as its support. Let B C H (resp. B’ C H) be
the union of the 2-points of H supported by the points of S (resp. S').

Claim 5: We have hl(IyUB/(k — 1)) = hl(IyUA/(k - 1)) =0.

Proof of Claim 5: Since B’ is a union of connected components of Y U B,
A’ is zero-dimensional and A’ O B’, to prove Claim 5 it is sufficient to prove
that h'(Zyua(k — 1)) = 0. Since S’ is general in H and any 4 points of P are
contained in a hyperplane, Y U A’ may be considered as a general element of
Z(5,t— f,a—u'). We have k(t— f)+6(a—u') = ("5 1) =6 —u/+0" < (*11) - &'
by (11). Hence we may use the inductive assumption on k; the case k = 5 is
done below in step (a4), but it needs the cases kK = 3 and k = 4 done in Lemmas
14 and 15.

Claim 6: We have h'(H, Tiyrnmusuanmue(k)) =0,i=0,1.
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Proof of Claim 6: Since hO(O(yﬂH)US/U(AnH)UE(k)) = (k#), YNHis
formed by ¢t — f general points of H and S’ is general, it is sufficient to use the
inductive assumption.

Since b (Zyup (k—1)) = 0 (Claim 5), we have h®(Zy g/ (k—1)) = v'+6' > u'.
As in step (al) to prove Theorem 1 in the case (a2) it is sufficient to use Claims
5 and 6 and check that h%(Zy (k —2)) = 0. We have h®(Oy (k—2)) = (k—1)(t —
f)+6(a—u —v") = (kj:l) —(t—f)—u — 50 —¢'. By the inductive assumption
either h(Zy (k — 2)) = 0 or h'(Zy (k — 2)) = 0. Hence it is sufficient to prove
that h%(Oy (k —2)) > (k;r:)’), ie.that t— f+ 0" +u +50 < (kI:S)' Assume that
t—f—1+68+u +50 > (kf’). Since t — f + 5u' + v = (krl), " > 0 and
u' >, we get —1+68 > (k'§3), contradicting the inequality 6" < 5.

(a3) Now assume a < |k/5| 4+ 7. Let f be the minimal integer such that
t—f+(k+1)f+5a> ("), Set f/ =t — f+ (k+1)f +5a— (*}*). We have
0< f <k-—1and

t—f—f’+(k+1)f+5a:(k2:4). (12)
From (12) we get
(k+1)(t—f—f’)+k:f/+a:<k;4>—5’. (13)

Claim 7: We have f > f'.

Proof of Claim 7: Assume f < f'—1. Weget t — f'+ 1+ k(f'—1)+5a >
(kf‘). Hence t+36+ (k—1)f' > (kf‘). Hence t+36+k(k—1) > (krl). Hence
(k+1)t+(k—1)(k+1)(k—1)+36(k+1) > (k+1)(*1*). Since (*%) +36(k +
D+k+Dk-1)(k-1) < (k+ 1)(kz4), we get a contradiction.

Claim 8: We have t — f — f' > 0.

Proof of Claim 8: Since (k+ 1)t + 6a > (k'§5) —5, we have f < t. Assume
t—f—f < —1.Since f' <k —1 we also get f >t — k + 2. Hence (12) gives
14+ k-2)(k+1)+ (k+1)t+5a < (krl). Since a < k — 1, k > 6, we have
~1+(k—=2)(k+1) +k+1< (**) — 6. Therefore (k + 1)t +6a < (*[*) -5, a
contradiction.

The inequalities f > f/ and t > f + f’ allows everybody to copy the proof
given in P*.

(a4) Now assume k = 5. Increasing or decreasing a we reduce to the case
6t +6a = (150) = 256 (i.e. to the cases t +a = 42), even without the assumption
“(k+1)t+6a< (k;“r’) 7. We may assume t > 0 and a > 0, i.e. 1 <t <41 and
a=42 —t.

First assume 1 < ¢ < 21. We have the following quadruples (¢,a,u,v):

(1,41,25,0), (2,40,24,4), (3,39,24,3), (4,38,24,2), (5,37,24,1), (6,36,24,0),
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(7,35,23,4),  (8,34,23,3),  (9,33,23,2),  (10,32,23,1), (11,31,23,0),
(12,30,22,4), (13,29,22,3), (14,28,22,2), (15,27,24,1), (16,26,22,0),
(17,25,21,4), (18,24,21,3), (19,23,21,2), (20,22,21,1), (21,21, 21,0).

In all cases we have a > u + v and u > v.

Now assume 22 < t < 36. Since t +5f + bu’ +v' = 126, v’ is the only integer

such that 0 < v’ <4 and v/ =126 — ¢ (mod 5), while v/ + f = (126 —t — v’) /5.
The quintuples (¢, a, f,u’,v") are the following ones:
(22,20,4,16,4), (23,19, 4, 16,3), (24, 18,4, 16,2), (25,17, 4,16, 1), (26, 16, 4, 16, 0),
(27,15,8,11,4), (28, 14,8, 11, 3), (29, 13,8, 11,2), (30,12,8,11,1), (31, 11,8, 11,0),
(32,10,12,6,4), (33,9,12,6,3), (34,8,12,6,2), (35,7,12,6,1), (36,6, 12, 6,0). We
always have t > f and u > v.

Now assume 37 < ¢t < 41. The quadruples (¢, a, f, f') are the following ones:
(37,5,13,1), (38,4, 14,2), (39,3, 15,0), (40,2,16,4), (41,1,16,0). In all cases we
have f > f'and t > f + f'.

(b) In this step we assume (k+ 1)t + (r+1)a > (k'§5). Set § := (k+ 1)t +
6a — (kf) Decreasing a if necessary we reduce to the case 6 < 5. Hence by
step (a4) we may assume k > 6. By [18] we may assume a > 0. By part (a) we
have h'(Zy (k)) = 0 (i.e. h%(Zw (k)) = 6 — §) for a general W € Z(5,t,a — 1).
Since a 2-point contains a point, we get h%(Zx (k)) = 0 if § = 5. Hence we may
assume 1 < § < 4. A general 2-point contains a general tangent vector. Hence
in characteristic zero we may even get for free the case 6 = 4. As in the case
of P* we need to check the inequalities considered in steps (al), (a2) and (a3)
and, in (al), that u > v + 4, in (a2) that v/ > o' + 4.

(bl) Assume a > u + v. Claims 1, 2, 3 are true (and easier) using —9
instead of ¢’. See step (b2) below for a proof (taking f = 0) of the inequality
u> v+ 9.

(b2) Assume |k/5] +8 < a < u + v. Claims 4 and 5 OK (and easier)
with —4 < § < —1 instead of &' < 5. As in the case of P* to get Claim 6 it
is sufficient to prove that v/ > v’ + 8. Assume v/ < v/ +§ — 1. Since v/ > 4,
we get 5 — v < 4. Let S1 C H be a general set with #(S7) = u+ 1. Set A; :=
Uoes, 20. Fix a general Y7 € Z(5,t — f,a —u — 1). It is sufficient to prove that
hY(Zy,ua,(k)) = 0. Hence it is sufficient to prove that h%(Zy,us, (k—1)) = 0 and
that h°(H,Zy,ua,)nu (k)) = 0. The latter vanishing is true by the theorem in
P4, because #(Y1)+5(uw/ +1) = t— f+5u/+5 > t— f+5u'+v' = (krl). The former
vanishing is true for the following reasons. We checked that h°(Zy, (k —2)) = 0.
Since 57 is general in H, by the inductive assumption on k it is sufficient to
prove that h9(Oy, (k — 1)) +u +1 > (k'§4). We have h(Oy, (k— 1)) +u' +1 =
(49 45— (5-) > (49)

(b3) This easy step is similar to step (a3). It is sufficient to use ¢ instead
of —¢" in (13). QED
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