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ON PROJECTIONS ON SUBSPACES OF FINITE CODIMENSION
S. ROLEWICZ

Dedicated to the memory of Professor Gottfried Kothe
Let (X,]| |) be a Banach space. Let V' be a subspace of codimension k. By A(V, X)

we shall denote the infimum of the norms of linear continuous projections mapping X onto
V:

(1) MV,X)=inf{||P||: P*=P,PX =V}
Let

(2) 2 (X) = sup{\(V, X) : codim V = k},

and

(3) A (X) = inf {\(V, X) : codim V = k}.

In [3], [4] it was shown that for spaces LP[0,1],1 Sp< + oo, we have

(4) A (LP10, 1) = X, (LP[0,1]) S 2151

Thus a natural question arises about the extension of the equality (4) for £ > 1. In the present
note 1t will be shown that

(5) 2 (LP[0,1] < A\ (LP[0, 1])
and
(6) N(LP[0,1] > X (LP[O, 1])

for £ 2 2 and p either close enough to 1 or sufficiently large.
Proposition 1. X,(LP[0,1]) S ), (LP[0,1])(k =2,3,...).
Proof. Let an integer £ > 1 be fixed. Let V' be a subspace consisting of those elements z

i/ k
that/ z()dt=0(i=12,... k),ie.
(i—-1)k

( i/k
zEL”’[O,l]:/1 x(t)dt =0, 1=1,2,...kp.

. k v

(7) V =

N
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Now we consider subspaces X,7 = 1,..., k, consisting of those elements of LP[0, 1] which

 — 1
have supports contained in the interval [1 Pt i—] , 1.e.

(8) Xi={$€LF[0,1]:Sup$C [3—%—1- -:;”

It is easy to check that LP[0O, 1] isadirect sumof X,,..., X, :
(9) LP[O, 1] =X, + ...+ X,

andforz, € X, (s=1,...,k) we have

(10) |z + ootz = (P + -+ |z D) P

Observe that V N X is a subspace of codimension 1 in X .. Thus for each € > 0 thereis a
projection P, mapping X onto V N X, with the norm ||F|| < A, (LP[0,1]) + &.
Let
Pr=Px+...+Pzx forz=x,+...+ 1, 7, € X,

Then P is apfﬂjectic}n of X onto V and

1
(11) 1P, = (1P 2|2 + ... + ||PezelP) 7P <

< (A (LP10, 11+ €)) (llzy [P + ... + ||z IP) P <

< (A (LPLO, 1]+ &) ||=]) -

The arbitrary of £ implies that
(12) A, (LP[O,1]) <A (V,LP[0,1]) < A, (LP[0,1]).

Let

1 1
(13) V= {me LP[0,1] :/ sin 2wtz(t)dt = 0,/ COS Zwtm(t)di=0}.
0 0

Clearly, V is a subspace of LP[0,1], ] < p< +o0o0 and codimV = 2.



On projections on subspaces of finite codimension 445
Proposition 2. The linear operator

1

1
(14) PI‘=I-—+2(/. Sinlwrm(T)dt+Sin2ﬂt+f COSZﬂTm(T)dt+C{)52ﬂt>
0

0

mapping LP[0,1] onto V is a projection with minimal norm.

Proof. Let T,,0 < s < 1 be afamily of isometries mapping LP[0, 1] onto itself and defined
as follows

z(t + 8) if t+s<1

(15) (T5$)|’={$(t+3—1) if t+s>1.

Observe that the space V' is invariant under T',. Indeed,
1 1
(16) / sin 2mt(T,z)|,dt = / sin 27(t — s)z(t)dt =
0 0
1 1
=f sin 2wt cos 2wsxz(t)di —f cos 2wt sin 2wsxz(t)dt = 0O
0 0
by the definition of V. In a similar way we can prove that
]
(16) / cos 2wi(T,x)|,dt = 0.
0

By (15)and (16), T,V =V for 0 < s < 1.
Let P, be an arbitrary linear projection onto V. Let

1
(17) P= f T P, T 'ds.
0

The linear operator P has norm non greater than the norm of || P, ||. Indeed, T, are isometries
and ||T,|| = 1 = ||T;!|]. Therefore

| .
(18) 1P|l < f@ I - 1Pl - T s = 1P I

Now we shall show that P 1s a projection on V. To begin with, we observe that linear combi-
nations of functions {1, sin2 - 2#t, cos2 -2xt,..., sink - 2xt, cos k - 27t, ...} are dense
in the space V.
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Since P, 1s a projection on V, we have
Pysin k2wt = sin k2w, tPycosk-2nt=cosk-2wtfork=0,1,2,...

and

1
(19) Psink-Z—nt=/ T P, T sin k - 2mtds =
0
1
=f T. Py sin k2m(t — 2)ds =
0

1
= f T Py [sin k2wt - cos k2 ms—
0

—Ccos k2nt-sink -2ns]ds =

1
= f T, [sin k27tcos k2nws — COS k2misin k27s] ds =
0

1
= f T, -T;l sin k2 wds = sin k2 «wt.
0

By a similar consideration P cos k - 27t = cos k - 2 7t.
Since linear combinations of functions {1, sin2-2xt, cos 2-2xt,..., sin k-27t, cos k-
2xt...} aredense in V, we obtain that

(20) Pr=zforzeV.

Let now calculate Pz more precisely.
Recall that P, can represented in the form (see, for example, [2])
1 1
(21) Pyx =1 — / sin 2wtx(7T)dT - £ () — / cos 2mwtz(T)drz (1),
0 0

where z,, z_ are such that

1 1
(22) / sin 2wtz (t)dt=1= f cos 2mtz (t)dt
0 0 |
1 1
/ sin 2wtz (t)dt = 0 = f cos 2tz (t)dt.
0 0

Let P' be a projection operator defined as follows:

1

l
(23) Plz=/isin Zﬂ'rm('r)d'?‘:na(t)+/ cos 2nrz(T)drz (1).
0 0
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Let

1
(24) Pz = / T ,PT, " zds.
0

We shall calculate P :

1
/ sin 27(7+ s)x( T)d’l') (T,z,)|,ds+
0

]

N TN
:5*\.

cos2mw(T+ 8)x( ‘T)dT) (T,z.)|,ds =

+
h

1
(Sin 27r7CoSs 27s + cOS 2mw7sin 2ws) z(7) d'r) (T,z,)|,ds =

[l
S,
o

I
(cos 2mrcos 2ms — sin 2w7sin 27s) x( 1) dT) (T,z_)|,ds =

| I
':N_.::'\\"_‘
N TN TN TN

;\.‘_.

S S

sin 2w7z(T) d’?‘) cos 2ns(T,z,)|,ds+

cos 2wrz(T) d'r) sin 2nws(T,z,)|,ds+

+
;"\L

cos 2 wrz(T) dT> cos 27s(T,z,)|,ds—

+
h
PN
:':NH

i
S
PN
S

sin 2w71z(7T) dT) sin2ns(T,z,_)|,ds =

1
sin 2 7wrx( T)d'r‘/ cos 2m(u — 1)z (u)du+
0

I
;\.'_.

1
cos 2nrz(T)dT - f sin 27w(u — t)z (u)dut
0

+
::N‘._‘

1
cos 2mrx(T)dT - / cos2m(u—1t)z (u)du—
0

+
h

1
sin 2 wrz(T)dT / sin 27(u —t)z (u)du =
0

! |
S S

1 1
sin 2wrx(T)dT (/ sin 27y sin 2ntz (u)du—
0

1

|
S

COS 2 7t COS 2ﬂﬂ$3(u)dﬂ.> +
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1 1
+ f cos 2mrTx(T)dT (/ sin 2wucos 2wtz (u)du—
0 0

1
— f cos 2 mu sin 2wtz (u) du) +
0

1 1
+ J[ cos 2wrx(T)dT (-/ cos 2mu cos 2wtz (u)du+
0

o

1
+/ sin 2 7wy sin Zﬂtmc(u)du)-—
0

1 1
/ sin 2wrx(T)dT (/ sin 27wu cos 27wtz (u)du—
0

Jo
!

-/ COS 2 7ru Sin Zﬂtmc(u)du) =

0

1 1
(/ sin 2mwrz(7)dr - sin 27t +-f cos 2nwTz(7)dT COS 2wt> .
0 0

Thus P is a projection on a subspace generated by {sin 27t, cos2nwt}, and P = | — P is
of form (14).
Recall that, by (18), we have
|1Pl] < IRl

for an arbitrary projection F,. Therefore P 1s a projection with minimal norm. D

Proposition 3. In the space L'[0,1] the operator P given by formula (14) has the norm

nonless than 1+ — :
T

4
(26) 1Pl >1+ =

T
Proof. First we shall show that the norm of the projection

]

cos 2Tz 7)dT cos 2 11'1)
0

1
Pz =2 (f sin 27TTE(T)dTSiH2'JTt+/
0

1s greater than 1. Let £ be an arbitrary positive number. Let & > 0 be chosen in such a way
that
. .
|sm 27t — sin —r < E
4 for

1
r t——)fza
4
|cos 27t — COS 4—i < E
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Let
1 . 1
E’g if t — I i o)
(27) T (1) = |
. 1
0 i 1 7> 6
It is easy to check that ||z || = 1. Observe that
1 1 {
(28) / SIN 2 7Tx ('r)dT=f cos 2nrz (T)dT > —= — €
0 - 0 V2

Hence

1
1Pzl = 2:1-/ | sin 2 7t + cos 2 wt|dt =
0

[ ~3/8 0
=2a- / (sin 27wt + COS 21rt)dt+/ (sin 2 7wt + cos 2 wit) dit—
0 7/8

ey

7/8 3/8
—/ (sin 27t + cos 2mt)dt =4a./ (sin 27t + cos 2wt)dt =
3/4 -1/8

1 3/8 . 3/8 1
= 4{12?]_ [ COS Zﬂtl—ljﬂ + Sin Zthle] = 4EE 2\/_=
4vV2 -0 4V2 ( 1 ) 4 42
= > | —=— )= E.
(i m V2 (i m
Thus, the arbitrariness of £ implies that
— 4
1P| > -
By Babenko-PriCugov theorem [1], we find
4
1P| > 1+ —.
i

Theorem 1. The following inequality holds for p sufficiently close to 1:

Pl oro 17 > 2
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where P is defined by (14).

Proof. Consider ||z.|| 50,17 aNd ||Pz||1s0.17, Where z, given by (27) are continuous func-
tions of p. Since

Pzx 4
Il E:”LI[D,I] S14 — > 21
T

”%”L!{n,l]
we get the theorem, o

Theorem 2. For g sufficiently large,
Pl Leo.1; > 2.

Proof. By the form of P, (see (14)). Clearly, the operator P* conjugate to P is of the same

form and
1P| = [|P*]]. .

Finally, we obtain

Theorem 3. The following inequality holds for p either sufficiently close to 1 or sufficiently
large:

A, (LP[0,1]) > X, (LP[0,1]).
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