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1. INTRODUCTION

Since the beginning of the theory of star-products, it was crucial to study the existence of
such products. Vey [7] proved the existence when the third de Rham cohomology group of
the manifold is vanishing (see also [5]).

Later, many papers proposed various other assumptions under which a symplectic mani-
fold admits a star-product. It was finally shown [2], [3] that every symplectic manifold carries
star-products.

The methods used in 2], [3] require a deep knowledge of the Hochshild or the Chevalley
cohomology of the Poisson algebra to get rid of the possible obstructions encountered when
building stepwise star-products or formal deformations of the Poisson algebra.

On the other hand, it is known from the beginning that every Darboux chart of a symplec-
tic manifold has a preferred star-product, the Moyal star-product, and that two such Moyal
products are always equivalent. It has thus been soon appealing to try to glue these local

products to get a global one, by some Cech cohomology technique. But this direct approach
did’nt succeed up to now because it quickly leads to an obstruction lying in the third de Rham
cohomology space of the manifold which could not be avoided. It should be noted that this ob-
struction is due mainly to the fact that the Poisson algebra has a non vanishing center, namely
R.

Recently, H. Omori et al. gave an alternative proof of the existence of star-products by
showing first that every symplectic manifold has a so-called Weyl manifold structure and then,
that this implies that it also has a star-product [6]. In doing so, they have encountered a similar
difficulty. Again, each Darboux domain of chart of the manifold has a local Weyl structure
and the problem is to glue them by appropriately choosen transition maps. To avoid the de

Rham obstruction, they have enlarged the structure in such a way that the disappointing Cech
cocycle becomes a coboundary.

In fact, it is a trivial observation that the existence of a star-product i1s equivalent to the
existence of a Weyl manifold structure. Thus, one can ask wether the heavy and technical
formalism of [6], implied by the use of the Weyl structures, is really pertinent to solve the
existence problem.

It is the purpose of the present paper to show that, on the contrary, one can easily achieve
a proof of the existence of star-products staying within the standard framework of the theory.
Using well known and simple tools, we directly show how to glue together the local Moyal
products. Our method to get rid of the de Rham obstruction mentionned above 1s closely
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related to the key idea of [6]. Extending each local Moyal algebra by a non inner derivation,
we obtain a family of algebras the centres of which are vanishing. Due to that fact, the gluing
process still enconters a Cech cohomology obstruction, but in a case where the cohomology
1s vanishing. At the end of the paper, we show, whithin the same context, that each star-
product of even order extends to a star-product, recovering in a simpler way one of our results
of [2]. The fact that the existence of a star-product with a local and non formal derivation
1s equivalent to the exactness of the symplectic form 1s also obtained as a by-product of the
proof.

2. MOYAL STAR-PRODUCTS
Notations 2.1. Let (M, F) be a symplectic manifold. A Darboux chart (U,p(z)) =

(z',...,z?™) is a chart such that F = Z dz* A dz**™. We denote by N(Q) (Q open

1=1

subset of M ), the space of all smooth functions on £ and by N _(£2) the space of formal
series with coefficients in N(Q). The k! -iterate of the Poisson bracket on U is defined by

P (u,v)y= " F . ...F, D ...DguDgy ...Dv.

7% PRl A
iy iy
J1Jk

Definition 2.2. The Moyal star-product on U related to the chart (U, ) 1s then the associa-
tive producton N _(U),

— v (k)
MUZE "}-C'TP y
k=0

where P(? stands for the usual product m : (u,v) — wuv. The related Moyal formal Lie
algebra structure on N (U) 18

k

= L
P = p(2k+1)
Y

Definition 2.3. Dcfine now ¢ on N (U) by
0=-2id+4vD, + Ly,

2n
where £ 18 the vector field on U, € = E r'D_ 1. Itis clear that it is a derivation of the Lie
i=1
algebra (N, (U), P,). It follows easily from [1] that if H'(U) = 0, then the space of all
derivations of ( N_(U), P,) is the direct sum of € ¢ and the space of all inner derivations.
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3. THE ALGEBRA C6 & N, (U)

Definition 3.1. Let again (U, ) be a Darboux chart of ( M, F'). We shall denote by A_(U)
the Lie algebra €6 & N, (U), with the bracket

[(A0+u,,ul+v,] =A0v, —pbu,+ P, (u,,v,).

It is clear that v*N _(U) is an ideal in 4 (U). We shall denote by A¥(U) the quotient
algebra A (U)/v*N (U).
Proposition 3.1. The centre of A, (U) and of ALE}(U) is vanishing for each k > 0.

Proof. Let z = af + o, belong to the centre. It follows from [2,v] = 2aqv that a = 0. As
z = o, belongs to the centre of N (U), itis locally constant. Therefore

O0=1[0,2] = E V(4 k — 2)
k>0

shows that z = 0. The same argument (mod »**!) holds for AP (U).

Proposition 3.2. If U is connected, the derivations of A ,(U) and of AP (k > 0) are inner.

Proof. Let D be aderivationof A (U). Itis known that (N, (U), P,) is equal to its derived
ideal [1]. Therefore D induces a derivation & of (N, (U), P,), whichis local [1]. It makes
thus sense to restrict [ as a derivation D, of A, (w) for any open subset w of U. We have

D, (r0+u)=1r(al+ )+ D| (uv,)(r€ C,u, € N,(w)),

for some ¢ € € and o, € N, (w). If we choose w connected and such that H'(w) = 0,
then &J|, can be written ad( f¥) + b“8, as recalled after definition 2.3. Computing D, on
fu, =[0,u, ] ylelds

(a+4vD,b))0u,+ ad(0f) + a,)u,=0.

With u, = v, wegeta+4vD, b)) = 0. Thus a = 0,b] reduces to its coefficient b of degree
0 and the above equality reduces to ad(0f” + «,) = 0. As w is connected, it follows that
the coefficients of v, = 0 f; + «, are constant. Therefore

Du = ﬂ.dﬂp(w)(bwg + Q:f y

where g¢ = f, — . /(4k —2)(k € IN). Since the centre of A, (w) 1s vanishing, 5* and g;
are uniquely determined by D, .
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Given two overlapping sets w, and w, , we have then bt = b*2 and g,' = g% in w, Nw, .
Thus, there exists unique b € € and g, € N, (U) such that

D =ad, (b0 +g,).

Remark, Observe that the connectedness of U is required only to fix 5. Thus the derivations
with range in N (U) are always inner.

4. PRINCIPAL AUTOMORPHISMS
Consider two Darboux charts (U, ¢, ) and (U, tpﬁ). We index by « the objects related to
(Uyp,) M, P,0,=0A,(U),...

Definition 4.1. A principal isomorphism (of order k > 0 )of N, or N&¥) = N /uF N
(k' > k) is an isomorphism
T:(NJU),P,,) — (N(U),Pg,) or T : N¥(U) — N (U)

of the type
T = id+ v*T"

where T is formal, local and vanishing on the constants. If & = 8 and if H'(U) = 0, it s
known that such a 7" has the form exp v*ad(u ) for some u, € N,(U) or N¥)(U).

Definition 4.2. A principal isomorphism (of order k > 0) of A or A% (k' > k) is an
1Isomorphism

Q: A, (U) = Ag (U) or Q:AX(U) — AY)(U)
such that Q(0,) = 0ymod N, and which restricts to a principal isomorphism of order k of
N, or N
Proposition 4.1. If H'(U) = 0, every principal isomorphism T of N (resp. Nf, k' > k)
extends to a principal isomorphism @) defined by

(0 — 05+
o' 8T 9y
Q3

Ly, = Tu,,
where q, Is characterized by
(1) adg(g,) = —0g+ T ob, 0T

and is unique mod €, (resp. mod C , + v*N ).

Proof. As defined, Q extends 7" if and only if it satisfies (1). The right hand side of (1) i1s a
derivation of (N, (U), P) and it is formal. Since H'(U) = 0, it can be written ady(q,)
and ¢, 1s unique mod € .
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Proposition 4.2. If U is connected, the principal automorphisms of order k of A, (U) are
the maps exp ad, (f,)(f, € N(U),f; € € for1 < k). If exp ady, ;)(f,) and
exp ad 4 vy (9,) are principal automorphisms of order k and

(2) Exp ﬂdAv(U}(fF) O E'le ﬂdAF(U)(gP) - 61]3 ﬂdﬂrl:U)(hP)l

then

h,=f,+g, mod Tl
Proof. Let () be a principal automorphism of order k, of the form

(60— 0+gq,
Q: s

k
|l u, —mu, +v Tuuu.

AS
ad(q,) = (1+ *T) 000 (1+*T)"1 — 6

we have ad,(g,) = 0 mod v**! hence ¢, € € for i < k. If T}, is the coefficient of v* in
T,,

L
rﬁ'#—ruqu
D @ <

k
L u, = v iju,

induces a derivation of AS**D(U). As easily seen, D is of the form ad, (;;,(v*q}) mod

Uk*'l and
k—1
Q = exp ady () (E vic, + ukg’k) mod »**!
1=0
k—1
where ¢; = —(4i — 2)~'q,. Now Q o exp —ad, (E vic, + u“g;) is a principal au-
=0

tomorphism of order k + 1. Applying the lemma below, it follows by induction that we can
find ¢;’s such that

k—1 N
Q = exp ady (1 E v"ci + Evjq; mod vV*!' YN >k,
1=0 =k
and finally
k—1
Q =exp ady () E vic; + E v'g;
§= >k

It follows easily from (2) that ad, (f, + g,) = ad, (h,) mod v**!. Therefore, h, = f, +

g, mod v**1,
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Lemmad4.3. Let S = exp adpr)(fu) andT = exp “dA,(u)(Qu): where f g9, € N _(U),
fo:90 € €. Then SoT =exp ady (yy(h,) for some h, € N (U).

Proof. Assume that S oT and R = exp ad, (yy(h,) induce the same automorphism of
A (U) forsome k > 1, i.e. that SoT o R~ is the identity on A(¥)(U). Then

SoToR ' (a)=a+ pla),Vae A, (U),

where p : A (U) — u“NU(U)* As easily seen, ¢ induces a derivation on ALZ”(U). Thus

w=ad, (U)(u"‘h:,c) mod v**! and
SoT o R™' =exp ady . (v*h}) mod v**'.

This may be rewritten

SoT =exp ady (yy(h, + v¥hl) mod »**!

since, clearly, exp ad, (yy(h,) o exp adﬂw(u)(ukhl) and exp ad, (yy(h, + vkh)) only

differ by terms in v**!' N _(U).
To conclude by induction, it remains to obscrve that, since f,,g, € C,

exp adﬂyw)(fp) o €Xp ﬂdmw}(gy) = exp ﬂdﬂpw}(fv +g,) mod wv.

5. GLUING MOYAL STAR-PRODUCTS

Proposition 5.1. Let U_(«a € A) be a contractible covering of M such that the U_'s are the
domains of Darboux charts (U_, ). Let M be the corresponding Moyal star-products.
There exist a collection of maps T,, © N (U,) — N, (U,), such that T - id are formal,
differential and vanishing on the constants and that

TiM, = TjM,

on each nonempty U,q = U, NUg, where T /M, is the pull-back of M, by T . Thus, if we

define M, by
M, =T'M

1 (¥ O
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on U, M is a star-product on (M, F).

Proof, 1f U,z# ¢, M, and M, are equivalenton U, : there exists R, = id + v*T., ,

where T; 8.7 1s formal, differential and vanishing on the constants, such that
R.5: (N,(Uug), Mp) — (N,(Ung), M,)

is an isomorphism [4]. Then T,z = 1d + vT_4 , is an isomorphism between (N, (U ), Pg)
and (N,(U,z), P,).
Fix some total order on A. Choose sucha T4 for o < 8 and define Ty, = T,5 . Since

T,p 1s a principal isomorphism of order 1, we can extend it to a principal isomorphism of

4]

order 1, Qnﬁ P Ag(Uypg) — An(Unﬁ). Set again Qﬁﬂ = Q;é.

If Uy # ¢,
Qnﬁ’r = QﬂﬁQﬁ’rQwﬂ

is still a principal isomorphism of order 1 of A (U,4.,). Moreover,

(3) Qaﬁq = QuﬁQﬁ-—rEQﬁaQaﬁﬁ ;5-

By proposition 4.2,
Quﬁn‘r = exp ﬂdﬁﬂ(qaﬁq)!

where
. 0
Qapy = E V' 00y dapy € €

It 1s straightforward that
QuﬁQﬁqﬁQﬁu = CXp ﬂdﬂu(Qnﬁqﬁqé)'

Using again proposition 4.2, (3) yields

2
9oy = Qapdpys + daps — Japs MOd V7.

Since
Qaplsys = 9ys MOd V7,

we gelt

o _ 0 0 0
(4) Jafy = 986 + 9aps — 9ané
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and
1 — 1 1 1
(3) dapy = 9846 + 9aps — Qarys-

As Q g, = id, one has g, 5, = 0. Setting § = « in (5), it thus follows that ¢, = gp .. But
Q;;,r = Quqg- Thus g g, = —q,, . Wehavealso Q o, = Qo 5Q5,0Qa, hence glg. = g4
Hence qiﬁ,’ 1s skewsymmetric in the indices «, 3, 7.

The same holds for ¢, , . and the relation (4) states that g, 5 - defines a 2-cocycle in the

Cech cohomology of M. We will discuss its interpretation later on.
Let o (a € A) be alocally finite partition of the unity subordinate to U_(« € A). Then

1 1 1 1
dapy = Sy TV Sap — Sany

where

1 _ 1
Sap = E Pudapy-
BEA

Observe that Saﬁ 1s skewsymmetric in «, 5.

Define
1 LA V 1
ﬂ'ﬁ — E}:p ﬂdA“ (“‘“53&,‘8> O Qﬂ!ﬂ O E:?{p ﬂd}lﬂ ("i"ﬂﬁa)

and set

1 —_ ! 1 i
Qﬂﬁ’r - QnﬁQﬁﬂ Cra:

It is easily seen that Qg = (Q) ™" and that

Qéﬁ'r = &Xp ﬂdﬁn(q:rﬂ’r)
where
Qopy = Qogy + V(Spa + Son + S,g) Mod v*

Thus gz, € €, mod v*. Therefore Q. is a principal automorphism of order 2.

By induction on k, we can then define isomorphisms Q% such that

kK _ Mk+l i+ 1
op = Qo mod U7,

Define Q4 by
Qup = Qapmod 151, Vk,
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and by T o their restrictions to N,. Then then Q) op $ are still isomorphisms such that

Q;ﬁQ}gﬂ id and T ﬁTﬂqTI = i1d. In other words, the new T’ ’s satisfy the Cech cocycle
condition.
Setting

=D 0T

ueA

we easily see that S, , = id + vS,, (S, formal, differential, vanishing on the constants) and
that

nﬁ =5, Sﬂu
Thus
S5, Pg=S8,P,,
wherefrom
Mg =S, M,
when U 4 # ¢.

We now turn to explain the meaning of the constants 5’2. g+ First observe thatthe Q, 4’s

constructed in the above proof are such that

(6) Qupy = Qap@p,Qa = €XP adﬂaqﬂﬁﬁ'

With the notation of that proof, it follows from prop. 4.1 that there exist g,z € N,(U,z)
such that Q' ap(0g) = 0, + q,5. These are uniquely determined mod € ,. Now, applying both

members of (6) to €_ and 1dentifying the coefficients of V0 leads to
292&1 = Qgﬁ + qfé,, + ‘I-?a-

Since Q.,4Q%, = id and Q,, = id, we have also g5 + gg, = 0 and q,,, = 0. On the other
hand (Prop. 4.1), it foliows from ad,q,4 = T, 05—0, that{z—¢, = H iy where H , denotes
the Hamiltonian vector field associated to u. This may be rewritten as 1(§,) F' — i(Eﬂ)F =
dgog- Since,on U,, 2F = L F = di({,) F, we have shown

Proposition 5.2. The constants qgﬁq define a cocycle of the Cech cohomology of M , the class

of which coincides with the de Rham cohomology class of F' under the canonical isomorphism
between the Cech and de Rham cohomology.

This allows us to state
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Proposition 5.3. Let P, be the formal deformation of (N, P) obtained in the proof of prop.
5.1. Then P, admits a non inner local derivation if and only if F' is exact.

Proof. We use freely the notations of the proof of prop. 5.1. Assume first that F' is exact.
Then there exist constants Cqp SUCh that 2qgﬁq = Cag + Cg, + €. We choose the principal

automorphisms @, SO that qgﬁ,, =0 (f Qup05 = 0, + fop, Changeitby Q 0, = 0, +

/

fap — €op) - Then the Q 5’s constructed in the proof verify Q4.

= id whenever U,z # 0.
It follows easily that if Q;ﬁﬁﬁ =04+ 9ap;

dag + T;ﬂqﬁ’r - T:rrq'rn = 0.
In other words,
dop ~ 9oy = ~Tapdpy
as gg, = —Tgaqqg- Thus

T

E Pudupg — E Pulyy = — (E {P#Tﬁiﬁ) 9py = “Sﬁqﬁﬁ‘
" 7

Therefore
_ !
dsy = 95— 15,9,

where gg = —.5’51 E v,q,5- Hence
u

S;;S;]*(H,T +adg,) = Tig(0, + adg,)

This shows that there exists a derivation 0 of P, which 1s local and whose restrictions to the

different U ’s are given by S;'*(0, + adg,) . As these are not formal, @ is not inner.

Conversely, assume that P, has a local derivation ¢ which is not inner. There exist then
¢, € €, and series f, € N, (U,) such that 530 = c,0, + adf,. One has S30 = T 5570
and this reads

(7) cglg + adfg = c (05 + adqg,) + adly, f,.

In particular, the ¢, ’s coincide. Since @ is not inner, their common value is non vanishing. It
may be assumed to take the form v*b with b € € and b, = 1. Equating the coefficients of
vt in (7) shows that for some constants Cap

0 _ gt t
98a = fﬁ" Joat Coa
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where ff is the coefficient of v* in f, .
This implies that 2 g3, = c,g + Cg, + C,,. Therefore, the Cech cohomology class of the

dag, 'S is vanishing and the symplectic form F is exact. Hence the result.

Proposition 3.4. Each star-product of even order on (M, F') extends to a star-product.

Proof, Let
2n—1

M, = E ukOk
k=0

be a star-product of order 2n. With the notation of prop. 5.1, choose D, . such that
M, = D} .M, mod v*",

In the proof of prop. 5.1, we can choose Rg, = Dgo D' mod v*®. It then turns out that
Tho = Dgo D' mod v™ and that

S., =) 9,D,0D; modv".
u
Define D =) "y, D,. Then
1

DS LM, = DLM, mod v*".
Thus, if M), is the star-product obtained in prop. 5.1,
D:z ML = MIJ IHO{I Hzn.

Hence D?, M, extends M, to a star-product.
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