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HOLOMORPHIC FUNCTIONS ON C! | UNCOUNTABLE
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Dedicated to the memory of Professor Gottfried Kothe

Abstract. In this article we show that H(C"), the (Fréchet) holomorphic functions on C?,
is complete with respect to the topologies vy, 7, and 15. The same result for countable I is

well known (see [2]) since in this case C* is a Fréchet space. The extension to uncountable I
requires a different approach. For the compact open topology T, we use induction to reduce
the problem to the countable case. Next we use the result for T, to reduce the problem for
7, and 75 to the case of homogeneous polynomials. Using a method developed for holo-
morphic functions on nuclear Fréchet spaces with a basis and, once more, the result for the
compact open topology we complete the proof for T, and 7;. We refer to [2] for background

information.

1. HOLOMORPHIC FUNCTIONS ON LOCALLY CONVEX SPACES

Let E denote a locally convex space over C.

A C-valued function on a domain €2 is said to be holomorphic (or Fréchet holomorphic)

if

(1) 1t1s continuous;

(1) 1ts restriction to each finite dimensional section of £2 1s holomorphic as a function
of several complex variables.

A function which satisfies (ii) 1s said to be Gateaux holomorphic. We let H(£2) denote the
vector space of all holomorphic functions on £2. The compact open topologyon H(£2), 1, 18
the topology of uniform convergence on the compact subsets of €2. A semi-norm p on H(2)
18 said to be ported by the compact subset K of €2 1s foreveryopenset V.K C V C Q,
there exists C(V) > 0 such that

o ) < CWIfllv

forall fin H(S2).

The 7, topology on H(£2) is the topology generated by the 7, -continuous semi-norms.
A semi-norm p on H(£2) is said to be 7;-continuous if for every increasing open cover of
Q,(V.)%®,, there exists a positive integer n, and C > 0 such that

n=1"

p(f) < Cliflly,

(*) Partially supported by CAPES, FINEP and UFRI.
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forall f € H(Q).

The 7; topology is the topology generated by all 7;-continuous semi-norms on H().
We always have 7, < 7, < 73.

We let P("E) denote the (vector) subspace of H( E) consisting of all (continuous) n-
homogeneous polynomials. By [2, proposition 2.41] 7, and 7; induce the same topology on
P(™"E) forall n.

We shall need the following result which can be easily deduced form [2, definition 3.32,
the remarks following this definition and proposition 3.36].

Proposition 1. Let E denote a locally convex space and suppose (H( E),7,) is complete.
T'he following are equivalent:

(a) (H(FE), ;) is complete,

(b) (H(E),t,) is complete,

(c) (P("E),T,) is complete for all n.

2. HOLOMORPHIC FUNCTIONS ON 1

A function f : C! — C is said to depend on finitely many variables if there exists a finite
subset J of I such that

f((mi);'gf) = f((y{);‘ef)

whenever z, = y, for all 1 in J. By Liouville’s theorem every element of H(C’) depends

on finitely many variables and a Gateaux holomorphic function on C? is holomorphic if and
only if it depends on finitely many variables. On H(C?) (see [1]) we have o < T, < T;.

Let I'™) = {(m;);c;;m; € Z* and m; = 0 for all except a finite number of i}. For a € C
welet o’ = 1. For m = (m);.; € I'Y) we denote by 2™ the |m| = E |m,|-homogeneous

1

polynomial which maps
(2y)5e; O H 2
i€l
If P is an n-homogeneous polynomial on C! then, since P depends on finitely many va-
riables, there exists a set of scalars, (a,,),,.;m, With o = 0 for all but a finite number of

elements of 7¥) such that

P((2))ie1= Y, apz™

melN)

Now let p denote 7, -continuous semi-norm on P(*(C!)). If b = p(2™) forall m in I'N
then

(5 o) < 5
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forall %" a,2™in P(*(C')). Let

q( > ﬂmz’") = > loplb,,

melN) me (V)

and, for each finite subset F' of IV let

Y laplbn,

me N

i T m)

\mel(M

Clearly, by the Cauchy inequalities g iS a 7, -continuous semi-norm, g is always finite since
each polynomial has only a finite number of non-zero terms and

g =5Supgp.
F

Since 7, is a barrelled topology on P(*(C*)) (2, p. 24]) ¢ is a 7, -continuous semi-norm

on P(*(C")).
We summarize the above 1n the following proposition:

Proposition 2. If p is a 7, -continuous semi-norm on P(*(CY)) then there exists a T. -

W

continuous semi-norm q on P(™(C?)) and a collection of T, -continuous semi-norms
(Ga)acs SUCh that:

(1) p <y,
(H) q= SupuEA 9o

3. COMPLETENESS OF (H(CY), 1)

Proposition 3. (H(C"); ) is complete.

Proof. Let ( f,),er denote a Cauchy netin ( H ( chH, 7o) - Since the Banach space C(K), K

compact, with the supremum norm is complete there exists a function f on C!, continuous on
compact subsetof C’, suchthat f — f as @ — oo, uniformly on compact sets. Since f, —

f uniformly on the finite dimensional compact subsets of C’ and each f, is holomorphic it
follows that f is Gateaux holomorphic. Hence, to complete the proof we must show that f
is continuous. By our remarks in §2 this is equivalent to showing that f depends on a finite
number of variables. Suppose otherwise. Let J,; denote a non-empty finite subset of /. Then
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there exist ' = (x;);c; and y' = (y;);c; in C! such that f(z' + ¢') # f(z') and y; =0 for
1€ J,. Letd=|[f(2'+¢') — f(z')| andlet K| = {(w;);cs |w;| < |zi| + |y}| forall 4 in I},
Then K, is a compact subset of C*, z’ and ' + ¢’ belong to K,. Now choose o« € I" such
that

If — fallk, < 6/8.

Since f, is holomorphic it depends on a finite number of variables I, . Let

{:r::- ifie I, UJ,,

$‘- =
0 otherwise
and let
i F M -
y. ifi1el, UJ,,
E — 4 i 1 1
L0 otherwise

Then 7' and z' + §' belong to K, and since z’ and 7’ agree on I, and y’ and ¥ agree on
[, we have
folz'+y)=f(T+¥) and [ (2') = f(T).

Hence
(T +Y) — f(T)| > |f(2"+ ) — f(&)| = |f(T +¥) — f (T + Y]

~1f(T'+ 7)) = fo(2' + YD) | = |fo (2 + ¢) — f(2'+ ¢)]
~|£(z) = fo(2)] = |fal2) = fulT)] = |falZ) — f(T)]| 2 8/2
both ' and ¥’ have their supportin I, UJ, and . =0 if 1 € J,. Let J, = I, U J,. Using

the same method we can find a finite subset I, of I and vectors 2 and §* with support in
I, U J, such that

F(F+7)# (3 and §F=0 if i€,

By induction we can generate an increasing sequence of finite subset of 7,(J,_)>,, and se-

quences of vectors (z™) and (™) in C! such that
() f(Z"+§")# f(3") foralln,
(i) " and y™ have their supportin J_,,,
(i) *=0ifieJ,.

Let J = U_J, . We now restrict all £, and f to the Fréchet space C’ x 07V . Since
fulercons — fleorcons uniformly on compact sets it follows that f|sr,ons 1S holomorphic
and hence depends on a finite number of vanables in J. This 1s impossible, however, by (i),
(i) and (i11), since any finite subset of J is contained in some J_. This completes the proof.
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4. COMPLETENESS FOR THE 7, and 7, TOPOLOGIES

Proposition 4. ( H(C!); 7.) and (H(C"); 175) are complete locally convex spaces.

Proof, By propositions 1 and 3 it suffices to show that (P(*(C")), 7,) is complete for all
n. Let (P,),er denote a 7, Cauchy net in (P(™(C")), T,). SINCE T, > T, proposition 3
implies that there exists a polynomial P in P(*(C”)) suchthat P, — P in (P(*(CY)), 1)

as o« — oo. Let p denote a 7, -continuous semi-norm on P("*(C')). By proposition 2 we
may suppose in the following argument that

&
where each pg is a 7; -continuous semi-norm and B is some indexing set. Given € > 0 there
exists oy € I' such that p(P, — Fnz) < ¢ forall o,y > y. Hence ;:»ﬂ(Pm1 — P, ) <e¢
forall 5 € B and all a;,r, > . Since pg is 7, -continuous and P, — P as o — oo in
the compact open topology we have

pg(P,— P) <eforall € Band all o > .

Hence

p(Py — P) =suppg(P, — P) <¢
BeB

and P, — P in (P(™(C")),7,) as a — oo. This completes the proof.

5. BALANCED DOMAINS IN ¢

If U 1s a balanced open subset of a locally convex space E and 7 is a locally convex to-
pology on H(U) then ( H(U), ) is said to be T.S. (Taylor series) complete if for any se-

quence (P, )>,, P, € P("E) all n, E p( P ) < oo for every T-continuous seminorm p

n=0>
n=0

implies E P € H(U) [2,p. 128]. The hypothesis in proposition 1 are used to show that
n=0

(H(E), ) 1s T.S. complete and from this it follows that ( /(E),7,) and (H(E), ;) are

also T.S. complete. Now, if U is a balanced open subset of C? and (P, )X, 1s a sequence
of continuous polynomials, P, € P("E) all n, then since each polynomials only depends
on finitely many variables the sequence ( P, )>°, only depends on countably many variables
and hence, using the fact that C¥ , N countable, is a Fréchet space we see that ( H(U), 1)
18 T.S. complete for any balanced open subset U of E. Propositions 3 and 4 thus imply the
following.
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Proposition 5. If U is a balanced domain in C* then (H(U),T) is complete for T = 7y, T,
and 7.
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