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THE EXISTENCE OF GENERALIZED SOLUTIONS FOR A CLASS
OF LINEAR AND NONLINEAR EQUATIONS OF MIXED TYPE
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Dedicated to the memory of Professor Gottfricd Kothe

Abstract. In this paper we deal with the question of existence and uniqueness of the gener-
alized solutions for a class of linear and nonlinear equations of the mixed type. In particular
we consider L(u) = k(y)u,, + u, = f(z,y,u) ina simply connected region G, where
k(y) >0 fory >0 and k(y) < 0 fory < 0. G is bounded by the curves Iy, I';,T,. T
18 a precewise smooth curve lying in the half plane y > 0 which intersects the line y = 0 at
the points P(—1,0), Q(0,0) ; I, is a piccewise smooth curve through P in y < 0 which
meets the characteristics of the above opcrators issued from Q at the point R and I', con-
sists of the portion RQ) of the characteristic through Q). We assume that I', either lies in the
characteristic triangle formmed by the characteristics through P and () (Frankl Problem) or
coincides with the characteristics through P (Tricomi Problem),

We seek sufficient conditions for the existence and uniqueness of generalized solutions of the
boundary problem

L{u) = f(z,y,u) In G,urnur] = 0.

1. INTRODUCTION

We consider the opcrator

(1.1) L[u] :k(y)uﬂ+uy+r(:c,y)u:f(:';.,y,u)

in a simply connected region &, where k(y) > 0 fory > 0 and k(y) < 0 fory < 0.
G 18 bounded by the curves I'y, I, and I';I, . I', 1s a piecewise smooth curve lying in the
half-planc y > 0 which intersects the line y = O inthe points P(—1,0) and Q(0,0). I'; is
a piccewise smooth curve through P in y < O which meets the characteristic of (1.1) issued
from () at the point R and I, consists of the portion R({) of the characteristic through Q.
I, either lies in the characteristic triangle formed by the characteristics through P and @)
(Frankl Problem) or coincides with the characteristic through P (Tricomi Problem). We seek
sufficicnt conditions for the existence and uniqueness of generalized solutions of the problem

(1.2) Liu] = f(z,y,u) in ('_?',u,|ruurl =0.
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Remark 1.3. We restrict our attention to equation (1.1). The same method applies equally
well to more general equations of the form

Liu]l = k(y)u, ., + T [a(z, y)ul, + [0(z,y)ul, + c(z,y,u)u=f.

To begin with we consider the linear Tricomi and Frankl problems (i.e. f(z,y,u) =
f(z,y) in(1.1)). Using Lemma 3.1 we obtain the a prion estimate (4.2) in Theorem 4.1.

It should be mentioned that a priori estimates in weighted Sobolev spaces were used earlier
by V. P. Didenko in [4] and [5] to prove existence theorems for the Tricomi problem in case
k(y) = y,r(x,y) = 0 and for a special region. The statement of Lemma 3.1 was used by A.
G. Podgaev in [8] and later by Aziz and Schneider in [2] to prove the existence of solutions
to non linear equations of mixed type by an approximation procedure of Galerkin type.

From the a priori estimate (4.2) we derive the existence of generalized solutions for the
Tricomi and Frankl problems in weighted Sobolev space H,(d, k) (see (2.6)). In general
these solutions are not uniquely determined; but, by the method used in the proof of Theorem
5.1, we select one generalized solution u, in H,(bd, k), where || ug || (54 4y < =1 11 A1 1o

out of all possible solutions.

We thus have the uniqueness of the solutions of both problems with respect to the con-
structive method used in Theorem 5.1.

In the case of the Tricomi problem we have in addition to (4.2) (under additional assump-
tions on the coefficient r(z, y) and the domain) the a priori esumate (4.8) and thus we not
only obtain the existence but also the uniqueness of the solution in the space H,(bd, k).

For the nonlinear Tricom1 and Frankl problems we then use in connection with Theorem
5.1 and Theorem 5.8 a «linearization technique» to establish (using Schauder’s fixed point
theorem) the existence of solutions in H, (bd, k) . (For the uniqueness of these solutions see
Lemmas 6.10 and 6.14).

2. NOTATIONS

In this paper we use tha same notations as in [2]. Moreover in the sequel we shall make use
of some of the results (¢.g., Lemma 3.1) in this paper.
If we use Pfaffian forms ([6], [9]) and introduce the operator

d,uv=k(y)u,dy —u dz,
cquation (1.1) may be written as
(2.1) Llu] =[d,d ul+r(z,y)uldz,dy] = f(z,y,u)[dz,dy],

with the boundary condition

—

U Lul,
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The adjoint boundary conditions ([9], pp. 248) are

V[ ur, = 0 for the Tricomi problem
(2.2)
vlr,ur,ur, = 0 for the Frankl problem.

We introduce the function spaces
U = {ulu(z,9) € C(@), ulrur, = 0},
(2.3) V= {u|v($,y) € C*(@), vlrur, =0},

Ve = {ulv(z,y) € C®(Q), v Ie,urur, = 0}_

For v € U and v € V. (or V), a formal application of Green’s theorem to (2.1) yields

B[u,u]:=fva[u]dmdy
=f vd u—//{k(y)u v, + Uy —ruu}d:cdy

From (2.3) we conclude

(2.4)

f vd,u=0 for €U and v e V,or V.
oG

Thus for the problem (2.1) we formally have the identity

Blu,v] = —/f {k(y)u v, + U v —ruu}dmdy // f(z,y,u)vdzdy
&

forallueU,veV,orveV,;.

Now we introduce the spaces H,(bd, k) and H,(bd*, k), which are obtained by the
completion of the function spaces (2.3) with respect to a weighted norm involving the function
k(y) . More precisely we denote
(2.6)

H,(bd, k) := {ujue U} with [[ul] ;= ff {l.fr;]('ur.:,_)2 + (uH)Z + uz}didylﬂ:
G .

H,(bd* k) := {v]v € V;;} with ||u||1,k:=-//G{|k|(ux)2+(uy)2+uz}d:t:dyuz.

We note that for the Tricomi problem H,(bd*, k) is the completion of the space V,. while
for the Frankl problem it is the completion of V. However, in the sequel we call the space
H,(bd*, k) the space adjoint to the space H,(bd, k).



50 A. K. Aziz, R. Lemmert, M. Schneider

Definition 2.7. A function u € H,(bd, k) is called a generalized solution of (1.2) if

(2.8 B[u,u]:/ff(m,y,u)vdmdy forall ve H{(bd" k).
G

Using Holder’s inequality we have

Lemma 2.9. If k(y),r(z,y) € C°(G), then there exists a constant ¢, > 0 such that

1Bl u,v]| < ¢ ”“”Hl(bd,k)””||ff1{bd*,ﬁc) for all u e H,(bd,k),ve H (bd", k).

Now we introduce the negative spaces which are adjoint to the corresponding positive
spaces H, := H,(bd k), Hy := H,(bd* k),

w, U
H_,(bd,k) = {wjw € L2(@)}, |l w]ly= sup [(w, v
UEHI || U ”Hl
u#0
(2.10)
w, v
H_,(bd* k) = {w|lw € L2(GQ)}, ||w]||y= sup [(w, v), |
boveny |l v ||H;

vs0

From Lemma 2.9 we have

1Bl u, v]|
(211) ” Llu] IlH_1(bd‘,k): sup < Co || u ||H,(bd,i:)’
vEH] ” V ||H;
v#0

forall u € H,(bd, k).

Blu,v]|
2.12 L = S ,
( ) | ZLIv] |5 (ba i) “%% Tulln < co v lg, s k)

for all v € H,(bd*, k) .

3. A FUNDAMENTAL LEMMA

Let
Gr=GN{y>0}1G-=GNn{y<0}.

From [2] (Lemma 3.1) or [8] we have the following result:
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Lemma 3.1. If

(i) k(y) € C°(G) NC'(G*), sign k(y) = sign y; yk'(y) > k(y) for y >0,

(ii) k(y)nt + ﬂ%|r1 > 0,m|r, > 052m + aymy | < 0, where (ny,m,) is the inward
normal vector and o € (1/2,1),

(iii) v € Vop,
then there exists a solution v € H,(bd, k) N L (G) for all v > 2 of the boundary value
problem

(3.2) u) = ::rlu,I+ crzuy = ”:“lruur] = 0,
where

fory > 0
3.3 L gat=4 7 =
(3-9) oo he {0 fory < 0.

By a transformation of the coordinates we obtain from Lemma 3.1

Lemma 3.4. (Tricomi Problem)

If

_ >

(i) k(y) € C°(G) NCH(G*); k(y)<0; yk'(y) > k(y) fory >0;

(i) dz + (=k)'?dyl, = 0,(z+ Dny + aym |r, < 0, where (ny,m,)) is inward
normal vector and o € (1/2,1),

(ut) v e U,
then there existss a solution v € H,(bd*, k) N L (G) for all v > 2 of the boundary value
problem

(3.5) (v) = &'v, + &v, = u, v p, =
where
~1 ~7 &y fOI‘E 0
i = 1 =
(3:0) o =(z+l)a {0 fory < 0.

We observe that by the assumption (ii) of Lemma 3.1 we have a starlike condition on
G* with respect to @ and by assumption (ii) of Lemma 3.4 a starlike condition on G* with
respectto A.

It can be seen (in Lemma 3.4) that for the Frankl problem and a function u € U there
exissts no trivial solution v € H,(dd* k) N L (G) in G— of the boundary value problem
(3.5) with the boundary condition v ,r. =
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4. A PRIORI ESTIMATES

From Lemma 3.1 we have

Theorem 4.1. (Tricomi or Frankl Problem)
If the assumptions (i), (ii) of Lemma 3.1 hold and

T(I: y) € cl(—é)lr(m: y)lr2 ﬂ 0;

(iii)
[a'r], + [a’r], <0 in G,(a',0? asin (3.3))

then there exists a constant C; > 0 such that

Blu, v]
(4.2) Cy 120 1|26y <IN LIV Nl b0 = s - ||| Uy I’
u#ﬂ‘t 1

forall ve H (bd* k).

Proof. For fixed v € Vp gy, there exists by Lemma 3.1 a solution u € H,(bd,k) N
L, (G),v > 2 of the boundary value problem

(4.3) E(u)=a1um+ ythy, =V, Ul yr, = 0.
From (2.4) and the Green’s theorem we have
2B[u,(u)] =2(L[ul,2(u)), =
= faa{[al k(y)(vu:.z)2 — 4::J|,.r1(u:y)2 + 2a2kuxuy - ﬂ.’l?‘uz] dy+

+ [@Pk(9)(u)? — & (4,)? — 20" uu,

——ﬂrzruz]dz}—
— A(uI)2 +2Bu_u, + C(u )2 + Du? dzdy,
/L ,+ Clu)* + D)

where

k() (ol — o} ) — oK,

1
R

1 2
~(al-a?),

= (alr)I + (cxz‘r)y*

= k(y)a® + «
(4.5)

C Q W »
[
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Letting:

_ {2&’—1 1l —a 1}
2my = min

2 2 72

and using the boundary condition u|. =0 we have

Blu, 2(1)] 2mﬂ//-{]kl(ul.)z+(uy)2}dmdy.

Since u|r, ,r, = 0, using Friedrich’s inequality, we obtain

(4.6) mo || @ 1% (ba sy < Blu, ()],
From (4.3) we have
k20 = [k (o} u, + a?u,) |

thus
1/2 A
|| || /2y ||L1{G)£ Cy || u ”Hl{bd,k) :

Hence from (4.6) we obtain

Blu,vl| _ |Blu, vl|

kl /2 5 I : )

Cy || kI v [|p2¢ey < T lly uEJr.il:Ed,k} | u ||y,
u7#0!

Since v was arbitrary we have (4.2) by completion.

Using the same procedure we obtain from Lemma 3.4

Theorem 4.7. (Tricomi Problem)
If the assumptions (i), (ii) of Lemma 3.4 hold and

T'(.T!,y) € Cl(a),T(fE,y) |]‘1 < 01

(iii)
(@'r], + [@°r], <0 inG,(@",&" asin (3.6))

then there exists a constant C, > 0 such that

1By, v]|

(4.8) G [k|'/% |2y I LUud | 7, pae gy = SUP
"'E?,H; | v ”H;

v#0

forall u € H,(bd, k).

53
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Remark 4.9. From the a priori estimate (4.2) we obtain the existence of generalized solutions
of Tricomi and Frankl problems (Thcorem 5.1). If in addition, in case of the Tricomi problem
(4.8) holds, then this solution is unique.

5. THE LINEAR EQUATION L{u] = f(z,y)

We now give an existence theorem for the linear problem (1.2).

Theorem 3.1. (Tricomi and Frankl Problems) if

(i) k(y) € C°(G) NC'(G*);signk(y) = signy; yk'(y) > k(y) for y >0 ;
(i) k(y)(m)* + () ?|r, 2 0,mlr, > 0;(zm + aymy) |50,

where (n,,m,) LS the inward normal and o« € (1/2,1),

(iii) r(z,y) € CY(G),rlr, <0;la'r), + [a’r], <0 in G5 (o', o asin(34))

(iv) fi(z,y) = k72 f(z,9) € L*(G),
then there exists a generalized soluiion of the boundary value

L[U]=k(U)UII+Uyy+T(I:y)U=f(Iay): UIFDU|F1 = 3

i.e., there exists a function u, € H(bd , k), such that

B[uﬂ,u]:—'/‘f{k(y)(u{J)IvI+(uﬂ)yuy—ruﬂv}dmdyz
(5.2) y

//f(m,y)udmdy forall vain H, (bd" k), and
G

1
(5.3) 1o llnae 0 & 1A llizca
1

We note that C, is the same constant as in (4.2).

Proof. For fixed v € H, (bd* k), ¢ (u) = Blu,v] is a lincar bounded functional on
H,(bd, k) with
9, (u)]
” ¢u(u) IlHi: Sup

uc H, ” U || ‘”l
ux#0

<Gyl v

HY -

Thus we have

Y, (u) = Blu,v] = (u,w)ﬂi, where w € H,(bd k),
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and
| wlig, < Collvllg -

Thus a linear operator S is defined:

S: H,(bd* k) — H,(bd, k)

such that
Blu,v] = (u,Sv)y, , forall ue H,(bd,k),vE H,(bd* k).
Using (4.2) we have
(5.4) Cy || |k]'*v 2 SIS a0y < Co ll v s -

For a function v € H,(bd*, k) and

(5.5) 2(8v) = (f,v)o = ([k]'/? f1,v),
we have
Blu, v]
eSO I Ay ol 120 o< 1 A o sup Tl < i fy ol Sl
UE:;E;] ” ”Hl 1

Thus (we observe that S is injective, see (5.4))

2T) = 2(Sv) = (|k|'* f;,v)o(¥ = Sv € H (bd, k))

is a bounded linear operator on S(H,;) C H;, which can be extended by Hahn-Banach
theorem to H,(bd, k) preserving the norm. There exists a unique function u, € H,(bd, k)
such that

Uw) = (ug, Wy g forall we H (bd, k),

(5.6) |E('1u)|
u = sup < fillo -
|| 0 ”H](bd k) WE;GI ” ||H1 Cl ” 1 110

Foreach v € H,(bd*, k) we have

(5.7) E(Su)=(uG,SU)H1 = Blug, vl = (f,v)y,
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i.e., uy Is a generalized solution.
We observe that the solution u, € H,(bd, k) obtained in Theorem 5.1 (see 5.6) 1s uni-

quely determined.
Furthermore we have the following result: let ugy, uy, € H,(bd, k) be the unique solutions

obtained in Theorem 5.1 such that
Blug, vl = (f,v)y, Bliy,v] = (f,v),, for all v € H,(bd* k).

Then from (5.6) we have

Lw) = (g, Wy, py = (k' fr,w)g,

U w) = (|To, W)y ba gy = (K|'/? f1, w)o for all w € H,(bd, k),
and so uy — uy € H,(bd, k) is the unique solution of the problem

B[Urg '""E[}:U] = (fh“flu)ﬂ;

Furthermore
- ] ~
(5.8) Il vo — Yo |la, (ba by < C. I fi—Fillo -

By the construction used in the proof of Theorem 5.1 we have a linear solution operator

Ty i fy = |k|" V2 f € L2(G) - uy =Ty f € Hi(bd, k).

The uniqueness of the solution in Theorem 5.1 and the linearity of the solution operator T},
is essential for proving an existence theorem for the nonlinear Tricomi and Frankl problems

by Schauder’s fixed point theorem (see Theorem 6.1).
If in addition the a priori estimate (4.8) holds, then the uniqueness of the generalized

solution follows. Thus we have

Theorem 5.8. (Tricomi Problem) if

(i) k(y) € C°(G) NC'(G*),signk(y) = signy,yk'(y) > k(y) for y > 0;
(ii) dx + (—J‘.:)”Zt:‘.ly[r1 = 0,zn + ayn, < 0,(z+ ny + ayny|r, < 0, where

(my,m,) denotes the inward normal vector and «, & € (1/2,1);

(iii) 7(z,y) € C*(B),7lr,ur, < 0,[a'r],+ [6?r], < 0,[@' 1], + (@), < O, where

o' o are given by (3.3) and &', o are given by (3.6).
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(v) fi(z,y) := k|72 f(z,9) € L*(G);
then there exists one and only one generalized solution uy, € H,(bd k) ,i.e.,

Bluy,v] = (f,v), forall ve H (bd* k),

where u, satisfies the inequality

1
(5.9) | uo |1, < C, 1 A llo -

Remark 5.10. The last two assumptions in (ii) above impose a starlike condition on G(*)
with respect to the points A and B.

Definition 5.11. (See [4]). A generalized solution u, € H,(bd, k) of the Tricomi or Frankl
problem is called a strong solution, if a sequence of smooth functions {u_} C U exists such
that

lim [ ug = u, ||, iy= 0, im || Llu,] = {5 bae 9= 0-

n—o0

From Theorem 5.1 we have

Lemma 35.12. A generalized solution u, € H (bd, k) of the Tricomi (Frankl) problem
(Theorem 5.1) is a strong solution in the sense of Definition 5.11.

Proof. For uy, € H,(bd, k) there exists by (2.6) a sequence {u,_} C U such that lim__,__ ||
Uy — U ||H]= O.1If f, := L[u,], from (2.12) we have the existence of an element f €

H_j(bd* k) with lim || f— £, iz e o= 0. For u, € U, f, = L{u,] wehave

Blu,,vl=(f,,v), forall ve H (bd" k),

thus
(fu = £,0)] = 1Blug = g, v} ||, = o [, 11 Il -

For fixed v € H,(bd*, k), from the above incquality we get (f— f,v)y = 0. Since
v € H,(bd* k) is arbitrary, we obtain (f — f,v) = 0 forall v € H,(bd* k), which
implies f = fand lim_, | f—Llu,] HH_IIM._k): 0. In {4] and [5] it is shown that the
estimates (4.2) and (4.8) imply inequalitics of the form

513 u | H, (bd k) < Cl| Llu] ||Lz(® forall uwe H,(bd,k) ﬂWz'Z(G'),

Vg bar iy < C LIV |12y forall ve Hi(bd*, k) NW*(G).
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6. THE NONLINEAR TRICOMI AND FRANKL PROBLEMS

Using Theorem 5.1 we prove the following existence theorem.,

Theorem 6.1. If
(i) k(y) € C°(G)NCHG); k(y) = signy; yk'(y) > k(y) for y >0, k'/(|k|'/?) €
LAm@2-my me(1,2).

(ii) ic(g,f)(*r.-,l)z"|r1 > 0,111|r1 > 0;($711+{1y732)|rﬂ < 0,where (ny,n,) is the inward

normal vector and o € (1/2,1).
(iii) m(z,y) € C'(G),rlr, <0 la'r], + [a®r], <0 in G,(a', o asin (3.3);

(iv) fi(z,y,u) = k|72 f(x,y,0); | fi(z,0,u1) — fL(z,y,u)]| < Lo || k"% (u, -
t*‘f2)|

fi(z,9,w)] < J5(Ag + [(Cy/k)? = 12 || k|'2u]) for (z,y) €G,

where A, is an arbitrary constant, C; > 0 is the constant appearing in (4.2),
ko = max |k(z,9)],0 < n” < [C/ko)?,
then there exists a generalized solution uwy, € H,(bd , k) of the problem

Llul = k() uy, + v, +r(z,v)u= f(z,y,u),u|r g, =0,ie,

Blug,v]l = (f(z,y,uy),v)y forallve H(bd* k),

where

1 1  AZG
(6.2) || Uy ”H (bd,k}g —~ || f1(5'~?=y}un) ”DS — 02 0)1;21
1 C, ko

and G, = measure of G .

Proof. We consider the closed ball
W = {wlw e L2(G),|| 6]/ w [[§< Gol Ag/m* }.
Then for all w € W, we have

(6.3) || fi(z, y,w) ||§< AFGy + [(01/k0)2 — ﬂz] | &' w |[5< Gy [Ulﬂu/knﬂ]z :
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From Theorem 5.1 we know, that for every w € W there exists a unique generalized
solution v € H,(bd, k) such that

Blu,vl = (f(z,y,w),v), forall ve H{(bd* k),

1
| w |, by < C, Il f1 o -

Thus we have
k y 1/2
64 Nk ullo< ko 1wl aan< 7 i o< [(4o/m)" Go]

Now we define an operator
(6.5) T weW —u=Twe H/(bd, k), T(W) CW.

From (5.7), (5.9) and the Lipschitz condition on f it follows that T" is a continuous ope-
rator. To see this, let w_, w, € W be such that

: 1/2 . —
Tim || [k[*/* (w, —wp) [lo= 0,
Letting u, = Tw_, uy = Twy, we have

Blu, —uy,v] = (f(z,y,w,) — f(z,y,wy),v) forall ve H(bd" k),

1
| u, — u, ||H,{bd,k}§ G_l | filz,y,w,) — fi(z,y,w) ||o,

k _
11612 (g — ug) o< Ko ] 4, — ug 1 a, ba ) < E,‘g; | fi(z, v, w,) — fi(2,y,w5) [|p<

L)

% 1 |k|l’r2(wn —wy) |lp— 0 as n— oo.
1

< Ly

Lemma 6.6. If k(y) € C'(Q),K'(|k|7'/*) € Ly 12— (G),m € [1,2) then T(W) C
whm(@).

1/2
Proof. For w € W we have u = Tw € H,(bd, k), || 4 || ba < 22 14, /m1% . Let

% := |k|"?u. For m € [1,2), using Holder inequality we obtain
@15 [ [ {50+ @+ 3} azdy <

k!
2 2 2 g -/-f m md dy.
< G, (f/ {Hc|1,¢._,h_+1ur,1_r + u }d:ﬁdy) /2+ C, l]kluzl lu|"dzdy
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Using

k' k' 2m/f(2 —-m) (2-m){2m
[ [ irtrierazav < ([ [t~ dza)
m/2
(f-/.|u.|2dmdy)
G

We see that T = |k|'/?u € W!'™(G) and

(6.7) 1 IHHZU le.m((})g Cs ” u ”Hl(bd,k} '

The Rellich-Kondrashov Theorem [1; pg. 144] implies that W1™(G) is compact in
L*(G) for m € (1,2).
Next we show that 7 : W — W is compact. To see this we take a sequence w, C W,

where we have || [k|'/*w, |[5< Go[Aq/n)?.
For u, = T'w, from (6.4) we have

1 1 2 1/2
v g e < = I A lloL — [Ay/n]” (Gy) 2
c, ke

thus there exists a subsequence (which we again denote by u_ ) and an element v, € H,(bd,
k) such that

(6.8) u, — uy weakly in H,(bd, k).

From (6.7) it follows that

1/2
11k g llwrmey < Cs Nl g g, < 2= [Ao/n) (Go) '~ -
Wim(GYy, m e (1,2) iscompactin L?(G) , therefore there exists a subsequence (which
we again denote by u ) such that

(6.9) |k|'?u_ — |k]'/*u, strongly in L*(G).

Now from (6.4) we conclude that |k|'/?u, € W.

W € L?(G) is a closed, bounded and convex subset and T : W — W a continuous
compact operator. Then from Schauder fixed point theorem ([10] pg. 355) we infer that there
exists at least one fixed point u, , i.e., ug = Tuy € H,(bd, k). uy 18 a generalized solution
of our nonlinear problem. 2

We have the following uniqueness result,
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Lemma 6.10. If the assumptions of Theorem 6.1 hold and Lyk,/C, < 1, then there exists
one and only one generalized solution of the nonlinear Tricomi and Frankl problems.

Proof. Let u,u, € H,;(bd, k) be two generalized solutions, then we have
Bluy —uy,v] = (f(z,y,u;) — f(z,y,u5),v) for all v e H,(bd" k),

using (5.8) we obtain

1
| (uy —uy) ”Hlﬂ C_1 | filz,y,up) — filz,y,u) o -
Thus we have

k
| |k|”2(“1 —uy) o< Ko || vy — v, ”H,i: (7{1 | fi(z,y,uy) — fi(z,y,u,) [|p<

ko L
< 2000

< 5 IR (1 = ) o

which in view of Lk, /C; < 1 implies u; = u, .
Using Theorem 5.8 we get the following result: @

Theorem 6.11. (Tricomi Problem) if

(i) k(y) € C*(G)NC(G), signk = signy, yk'(y) > k(y) for y > 0,k'(|k|"1/?) €
Ly mi2—my(G) , where m € (1,2).

(it) dz + (—-k)”zdyjrl =0, zn + n:yﬂzh-ﬂ <O0,(z+ )n + Eyngh-ﬂ < 0, where
(ny,my) isthe inward normal vector and o, € (1/2,1).

(iii) r(z,y) € CY(G), rlryr, < 0, [alr], + [e’r], < 0, [@'7], + [@°r], <

0(al, o ,and &', &% are asin (3.3) and (3.6) respectively in G .
(I'&-’) fl(:r!ylu) - Ikl_l/zf(mjy:u): If](mmyju']) _ f](I:yJUZ)l g L[]lu’l T u’2|*

1 1/2
(612) [f](msy:.u‘)l <_: 7—‘5 (A[} + ([CIGZ/CD]Z _'*'?2) |k11{!2|u|> 3

where A, > 0 is an arbitrary constant and C,,C, and C, are the constants appearing

in (2.12), (4.2) and (4.8) respectively, and 0 < 1° < [ C; CZ/CD]Z. Then there exists a
generalized solution u, € H,(bd, k) of the nonlinear Tricomi problem

L{u) = k(y)u,, + u,y, + r(z,9)u = f(z,y,u),ulr,gr, = 0
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ie.,
B[U‘DIU] = (f(:ﬁryﬂu[}):u)ﬂ fOI‘ 311 v E H](bd*!k):

where
1 1/2
” Ug HHl{bd,k}g -é.l_ ” fl(z,y,uﬂ) ”US [G{]] / [AUGZ/GIﬂ]

G, = Measure of G.
Proof. As in Theorem 6.1 we consider the closed ball

W= {w e WIL(@), ]| [k]'*w |[§< Gy (An/ﬂ)z} |
Then for all w € W we have
| fi(z,y,w) [I5< A5Gy + [(C,C, /C)* — 1 || k' Pw |5 < Gl Ay C,C, /Cym) .

From Theorem 5.8 we know that for every w € W there exists a generalized solution
u € H,(bd, k) such that

Blu,vl = (f(z,y,w),v), forall ve H,(bd* k),

01, < 5 1l Ay o
Let
T:weW —-u=Twe H(bd, k).
From estimate (4.8) it follows that

| C C
H HZIUZ“' Hﬂﬂ - “ u “Hltbd,k)ﬂ ; ” filz, y,w) ||n§ (G[})UZ [A:}/"?}z ,
GZ CICZ

e, (W) Cc W.
From (4.8) and the Lipschitz condition on f it follows that 7" is continuous. To see this,
let w,,w, € W be such that || |k|'/?(w, — wg) ||p— 0 as n— oo.
Then for v, = Tw,_,uy = Tw,, using (4.8) we obtain
Blu, —uy,v]
G 1| 1K (g — u,) Jlp < sup 12— b0Vl

N vEH II v I

v#0 &

— Sup |(f($:y1wn)_f(:c:y:w[]):v)[}l i
vEH] - | v | H:
v#0

< Lo || 1&' (w, — wp) [lg— 0 as n— oo

Using Lemma 6.6 it follows as in the proof of Theorem 6.1 that 7" : W — W is a compact
operator. Then from Schauder’s fixed point theorem we conclude the existence of at least one
generalized solution u, of the nonlinear Tricomi problem. B
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Remark 6.13. We observe that in Theorem 6.11, using estimate (4.8) we get the continuity
of T' under a weaker Lipschitz condition on f (see (6.12)).
Now we give a uniqueness result for the nonlinear Tricomi problem.

Lemma 6.14. If the hypotheses of Theorem 6.11 hold, and Ly, < C, , then there exists one
and only one generalized solution of the nonlinear Tricomi problem.

Proof. Suppose u,,u, € H,(bd, k) are two generalized solutions of the nonlinear Tricomi
problem, then

Blu; — uy,v] = (f(z,9,14,) — f(z,y,u,),v), for all v e H,(bd*, k).

From estimate (4.8) we have

Blu, —u,,v]
Gy |l Ikl1ﬁ(“1 — ty) [[p< sup Bly, 2, V]| =
veHy | '”|H;
v¥0
= sup |(f(m,y,u1) —f(:n,y,uz),u)“ <
veH; || v | H:
v#0

IR LCfCy y,up) — FCo,y,u0)] [lo< Lo 1] 1R Cuy — uy) o -

Since L, < C,, the above inequality implies v, = u, . m

emark 6.15. In theorems 6.1 and 6.11 we have the essential condition [k'/|k|~!/?] ¢
Lzmg(z_m)(G) , which 1s needed in Lemma 6.6. For the special case k(y) = signyl|y?,

g > 1, the case ¢ = 1 is not allowed. However we observe that in Lemma 3.1 and Lemma
3.4 we have solutions u € H,(bd, k) NL,,(G),v > 2 and v € H(bd*, k) N L (Q),
v’ > 2. We can show that the estimate (4.2) holds for the space H,(bd, k) N L (G) and
similarly the estimate (4.8) holds for the space A, (bd*, k) NL (&) . Using the same method
we obtain in Lemma 6.6 the weaker condition [k'/|k|~'/*] € Ly, /,_n(G), m € (1,2),

v > 2 (see[2] pg. 441), but this implies that the case ¢ = 1 can be included in our results.
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