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ON JUST INSEPARABLE FINITE GROUPS
G. ILARDI

Abstract. A finite group is called «just inseparable» If every proper subgroup of G has a
complement if and only 1f it 1sn’t normal. We show that a group is just inseparable if and only
if it is a cyclic group of prime power order or is isomorphic to the quaternion group.

Definition 1. A finite group is inseparable if no normal proper subgroup of G has a comple-
ment in GG

Let B be the class of finite inseparable groups.
Dcnote by A the class of finite groups in which every non-normal subgroup has a com-
plement.

Definition 2. A finite group G is «just inseparable» if G € A NB, that is if has the following
property: a proper subgroup of G has a complement iff it isn't normal.

Denote with E the class A N B of just inseparable finite groups.

In this Note we characterize the just inseparable finite groups. Precisely, we prove that a
finite group is just inseparable iff it is a cyclic p-group or it is isomorphic to the quaternion
group.

All groups considered in this Note are supposed finite.

We have immediately:

If G € A, every subgroup of G and every epimorphic image of G isin A t0o.

Lemma 1. Every just inseparable group G is a p-group with 2, (G) < Z(G) NP (G).

Proof. Let p the smallest prime divisor of |G| and P a Sylow p-subgroup of G. Let X
be a subgroup of G or order p. If X is not normal, then G = X C with C subgroup of G
and X NC = (1). So C has index p in G, hence it is normal, and has X as complement,
contradicting the hypothesis. Therefore X isnormalin G. Since | X | = p with p the smallest
prime divisor of (G, then we have X < Z((G). But X has no complement because it is
normal, so X < ®(G). From that it follows X < Z(G) N®(G), so Q,(P) < Z(G) N
dP(G). Let P be a conjugate of P. Since P is normal, then we have €2, (P) = Q,(P),
hence €, ( P) contains every subgroup of order p of G

Now we distinguish two cases:

a) P isnormalin G. If P# G, then because of the Schur-Zassenhaus theorem, P has a
complement, contradicting the hypothesis. So P = G and lemma 1 follows.
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b) P isnotnormalin (. Then, by hypothesis exists a subgroup H of G suchthat PJ{ =
G and PN H = (1).

So H is a Hall p'-subgroup of G. If Q,(P) is normal in G,Q,(P) H is a subgroup of
G.If Q,(P)H hasacomplement D# (1), then D is a p-group and contains a subgroup of
order p, necessarly contained in €2, ( P), butthat is impossible, because DN, (P) H = (1).

So Q,(P) H has no complement, hence it is normal in G.

Becauscof ,(P) < Z2(G), wehave Q, (P)H = Q,(P)xH andso H 1scharacteristic
in 2, (P) H. Moreover, since 2, (P) H, is normal in &G, then H must be normal in G. If
H+# (1), then H has P as a complement, contradicting the hypothesis. Therefore H = (1),
thatis G = P, and Q,(G) = Q,(P) < Z(G) NP (G).

Lemma 2. If G is not cyclic and just inseparable then G = (8, c) with o(3) = p®,0(c) =
p.a>2,b>2,G ={ls,cl) and |G'| = p.
If G is not isomorphic to the quaternion group, then (s8) N {c) = (1).

Proof. By lemma 1, G is a p-group and ,(G) < Z(G) NP (4).

In parucular every subgroup of order p of G 1s normal. If every subgroup of &G 1s normal,
then & is isomorphic to the quaternion group hence lemma 2 istrueforp=2,a= b= 2.
In the opposite case let // be maximal among the non normal subgroups of G'. Then, by
hypothesis, H has a complement C in G. Sowe have G = HC,HNC = (1). Also C is
not normal in (G, becausc ithas /f as acomplement. Therefore, there exists a cyclic subgroup
Y C C thatis notnormal in G. Sowe have G = XY with X NY = (1), and X subgroup
of G.So C = Y(CNX). Letnow Y, = Q,(Y). Then Y, is normal in G, because it
has order p, and HY, is a subgroup of &, which is necessarly normal by the maximality
conditionon . Since HY = (HY,)Y with HY, normal, then HY is a subgroup of &,
which 1s necessarily normal by the same maximality condition. Then we have G = HC =
HY (C N X). Furthermore we have |G| = |H||C| = |H||Y||Cn X | = |HY||C n X| and
sO(HY)N(CNX) =(1). Since HY isnormalin G,then G = HY ,thatis Y = C, and
C is cyclic. Let M be maximal in H with M > Q,( H). Since every subgroup of order p
of H 1sin Q,(H), then M has no complement in H , and therefore neither in G

So M isnormalin &G. Since H isnotnormalin GG, then M is the only maximal subgroup
of G' including Q,(H). So H/Q,(H) is cyclic, and morcover H is abelian, because of
Q(H) < Z(H).

Sowehave H = § x L, with § cyclic and L elementary abelian, hence fulfilling I, <
Q,(G). From that we find HQ,(G) = 8,(G).

Since they have no complement in A, then §Q,(G) and CQ, (&) are normal in G
Furthermore, since H N C = (1), we have HQ,(G) N CQ,(G) = Q,(G). From that we

G _ HQ, (G) y CQ,(G) _ SQ,(G) o CQ, (G) with SQ(G) CQ(G)
Q,(G) Q (G) Q,(G) Q,(G) Q,(G) Q(G) ' Q(G)
cyclic groups.

find:
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G
Q(G)
Now, by lemma 1, we find Q, (G) < ®(G). Hence s® (G) and c® (G) are generators

G
, h d c are generators in (.
nfD(G) ence s and ¢ gen rs 1
S C

Since , arc normal and cyclic, then G/Q,(G) i1s abelian so we have
Q,(G)' ©,(G) ) /<

G' < Q(G) < Z2(G4G).

From there we have [s,c] € Z(G), so [s,c] is permutable with s and ¢, and G’ =
([s,c]). Since G' < ©,(G), then [s,c] has order p and |G'| = p.

Therefore the lemma is proved with p®, p® orders of s and ¢ recpectively.

Let S = (s) and C = {c). Then sQ,(G) and c€2,(G) are generators of

1

Proposition 3. A group G is just inseparable iff it is a cyclic p-group or it is isomorphic to
the quaternion group.

Proof. Cyclic p-groups and the quaternion group have only normal subgroups, so they are
inseparable; hence just inseparable.

To prove the converse, let G be a just inseparable group which 1s neither cyclic nor iso-
morphic to the quaternion group. Now, by lemma 2, we find: G = (s,c) with s?* = =
1;G" = {([s,c]) and |G'| = p (s) N{c) = (1). We suppose a > b and set § = (s) and

C = {c). Then SG' is a normal subgroup of G, and SG'C = G. So SG' N C# (1) because

SG' cannot have a complement. Hence ¢ = s™[s,c]™ with 0 < n < p. Now n#0
because of SN C# 1, therefore 1 < n< p.

Since [s,c]™ and ' have order p and are permutable, then also we find (s™)? = 1,
hence m = hp®~!, with 0 < h < p. Therefore we have [s,c]® € (.SF'-I , cPH) and moreover,
since [s,c] is a power of [s,c]™, we have [s,c] € (s* ,c® ), thatis [s,c] = 5 P
with 0 < k < p,0 <t < p. From there we find G = SC.

Now we have k# 0, otherwise [ s,c] € C, and C is normal, though it has a complement,
contradicting the hypothesis.

Similarly we have t#0. We set w = sk ct Then w? ™ = (sfP"'ct)P" = ghp* T tP'
[s, C]—ktpu—~b(§b—l) — [3’ q][‘g‘ C]_Hpﬂ_b(gb_l).

Since b > 2, then excluding thecase a = b= 2,p = 2, —ktpﬂ-b(,f**-‘) is divisible for

p. So w?” ' = [s,c], thatis, W =: (w) is normal in G. On the other hand, (s, w) contains

. a—b
s and contains ¢t = s~

Since 1 < t < p, then ¢ is a power of ¢*, so (s, w) also contains c. Hence it follows
G = (s,w)=8W.

But w?'~ = [ s, c], cannotbein S, otherwise S is normal, although having a complement
C. Hence it follows SNW = (1), with W normal in G, contradicting the hypothesis.

w.
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Therefore we have p = 2,a = b = 2, hence [s,c] = w? = (8,0)? = s*c?[s,c]7},
hence s?c? = [s,c)? = 1, thatis, s* = c‘z, with 32# 1.
So {s) N {c)# (1), contradicting the hypothesis. The proposition is proved.



On just inseparable finite group 101

REFERENCES

1] H. BECHTELL, Inseparable finite soluble groups, Trans. Amer. Math. Soc. 216 (1976), 47-60.
2] H. BEGHTELL, Inseparable finite soluble groups Il , Proc. Amer. Math. Soc. 64 (1977), 25-29.
3] A. ScaArsEeLLL, On a class of inseparable finite groups, J. Algebra58 (1979), 94-99.

4] A. SCARSELLI, Su una classe di grupp! finiti inseparabili , Atti Accad. Naz. Lincei, Rend. Cl. Sci. Fis. Mat.
Natur. 68 (1980), 22-25.

[S] A. SCARSELLI, Su una classe di gruppi dotati di una serie di spezzamento principale , Atti Accad. Naz. Lincei
Rend. Cl. Sci. Fis. Mat. Natur. 70 (1981), 198-202.

Received November 10, 1989

G. llardi

Universita degli Studi di Napoli Federico 1]
Dipartimento di Matematica e Applicazioni
Via Mezzocannone 8 - 80134 Napoli



