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FINITE C, GEOMETRIES: A SURVEY 

G. LUNARDON, A. PASINI 

1. INTRODUCTION 

We follow [ 5 ] ,  [56] and [45] for al1 basic notions conceming diagrams, geomeiries, chamber 
systems and coverings, except that we use the word «geometry» in a somewhit stricter sense 
than in [5]  or [56], assuming the residua1 connectedness in any case, as many people do. 

The reader is referred to [25] for a survey of results on geometries belonging to Lie dia- 
grams. This paper in a sense completes and updates [25]. 

People working in diagram geometry often like the idea that so much of information is 
carried by diagrams that classification theorems are implicit in them. Of course, this cannot 
be literally true, in generai. In many cases -,ve need to give some substantiai help to the dia- 
grams under consideration, assuming something such as the finiteness or the flag-transitivity 
or something else. Having done that, it may happen that a classification theorem is then reach- 
able. 

However, certain particular diagrams are so rich of information that we can classify al1 
geometries belonging to them without the aid of any additionai hypothesis. Sphericai dia- 
grams appear so often in so many different contexts that it is sensible to believe that the most 
of information is carried by them. 

Actually, this is me for A,, D, , E6 and aiso for E,, E,, H, and H4 (provided that the 
finiteness is assumed in the last four cases). Indeed ali geomeiries of type A,, D, or E6 are 
buildings and ali finite thick geometries of type E, or E, are buildings (see Proposition 6 of 
[56], Lemma 3.3 of [53] and [4]; see also [25]). Thick buildings of irreducible spherical type 
and rank n 2 3 have been classified by Tiis [56]; thin buildings are Coxeter complexes and 
non thick buildings of sphericai type can be described by means of constnictions involving 
better known buildings (see [43] and [48]; see also [6], [40], [50] and §§7.12 and 10.13 of 
[56]).  Thus, we are done. Infinite or non thick buildings of type E, or E, are anyway quo- 
tient of buildings, by Theorem 1 of [ S I :  knowing this is already something, albeit quotients 
of buildings are not so easy to classify, in general. Not so much is known of infinite geome- 
tries of type H ,  or H ,  , but finite geomeuies of type H3 or H4 are thin, by Feit-Higman 
Theorem [9], and thin geometries of spherical type are not extremely difficult to classify (see 

On the other hand, the cases of C, and F4 look a little wilder. The C, -subdiagram is 
the source of our iroubles here. If ali C, -residues of a geometry r of type C, or F4 are 
2-covered by buildings, then iiself is 2-covered by a building ( [ S I ,  Theorem 1). If we 
assume further that r is finite and has thick lines, then r is a building (see [4]; see also 
Lemma 6 of [33] for F, ) and we are done: thick buildings of spherkal type and rank n 2 3 
are classified in [56], as we have recalled above, and non thick buildings of type C,, or F4 

[lll).  
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with thick lines are got from thick buildings of type D, or D4 in standard ways ($57.12 and 
10.13 of [56]). 

However, if we cannot get contro1 over C, -residues of ,l- I then we have to stop at the 
very beginning of our job. Thus, it would be nice to have a classification of al1 finite-building 
C, -geometries (likely, a classification of al1 non-building C, -geometries, infinite ones in- 
cluded, is hopeless). Then, we might hope to be able to study al1 finite C, or F4 geometries 
considering al1 possibiiities for their C, -residueS. improving Theorem 1 of [55] in the case 
of C, and F4. Propositions 2 and 3 will give examples of how this strategy can work. 

Unfortunately we are still very far from such a classification. However, we will see that 
what we presently know on finite C3 -geometries is already enough to obtain strong conclu- 
sions on C, -geomeuies when n 2 4 .  

We shail not consider F4 in this paper. Here is the only strong result that we presently 
have on F4 : al1 finite thick flag-transitive F4 -geometries are buildings ( s e  [25] or [30]). 
The reader is referred to 93 of [33] fora collection of partial results on F4. 

Let us explicitly state two basic results which we have quoted and used in these introduc- 
tory notes. We shall again use them a number of times in this paper, sometimes implicitiy. 

Basic Theorem A. (Tits [ S I ,  Theorem i). Lei r be a geometry belonging I O  a Coxeter 
diagram. The universal2-cover of of type C3 are 2- 
covered by buildings. In particular, r is 2-covered by a building if its diagram does no! 
contain any subdiagram of type C, or H3 . 

is a building iff al1 residues of 

Basic Theorem B. (Tits [ S I ,  Prop. 6; Lemma 3.3 of [53], due to MeLxner; Brouwer and 
Cohen [4]).  Al1 geometries of type A,, D, or E6 are buildings. Finite buildings of type 
E7 I E 8 ,  C, or F4 with thick lines do not admit any proper quotients. 

1.1. Noiation. 
Let us recail some standard notation before going on. The n nodes (types) of a C, -diagram 
are usually marked by integers, as follows: 

Elements of type O, 1 ,2  or 3 are called points, lines, pfanes or sofids, respcctively. Ele- 
ments of type n - 2 are called hyperpfanes (or cofines) and those of type n - 1 arc called 
hyperlines ($6 of [55] )  or copoints. Of course, some of these words are synonymous when 
n = 3 or 4. In these cases the words «line», «piane» or «solid» will be preferred for «hy- 
perplane» (or «coline») or «hyperline» (or copoinb). We shall fieely use phrases such as 
«the point p lies on the plane u >> (or «is on UP), «the line r passes through the point p » ,  dhe 
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lines r and s meet in the point p » ,  and so on. The collinearity relation and the collinearity 
graph are defined as usual. We write a i b  to mean that two distinct points a,  b are collinear. 
Analogously, two distinct hyperlines are said to be cocollincarif there is a hyperplane i n r i h t  
with both of them. 

A line is thick if it is incident with at least thrw points. Otherwise, it is thin. A C,- 
geometry is ordjnary if al1 its lines are thick. Otherwise, it is degenerate. 

The symbols * and T denote the incidence relation and the type function, as in [55]; oi is 
the i -shadow operator, as in [5]. As for the rest, the same notation is used in [5] and [55] and 
we follow it. 

1.2. Characterizations of C,, -buildings 

Buildings of type C, can' be charactenzed by means of elementary properties: a C, -geometry 
r is a building iff the Intersection Property (IP) holds in ([55], 96). We wam that two kinds 
of Intersection Properties are considered in [55] and [5] and they are not equivalent in generai: 
property (Int) of [55] is weaker than property (IP) of [5]. Anyway, they are equivalent if only 
geometries of spherical type are considered. Moreover, properties rather weaker than (E') are 
sufficient to characterize C, -buildings: 

( L L )  ([55], 96). Any two distincts lines meet in at most onepint .  
(O) ([5 5],96). given any t wo elements a,  b of type i 2 n - 2 , we have a = b if o. ( a) = 

( L L),,, ([25], 52.2). Pmperty ( L L )  holds in r and in the residue of every flag of 

We have: 

ao(b).  
of 

iype { O ,  1 , .  , . , i } ,  forevery i = O ,  1, .  . . , n-  4 .  

Proposition 1. The following are equivalent on a C, -geometry r : 
( i )  The geometry r is a building. 
(ii) Both ( L L )  and (O)  hold in r . 
(iii) Propero ( LL),,, hola5 in . 

Proposition 1 is essentially contained in Proposition 9 of [SI, but the rader  can see a2.2 
of [25 ]  for an elementary proof of it. 

When n = 3 , properties ( LL) and ( LL),,, say precisely the same and (LL) implies (O). 
However, when n 2 4 , some C, -geomemes exist which satisfy (LL) and nevertheless are 
very far from buildings. For insiance, ( LL) holds in al1 flat C, -geometries when n 2 4 ( s e  
$1.4 for the definition of flat geometries). Thus, (O) cannot be dropped in (ii) when n 2 4 .  
Anyway, (LL) fails to hold in each of the known examples of ordinary non-building C,, - 
geometries (see [32]; we warn that no ordinary flat C, -geometry is known when n 2 4 .). 
Hence, we might ask if ( L  L) suffices to make a C, -geometry r a building in the presene of 
some additional hypotheses quite different from (O): assuming that r is ordinary, for instance 
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[37]; or that it is aiready covered by a building ([49], $5); or both. What happcns if ( L L )  
holds in the O-shadow space of r ? (e.g., see 95.3, Statemeiit 2 and Remark 1; or $5 of [49]). 

A number of properties similar to ( L L )  may be considerai. Here are some of them. 
( LL)i  (where i = 1 2 ,  . . . or n - 1 ). Given a line r and an elemenf w offypc i ,  we 

haver*w i f Iao ( r )  nao(w) I  2 2 .  
( L L ) ;  (where i = O 1 , . . . or n - 2 ). Given a hypelplanc u and an elemcnf w of rype 

i, we have u * w if ( u )  n 
Of course, ( LL)? is the dual of ( L L ) ,  , -i . Property ( Li,),-, is the sarne as ( L H )  of $6 

of [55] and ( L L ) ,  is the sarne as ( L L )  . It is easily seen that ( L L )  and ( are cquivalent 
for every i = 1 2 l . .  . , n- 1. Property (LL),' implies ( L L )  . Moreover, ( LL),,, holds in a 
C, -geometry (that is, r is a building) iff ( LL);  holds in r for every i = O 1 ,  . . . , n- 1 
(we shall again deal with this equivalence in 0 1.6). 

Properties ( L L ) ; ,  ( L L ) ;  l .  . . ( L L ) L 2  are not equivalent and (LI,);-:_, (dual of ( L L )  ) 
is the weakest one: indeed it holds in al1 C,-geometries. The rcader is refcrred 10 $2.2 of 
[26] for further elementary properties of C, - buildings holding in arbitrav C, -geometries 
as well. 

Other ways exist to characterize C, -buildings. For instance, buildings can be character- 
ized by means of properties of galleries (e.g., property (P,) of [ S I ,  or properties (C,) or 
(G,) of $3 of [49]), but we will not insist on this here. 

( w )  I 2 2 .  

1.3. A few remarks on degenerate C, -geometries 

Degenerate C, -geometries (§ 1 .i) have been studied by a number of authors (Buekcnhout and 
Sprague [6], Rees [40], [38] and [43], $3 of [34], Scharlau [48], Surowski [50], Hillebrandt 
[li]). but a complete classification seems to be still far from reach. Unlike the case of ordinary 
C, -geometries, classifying degenerate C, -geometries is not the main problem here. For 
instance, finite degenerate C, -geometries have been classified by Rees in [40] (see last lines 
of [40], in particular), but this does not help us so much in classifying al1 finite degenerate 
C, -geometries. 

Thus, we will not insist on degenerate C, -geometries in this paper. 

1.4. Flat geometries 

A C, -geomeuy of type less than n - 2 are 
incident with al1 hyperlines of I'. We warn that our definition of flat geometries is much more 
restrictive than that of [49] when n 2 4 ; in [49] Shult requires only that ai1 points are incident 
with ai1 hyperlines. 

We are not going to list ai1 elementary properiies of flat geometries here. A lot of infor- 
mation on this matter can be found in chp. 5 of [42]. 

, where n 2 3 is flat if al1 elements of 
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Degenerate flat geometries can be produced easily ( s e  [40], 83 of [34] and [501). On 
ihe contrary, ordinary flat C,, -geometries are not so fiequent. Finite examples cannot exist if 
n _> 4 (see E261 or [34]). But some non finite examples of rank 3 exist associated with &;cd 
fields (92.2 (ii) of [39]). However, just one finiteordinary example is presently known. namely 
the A, -gcorncQ. This is the only flat C, -geometry with uniform parameter 2 - 

2 2 2  

([42], Lemma 5.4). Perhaps, it is the only ordinary finite flat C, -geometry. 
Severa1 different ways exist to produce the A, -geometry: see [391, [211, [251 (Example 

4 of 92.3) or [16]. The construction given by Rees in [39] by means of maximai extenor sets 
looked most inkresting, alihough it is not the simplest one (we give the deiails of it in 55.3). 
Indeed that construction seemed to be genera1 enough to produce severa1 flat geomeiries other 
than the A,. -geometry. Actuaily, it does so if we are satisfied of non finite examples ([39], 
92.2.(ii)). Howcver the A, -geomeiry is the only finite example that can be got in that way 
(this follows from Thas [601). 

The A, -gcometry is the only finite ordinary non-building C,, -geometry presently known. 
As it is ilat, we might consider the flainess to be the most important pathology that can occur 
in C, -gcometries. This point of view is implicit in ihe following propsitions. 

Proposition 2. ([34]). Let r be an ordinary C,-geometry and let us assume that every 
C, -residue of r is either a building orfrat. Then one of the following holds: 

(i) The univeral2-cover of r is a building. 
( i i )  The geometry r isfrat. 

Here is a skctch of the proof. Residues of points are either quotienis of buiidirigs or flat, 
by the inductive hypothesis. If I? is not ilat, then, given any point a having flaii residue r,, 
we find a point b non collinear with a and such that the residue rb of b is a qustient of a 
building. Next, we can construct a 2-covering from rb to Fa exploiting the flatness of ra 
and the fact that b,la (the reder is referred to [34] for deiails). Thus, al1 residuec of points of 
i‘ are 2-covered by buildings. The conclusion follows from Basic Theorem A. 

A number of non finite, examples exist satisfying the hypotheses of Proposition 2 which 
are propcr quotienis of buindings ( s e  [32]). But, if we assume tbe finiteness, then (i) and (ii) 
can bc substituted with a much stronger conclusion. Indeed, by Basic Theorem B we obtain: 

Proposition 3. ([26]). Let r be as in Proposition 2 and let us assume that n 2 4 and that 
r isfinite. Then r is a building. 

Thus, it would be nice to succeed in proving at least the following: 
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Conjecture 1. Allfinite ordinary non-building C3 -geometries are Jat. 

If this were me,  then finite ordinary C, -geometries would be buildings when n 2 4 , by 
Proposition 3. We should still classify finite ordinary flat C: -geomeiries and the finite non 
degenerate case would be done. 

We shail see later that a statement on C, -geomeeies weaker ihan conjecture 1 would 
suffice to obtain the same conclusion in the case of n 2 4 (see conjecture 2 of $3.2 and 
proposition 3.bis of 93.4). 

Of course, we might conjecture even that the A, -geometry is the only non-building finite 
ordinary C, -geometry. Theorems 5 and 6 will give some evidence of this. 

Anyway, conjecture 1 gives usa motivation for the following definition: a C, -geometry is 
anomafous if it is neither a building nor flat. Severa1 examples of anomalous C, -geometries 
are known ([40] and [32]), but each of them is either degenerate of infinite, of course. 

1.5. Parameters 

The notion of parameters of a geometry (i-orders in [ 5 ] )  is a well known one. Anyway, the 
reader can find a definition of it in [30] or [26]. Ordinary C,, -geometries admit parameters 
X,Y: 

The letters x, y will aiways denote parameters, as above. A finite ordinary C, -geometry 

(1) x = y (uniform parameter) 
(2) y = 1 (non thick case) 
(3) y = x2 

(4) x = Y 
(5) y2 = x3 

We will see later that 
cases (6), (7) and (8) 

(8) y = x - 2 a n d y . > 3  1 areimpossiblewhenn>3. 

(6) x2 = y3 

These are actuaily ai1 relations occurring between parameters of known examples of finite 

The geometry r has parameters of cfassjcaf fype if one of (1)-(6) holds (n = 2 in case 

The geometry r is focaify cfassicaf if al1 projective planes and generaiized quadrangles 

r is said to have parameters of known fype if one of the following holds on x and y : 

2 

(7) x = y - 2 and 5 2 3 

generaiized quadrangles with thick lines (see [361 and [351). 

(6)) and x is a prime power. 

occurring as rank 2 residues of r are classical. 
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Nwdlcss to say that ali projective planes occurring as rank 2 residues in a finite ordinary 
C, -geomctry are classical if n 2 4 .  Thus, the parameter z is a prime power in that case. 
A finite ordinary C, -geometry r is said Lo have parameters of semi-classicaltype if both z 

and y arc powcrs of the same prime numbcr (of course, y = 1 = po is allowed). 

1.6. The Ott-Liebler number 

The 011-Licbler number a of a C,,-geomcUy r is dcfined inductively as follows [59]. If 
n = 2 ,  then a = O ,  by definition. Let n 2 3 and let be a C,-geometry. Given a 
point-hypcrlinc flag ( a ,  u) of r , lct E( a,  u) be the number of hyperlines u different from 
u ,  cocollincar wilh u ,  incident with a and such that the hyperplane w incident with both 
u and u (uniqucly dctcrmincd by (LL);-, of 51.2) is not incident with a.  Let a(a) be 
thc 011-Licbler numbcr of thc residue Ta of a (already defined by the inductive hypothesis). 
Thcn (E( a ,  u) + 1) (a( a)  + 1) docs no1 dcpend on the choice of the flag ( a ,  u) . Jn particular, 
E( a ,  U) docs not dcpcnd on thc choicc of thc hyperline u in ra. The reader may find a proof 
of this claim in [59]. Wc writc a+ 1 instcad of (Z( a,  u) + 1) (a( a) + 1) and E( a) instead of 
E( a ,  u), for short. Thc constant a is thc Off-Licblernumberof . The numbers a( a) and 
E( a) arc rcspcctivcly thc inner and oufcr local Off-Liebler numben of r at a .  Of course, 
wehave E ( a )  = a and a ( a )  = O if n =  3 .  

Proposition 4. We have a = O iff is a building. 

Indccdwchavea=  O iff(LL)I of§1.2holds inr  f o r e v e r y i =  O , l , . . . , n - 3 .  
Propcrty ( LL);  holds for evcry i = O ,  1,  . . . , n- 3 iff (LL),,, holds. Then a = O iff r is 
a building, by Proposition 1. 

Some intcrcsting rclations cxist bctwccn 011-Lieblcr numbers 2nd orders of groups of deck 
uansformations. Let p : ri + r, bc a 2-covering and le1 A 2 A d (  r,) be the group of 
dcck Uansformations of p (scc [%I), assuming that r2 % Tl/A.  Le1 a,, a, be the Ott- 

Licblcr numbcrs of ri and r, , respectivcly. Thcn we have [59]:  

Morcovcr, givcn a point b of i-, , let al ( b) , E,  ( b )  be the inner and outer local Ott-Liebler 
numbcrs of ri at b and Ict a, ( a )  , E, ( a )  havc a similar meaning in r, with respect to a = 
p(b). Thcnwehave: a , ( a ) + l  = IAbl . (a i (b)+l)  a n d E , ( a ) + l =  ( E , ( b ) + l ) . [ A : A b ]  
whcrc A ,  is Lhc siabilizcr of b in A .  In particular, if ri is a building (so that al = o), the 
prcvious rclations bccomc as follows: 
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From this it is clear that a( a) may depend on the choice of a when n 2 4, so that the 
same happens to E( a ) .  The reader is referred to [32] and [59] for some examples were this 
phenomenon occurs. Of course, they are non finite examples. 

Al1 previous claims are easy consequences of the following statement [59]: 
Let ( a ,  u )  be a non incident point-hypcrline pair in . Then there are exactly E( a) + 1 

hyperlines w incident with a and cocollinear with u . 
Let us briefly explain how that statement implies the previous claims on [AI, / A b [  and 

[A  : A*]. Let p : TI -t r2, a l ,  a2 and A be as above. Let ( a ,  u) be a non incident point- 
hyperline pair in T2 and let (E,Ti)  E 9-l ( a ,  u). Let X be the orbit of E under the action 
of A .  Then each b E X - { E }  contributes El ( b )  + 1 configurations to the computation of 
a 2 ( a , u )  = E 2 ( a ) .  - 

Of course, we have El ( 6 )  = El ( E )  for every b E X. Hence 

that is: 
[A:A,].(E,(z)+ l ) = E 2 ( a ) + 1 .  

The rest easily follows from this. 
equals the numbcr of closed 

galleries of type 012012012 based at a given chamber of r . We don’t know any nice way to 
generalize this to the case of n 2 4 .  Yet, the constant a first appeared in [24] prccisely in 
this way, as the number of closed galleries as above, while the definition that we have given 
has been inspired by Liebler [ 161. However, the constant a arises in both [24] and [ 161 in the 
context of a representation-theoretic approach to finite C, -geometries. Thus, neither Ott nor 
Liebler could fully realize how general this concept was and their proofs of the constancy of 
a heavily depended on techniques from representation theory, so that they were valid only 
for finite C3 -geometries admitting parameters. 

is a finite C3 -geometry admitting param- 
eters x, y . Then we have a 2 x 2  y and: 

Proposition 5. We have a = x 2  y iff r isjlal. 

We note that, when n = 3 ,  the Ott-Liebler number a of 

For the rest of this paragraph we assume that 

The reader may see E271 for the (easy) proof. We will see later that the upper bound 
z2 y 2 a can be improved as follows: we have a 2 rn2 y where rn = min( z, y) (Proposition 
9 of $3). Hence, r cannot be flat if z > y (but this statement can be proved easily in an 
elementary way; see Lemma 5.10 of [42]). 

Let n,, q, % be the number of points, lines and planes of r , respectively. By easy 
computations we get: 

(1) (a+ i)% = ( 2 y +  1 ) ( 2  + x +  1 )  
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(2) (a+ i)? = ( 2 y +  l ) ( z y +  l ) ( z 2 +  z +  1) 

(3) ( a +  11% = (Z2Y + 1)(ZY + l ) ( Y  + 1) 
(sec [27]). The following proposition is an easy consequence of (1) and (3): 

Proposition 6. The number a + 1 divides ( 1 + z2 y) d where 

d =  g.c.d.(z2 + z +  l , ( z y +  l ) ( y +  1)) 

Thc Ott-Liebler number will be exploited in the context of representation theory (see $3). But 
it also has nice elemenmy applications. We give one of them here. 

Given two distinct collinear poinis a, b of a finite C, -geometry r , let n(a, b) be the 
number of lines of r through a and b. A point a of is homogeneous if n( a, b) = n( a,  c) 

for every choice of the points b,  c collinear with a and distinct from a .  

Proposition 7. ([28], Theorem 2). Afinite ordinas, C, -geometry is either a building orflat 
if it admits some homogeneous point. 

The proof consists of a series of computations involving the Ott-Liebler number. The 
rader is referred to [28] for details. Proposition 7 will play a relevant role in the inqujl into 
flag-transitive finite C, -geometries ($5). 

1.7. Statements of the theorems 

Wc dcnote the parameters and the Ott-Liebler number of r by z, y and a, respectively, as 
in $91.5 and 1.6. In Theorem 1 we consider ordinary non thick C,-geomeiries ( y  = 1 < 
X) . We examine them separately bccause they can be classified fairly easily, exploiting the 
assumption that y = 1 and the correspondence between non thick polar spaces of rank n and 
il,, buildings ([56], chp. 7). Thick C, -geometries are much harder to study. The remaining 
theorcms deal with thcm. 

Theorem 1. (Rees [41]). Let 
following holds. 

be an ordinary non thick C,-geometry. Then one of the 

( i)  The geometry r is a building. 
(ii) The geometty r is infinite and it is the quotient of a building over an involuloty 

automorphism of r induced by a diagram automorphism of the D, -building associated with 

i'. Wehavea= 1 .  
- 

A sketch of the proof of this theorem will be given in $2. 

Theorem 2. Let 
type. Then either r is a building or we have n = 3 and one of the following holds: 

be a finite ordinary C,, -geometry admitting parameters z, y of known 

(i) We have x.= y and isjlat. 
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(ii) We have x3 = y2,  the geometry r isfIat and the C2 -residues of 

(iii) We have x = y2 ami a = y3. ~ h e  geometry r is anomaìous. 

Theorem 2 is contained in [27], [26] and [31]. We will @ve a sketch of the prmf in 993.3 

cannot be iso- 
morphic with any of the known generalized quadrangles. 

and 3.4. Here are two consequences of Theorem 2. 

Theorem 3. Let r be a locally classica1 finite ordinary C, -geometry. Then either 
building or n = 3 and one of the following holds: 

(i) We have x = y,  the geometry isflat and ra E Q4 (2) for every point a of 
points of Q4 (x) are lines of r through a) .  

(ii) We have x = y2,  a = y3 (hence, 
a of r .  

is a 

(the 

is anomalous) and ra % H3 ( y2) for every point 

Theorem 4. A finite ordinary C, -geometry or rank n 2 4 is a building if it admits param- 
eters of semi-classica1 rype. 

Theorem 3 is a tnvial corollary of Theorem 2 (see 93.3). On the conuary, the proof of 
Theorem 4 is not so tnvial. We will give it in 94. Here we make some comments. If is 
a finite C3 -geometry admitting parameters x, y of semi-classica1 type, then it is easily seen 
that xy divides a (see 94). However we cannot say so much more when n = 3 .  Things 
were different in Theorem 2. Indeed a relation between x and y was assumed in Theorem 2, 
so that we had only 2 unknowns there, namely a and one of x or y . On the contrary, in the 
semi-classicai case we really have 3 unknowns. However, things become easier when n 2 4 ,  
as we will see in §4. 

The foliowing theorem is contained in [29], [30] and [20]. We wiil sketch its proof in 
995.3,5.4 and 5.5. 

Theorem 5. Let r be a finite ordinary C, -geometry and let Aut( i') be flag-transitive. 
Then r is a building or it is the A, -geometry or we have n = 3 and r is anomalous. 

I f  r is anomalous, then al1 the following properties hold: 
(a) Residues of planes of r are non desarguesian flag-transitive projective planes. 
(b) The number x is even, 1 + x + x 2  isprime, x 
(c)  Let d = g.c.d.( x2,  y). We have x > d2 and x 2  - x > y _> (x - l)d2 + d. Moreover, 

xd divides a, ( 1 + a) xd divides x2 y - a, ( 1 + a) (x + y) z divides ( 1 + xy) ( x 2  y - a) and 
( 1  + a)(x2 + y)x divides ( 1  + x2y)(x4y - a). 

2 (mod. 3) and x > lo3 .  

(d) I f  Aut( r ) acts primitively on the set of points of r , then y is odd. 

Needless to say that conditions (a)-(d) look quite suange. We remark also that something 
more can be said in (b): x cannot be a prime power (Le., a power of 2) if z 5 3006 (see [8], 
page 209, footnote 2). Trivially, conditions @) and (c) are impossible to satisfy if x, y are of 
known type or of semi-classical type. Therefore: 
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Theorem 6. (Main Theorem). Let r be afinite ordinary C, -geometry admitting parameters 
ofknown type or of semi-classica1 type and let Aut( r) bejìag-transitive. Then r is either 
a building or the A,  - geometry. 

The celebrated theorem of Aschbacher [ 11 is included in Theorem 6. 

2. NON THICK ORDINARY C, GEOMETRIES 

We give a sketch of the proof of Theorem 1. This p m f  (due to Rees [4 13) needs some lemmas, 
which are actiially fairly stronger than we might believe from [41], as it has been pointed out 
by Rinauro [45]. We follow the more general exposition of [45], generalizing it a bit further. 

We recai1 that the next pictures 

n 
o--o 

L 
o----o a nd 

denote the class of partial planes, the class of linear spaces and the class of dual iinear spaces, 
respectively [5]. A gallery 7 = (C, , C, , . . . , C,) of a chamber system F is non stammenng 
if Ci-l # Ci for every i = 1 , . . . , m. Given a non stammenng gallery 7 = ( C, , CI,. . . , C,) 
of a chamber system F, the type of 7 is the mapping T~ from { 1, . . . , m} to the set of types 

of F defined as follows: T ~ (  i )  = j iff Ci-, and Ci are j-adjacent (i = 1, . . . , m) . Given a 
type j of the chamber system F, the j -seclion of 7 is the inverse image 7-y' (i) of j under 

T-. and 1~;' ( j )  I is the j -1englh of 7. 

Lemma 1. Let be a 2-simply connected geometry belonging to the following diagram: 

where O ,  1, .  . . , n - 1 are types and k 2 2 .  Let us assume that every element of r of type 
n- 2 is incident with exactly huo elements of type n- 1. Then every non stammering closed 
gallery of the chamber system F( r)  of r has even ( n  - 1) -1ength. 

This lemma has been proved by Rees [41] in the particular case of C, , but the argument 
by Rees can be easily generalized so that to obtain the previous lemma. 

Let r be as in the hypotheses of Lemma 1. That lemma says that we can share the elements 
of r of type n - 1 in two disjoint classes so that, if u, v are distinct elements of type n - 1 
in the same class, then we have a-, (u) ri a,, ( u )  = 4. This suggest that r might be 
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obtained as O-linearization ([25], page 317) from a geometry belonging to a diagram as in the 
following picture: 

However, to prove this, we should be able to prove that, given elements u, u, w ,  a of r 
where w has type n- 2 , a has type less than n- 1 and (u, u} = ( w )  , we have a * w 

if€ a is incident with both u and u . Of come, if we know that the Intersection Property (E') 
holds in r , then we are done. Let us consider (LL) , first. 

Lemma 2. Let r be a simply connected geometry belonging to the following diagram: 

3 
LI 

points lines planes 

and let us assume that every line of r is incident with precisely 2 planes. Then any two 
distinct lines of r meet in at most one point. 

Indeed, otherwise we can construct a closed gallery in r involving three planes, and we 

It is easily seen that (IP) holds in a geometry r belonging to the following diagram 
contradict Lemma 1. 

L 71 

points lines planes 
- " O 

if (LL) holds in i'. Thus, (iP) holds in every simply connected ordinary non Lhick C, - 
geometry, by Lemma 2. Then every such geometry is obtained as O-lineari7ation from an 
A, -geometry 

by the previous remarks. However A, -geomeuies are projective geometries (Basic Theorem 
B). Hence, we have: 

Lemma 3. Simply connected ordinary non thick C, -geometries are Klein quadrics. 
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Of course, we could also get Lemma 3 directly from Lemma 2 and Proposition 1. But we 
have preferred the way above in order to show how atypicai the non thick case is. 

We can prove Theorem 1 now. By Lemma 3 and Basic Theorem A, every ordinary non 
thick C, -geomcuy is 2-covered by a building. Let 'p : i= -t r be the universai 2-covering 
of and le1 A be the group of deck transformations of r . As D,-buildings do not admit 
proper quotients (Basic Theorem B), every non identicai element of A acts as an involutory 
diagram automorphism on the D,-building associated with i= ([56], 57.10). Then A has 
ordcr 2. Theorem 1 follows from this and from Basic Theorem B. 

3. PARAMETERS OF KNOWN TYPE 

Most of what we will say in this section will depend on representation theory. Classical matrix 
theorctic tcchniques need some regularity assumptions on the adjacency graph of r in order 
io work, or on some other graph related to r (see 191, [41 or 551.2.2, 1.4,1.9 or 1.10 of [36]). 
Representation theory is rather more generai. 

N o  different approaches exists to the algebraic representation of C, -geometries: the one 
of [24], which is an application of the very generai theory by Ott [22] and [23]; and the one by 
Liebler [ 191, which developes previous work by Hoefsmit [ 131 on representations of groups 
with B N  -pair of classica1 Lie type. 

Hoefsmit used ideas and results taken from papers by Carter, Curtis, Iwahori, Kilmoyer, 
Steinberg, Tits and other ones. He developed those ideas to a very far reaching point and gave 
effective procedures to explicitly find ai1 irreducible components of the induced representation 
1: of a finite Chevalley group G admitting a BN-pair ( B ,  N) of type A,, D, or C,. The 

algebra affording Lg is the Hecke algebra H (  G, E?) of G with respect to the Borel subgroup 
B of G. The algebra H (  G, B )  is presented by a nice set of relations (see (1) of 53.1) and 
Hoefsmit fully exploited also this fact, of course. Finaily, he computed the multiplicities of 
the irreducible representations of H (  G, B )  in almost ali cases. An inquiry into F4 in this 
style has been done by Surowski [51] shortly afterwards. 

Hoefsmit focused onto groups rather than onto geometries. That is, his work immediately 
fits for any building of classical Lie type but not for any possible geometq of that type. The 
job to adapt that work for geometries of Lie type (in particular, for C, -geometries) has been 
done by Liebler in [19]. Unfortunately, a gap occurred in one part of [i91 and the author 
decided not to publish anything of [19], though it still remained a good and useful paper. We 
will use a numbcr of things from 1191. 

In [22] and [23] a different approach to this matter is developed, which could in princi- 
pie be applied to any chamber system, even far from buildings of Lie type. However, be- 
cause of its very generaiity, this approach cannot immediately give us effective procedures to 
computc everything in every case. Ott applied that machinery to finite C, -geomeaies with 
uniform parameter in [24]. Rees and Scharlau [44] continued that work, considering finite 
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C, -geometries with parameters of classical type and could settle the cases listed as (3), (5 )  
and (6) in $1.5. Unfortunately, they did not publish their work. Thcy could not get any satis- 
factory result in case (4) of $1.5 and, perhaps, they thought that this was a fault in thcir work 
(actually, it was not really such: see $1.7, Theorem 2.(iii) and Theorem 3.(ii)). 

We shall pragmatically mix the previous two approaches together so that to get the most 
of profit from each of them. 

3.1. Hecke algebras of geometries 

Let be a (residually connected) geomeuy over a finite set of typcs I = {O , 1 , . . . , n - 1 } , 
admitting finite parameters zo, 5, , . . . , z,,-~ and let F‘( r )  be the set of chambcrs of . Wc 
can define a vector space Vr over the complex field taking F‘( r )  as a basis of Vr . Lct 
S( Vr)  be the algebra of ali linear mappings of Vr . For every type i = O ,  1 ,  . . . , n - i , Ict 
ai be the linear mapping of Vr acting on F( r) as follows: 

(where 7 means i-adjacency of chambers). 
1 

Let H ( T )  = (crili = O, 1 , .  . . , n - 1) be the subalgebra of S( Vr) gencratcd by 
{aili = O ,  1 , .  . . , n - i } .  The algebra H (  r )  is the Hccke algebra of r ([22] and [23]). 
It is semisimple if r is finite (see [23]). 

Denoted by I the identity mapping, we define 7rn( eri, ai) inductively as follows: 

Let us assume further that 

Then the generators ai of H (  r )  satisfy the following relations: 

belongs to a Coxeter diagram = ( mij li, j = O ,  1 , . . . , n- 1). 

a; = (Si - 1)a; + S i l  

7rmij(ai,ai) = 7rmij(aj,ai) 

( i = O , l ,  ..., n- 1) 

( i , j  = O ,  1 ,..., n- 1 ; i f j )  
( 1 )  

Let us write 3€ = ( zo , zl,. . . , z,~ ) ,  for short, and let H v 3 €  bc the algcbra over the 

complex field presented by the set of relations (1). If r is a finite building dcfined by a 
BN-pair ( B , N )  of a group G, then Hg73€ % H ( T ) .  Indeed, in this case H ( T )  is the 



Hecke algebra il( G, B) of G with respcct to B and the relation H(G, B) 
well known. 

H g 3  is 

In gcncral, H (  ) is a homomorphic image of H F ~  and ali irreducible :epresentations 

of I I (  r )  of finite degree appear among the irreducible represenations of H F ~  of finite 

dcgree. We can also study relations bctwecn the multiplicities that such a representation has 
whcn it is viewed as a possible component of two distinct Hecke aigebms H (  ri ) and H (  r2) 
of two finite geometries ri , r2 relative to thc samepair ( F, 3€ ) ([19], $2). Translating these 
things into gencral and effective computing procedures is not easy at ail. 

Howcver, olher tricks can be found to compute mulliplicities of irreducible representations 
of H (  i') in special cases and C, is one of those lucky cases. 

Remark. Since this paper is a continuation of [25], we must warm the rader that the 
sccond relation of (1) is stated in a wrong way in [25], as (oi, oj)"ij = I, which holds in 
Coxeter groups, not in Hecke algebras. 

3.2. Hecke algebras of C, -geometries 

Hocfsmit [ 131 gives us methods to compute ai1 irreducible representations of H F ~  when 

57 = C,, A ,  or il,. We already know that ali geometries of type A ,  or D, are buildings 
(Basic Theorem B). As for C,( TI 2 4), if we get contro1 over C, -residues, then we are done. 
Thus, we shall consider only the case of C, : henceforth r will be a finite C, -geometry 
admitting parameters 5, y. Hence, we have 3E = ( x,z, y) and 

Hocfsmit [ 121 has provcd that Lhere are exactly 10 pairwise inequivalent irreducible represen- 
tations of H F , ~  . Each of them is associaled to a double partition of the set of types {O,  1 , 2 }  

and here are al1 double partitions to be considcrcd: 

( ( 0 )  , ( 1) (2)) , ( (0 )  ( 1) , (211, (( 0) ( 1 ,211, (4; (01, ( 11, (211, 

(4 ; (0 ,  1) , (2)) ,  ( 4 ; ( 0 , 1 , 2 ) )  

We dcnote thcm by the following shortened symbols: 3/0, 2 . 1/0 ,  l 3 / 0 ,  2 /1 ,  
I * / l ,  1 /12,  1 /2 ,  0 /13 ,  0 / 2 .  1 and 0 / 3 ,  respectively. 

Hocfsmit attaches a representation to each of these double partitions constnicting repre- 
sentative matrices for o,, , o1 and o2 with the aid of certain sequences of Young diagrams 
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related to the double partition that he is considering (the rader is referred to chps. 1 and 2 of 
[ 131 for details) and proves that those are actuaily al1 irreducible representations of H v x  . 
We now list al1 of them. Henceforth Ak(t )  will denote the following matrix: 

s - l  x k + l t + l l  1. [ 
xkt  + 1 skt + 5 skt(s - 1) 

Here are the representations. 
1) (Index representation). 3 / O .  Degree 1.  

2) 2 a 1 / 0 .  Degree 2. 

00 + A 2 ( - 1 ) , q  -+ 

3) 1 / O .  Degree 1. 

s o  

o -1 O Y  "1 
Oo + - l , o l  -+ - 1 , q  --t y .  

4) (Reflection representation). 2 / 1 . Degree 3. This representation appears aiso in [24] in a 
seemingly different form (but we have equivalent represeniations, of course). 

A 1 \ Y l  J Lo o - 1 1  

where O,,s is the null r -by- s matrix ( r ,  s = 1 ,2). 

5) 1 2 / 1 .  Degree 3. 

6) 1 / 1 2 .  Degree3. 

1 0 1  + 

Y O  0 

o - 1 o 
o o - 1  
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7) 1 /2 .  Degree 3. 

8) O / 1 3 .  Dcgree 1. 
o. + - l ,o*  + -1,o2 + - 1.  

9) 0 / 2  . 1 .  Dcgree 2. 

10) 0/3.  Dcgree 1. 
o. + z,ol + 5,rJ2 + - 1. 

Let us come to thc multiplicities. We switch to [24], now. Given an irreducible representation 
~p of Hg,x , let x, be the character afforded by p and let m, be the multiplicity of p 

when 'p is viewed as a component of H ( T ) .  Of course, m, = O is allowed. We also 
reca11 that H (  r)  consists of lincar mappings of Vr . Let xo be the (character of) the index 
reprcscntation. For every elcment w of thc Coxeter group W of t y p  C; , we define 

X(w) = o .  o. ... o. 
1, In-I 31 

whcrc 
w = ri riz . . . ri, 

is a rcprcscntation of w as a reduccd word of W with respect to a given system ( ro , r1 , r 2 )  
of gcncrators of W .  The elcment X (  w) of H (  r ) does not depend on the representation 
choscn for w , once whcn ( ro , T ,  , r 2 )  is givcn. Le1 us define [ x,, x,] as follows: 

(see [24], (13)). Let wo bc thc non Lrivial clcmcnt of the center of W , let 7 be the number of 
chambcrs of r (Le., thc dimcnsion of Vr ) and le1 a be the Ott-Liebler number of r ($1.6). 
so that we havc 

( 1 + z + 2 2 )  ( 1 + 2 y ) (  1 + zy)( 1 + 5)( 1 + y) 
1 + a  ( 3) r =  
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(see (1). (2) and (3) of $1.6). Then we have: 

This relation has been proved by Ott ([24], (26)) in the particular case of 5 = y, but that 
proof can be extended to the general case. Relation (4) already appears in [ 131 with a = O 
(corresponding to the case of buildings). Rees and Schariau have extensively used (4) in 
[44]. They did not know ihe work by Hoefsmit, and they made al1 computations only for the 
reflection represeniation @y the way, Ott did the same in [24]). Thus, they had uoubles with 
the case of s = y2,  where the reflection represenlation does not help us so much. Actually, we 
know al1 possible irreducible representations of H (  r)  : we havejust Lo look for lhem among 
the 10 irreducible representations of Hgx . We can compute [x,, x,] and m, using (2), 

(4) and (3). Computing [ xp, x,] is a very tiresome job, but it can be done. As far as we 
know, Liebler E581 has been the first one to apply the method descnbed here so that to get the 
list of the multiplicities of the irreducible representations of H (  I'). Here is that list: 

0 / 2 . 1  m,= 

0 / 3  m p -  - 

1 

(i + s2y)(1 + =)(2 + a) 

Multiplicities must be non-negative integers. So, by the fifth or the seventh of these rela- 
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tions we have: 

Proposition 8. xd divides a, where d = g.c.d.( x2 , y). 

By the fourth of the tenth relation we have: 

Proposition 9. a 5 m’y, where m = min(x,y). 

Finall y: 

Proposition 10. We have H (  I-) 2 Hvx f l a  < m2y, where m = min( z, y). 

(Of coursc, Z here means isomorphism of absmct algebra). Indeed, if a < m2y, we 
have mV > O in any case, so that none of the simple factors of Hvx is lost when we pass 

to H (  r)  . The following conjecture now looks quite sensible: 

Conjecture 2. Let x > 1. The geomerry r is a building iff H (  r)  2 H F ~  . That is, either 

(Y = O (r  i s a  bui1ding)or a = m2y (where m = min(x,y)). 

We remark that the statement of conjecture 2 is tfue for finite ordinary C, -geometries 
with parameters of known type (Theorem 2). But it may be false if z = 1 is ailowed. Indeed 
every anomalous C, -geomeuy with z = 1 < y is a counterexample to that statement (and a 
lot of such geomeuics exist: see [40]). 

3.3. Finite ordinary C, -geometries admitting parameters of known type 

Most of what we say in this paragraph rests on the fact that the multiplicities m, (93.2) must 
bc non-negative integers. 

Let r bc a finite ordinary C, -geomeuy admitting parameters of known type. Case (1) of 
4 1.5 has already bcen settled by Theorem 1. In cases (2), (3), (5) and (6) of $1.5 very easy and 
short computations, exploiting the divisibility conditions stated in Proposition 6 and 8, show 
that r is cither a building ( a = O) or fat (a = z2y) .  The reader may find details in $4 of 
[ 271. We also remark that a divisibility condition even weaker than that stated in Proposition 
8 would be sufficient herc: xd’ divides a (where d‘ = g.c.d.( x, y) ), as we can see by the 
relation for the multiplicity of the retìaction representation 2/1. On the other hand, we have 
5 y in Ilal gcomeuies ($1.6, remarks following Proposition.5). Then r is a building in 
case (6). However thick C, -buildings have been classified by Tits in [55], and none of them 
has parameters as in case (6). Hence case (6) is impossible. We remark that this conclusion 
could also be got directly, exploiting the formula for mv in the case of 1 / O .  

is fat, then the set of lines through two distinct points a,  b of r is an ovoid in the 
residue r, of a .  Indeed there are exactly xy + 1 lines through a and b and no two of them 

If 
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are coplanar. Generalized quadrangles of order (2, z2) have no ovoids ([36], 1.8.3). Hence 
r is a building in case (3). 

Cases (7) and (8) are shown to be impossible by elemenkuy computations: in each of them 
some of the multiplicities m, cannot be a non-negative integer ([27], $4). 

In case (4), a = O and a = y3 are the only surviving possibilities ([27], $4). 
Furthermore, H4(z) has no ovoids ([36], 3.4.l(iii)). Then, if is flat in case (5), we 

have r, p H4 (5) for every point a of r . However H4 (z) is the only known generalized 
quadrangle of order ( t 2 ,  t 3 ) ,  where t 2  = z (see [36] and [35]). Hence ro cannot be of any 
of the known types if r is flat in case (5). 

The part of Theorem 2 conceming the rank 3 case is proved. As for (i) of Theorem 3, we 
recall that W (  z) has noovoids if z is odd ([35], 3.4.1(i); note that Q4 (5) has a lot of ovoids 
if z is even). We are done. 

Case (2) has been the first to be setlled (by Ott [24], but using an argument fairly different 
from the one sketched here). Next, cases (3), (5) and (6) have been solved by Recs and 
Scharlau [44]. The rest appeared in [27]. 

Remark 1. The geometry 
by Proposition 7. Other strange properties of 
not yet sufficient to give us any contradiction. 

does not admit any homogeneous point in (iii) of Theorem 2, 
can be discovered in this case, but they are 

Remark 2. If is as in (i) of Theorem 2, then the planes and the lines of form a linear 
space L( I-) with ( z2 + 1)( z + 1) points (planes of ), ( z2 + 1)( z2 + z + 1) lines and 
parameters ( 5 ,  z2 + z) (see [57]), as if L(  r)  were a 3-dimensional projective space of order 

is obtained from a max- 

imal set of points exterior to a Klein quadric as in [39] (see also 55.3). The «if» part of this 
claim is tnvial. Let us prove the «only if» part. Let L( r ) be the system of points and lines 
of PG( 3 ,  z) (hence z is a prime power). Then the planes of r form one of the two fami- 
lies of planes of Q;( z) and the lines of are the points of Q;( 5). The set of lines in T,, 
where a is any point of r , is the set of lines of a generalized quadrangle r,* (dual of r,), 
embedded in PG( 3 ,  z) . The generalized quadrangle r; is classicai ([36], chp. 4), hence it 
is of type W( z) ((i) of Theorem 3). It is well known that the set of lines of a generalized 
quadrangle of type W (  z) embedded in PG( 3 , z )  is the set of points of a hyperplane scction 
H n Q; (5) of Q; (z) by a hyperplane H of the projective geometry PG( 5 ,  z) in which 
Q;( z) is naturally embedded. Given a point a of , let Ho be the hyperplane of PG( 5 ,  z) 

defining r; as a hyperplane section of Q; (z) and let f( a) be the pole of Ho with respect 
to the quadratic form defining Q; ( z) in PG( 5,z). If a # b ,  then Ha n H,n Q; ( z) consists 

of the z2 + 1 lines of r through the points a, b and is an ovoid both in Ha n Q;( z) and in 
Hb n Q; (5). Now it is not so difficult to check that X = { f( a) I a point of } is a maximal 

5. 

We remark that L( ) is a 3-dimensional projective space iff 
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exterior set with respect to Q; ( x) and that 
X as in [39]. 

the A ,  -geometry is the only surviving possibility in (i) of Theorem 2 (Se Q 1.4). 

diction arisc from the existence of many ovoids in residues of poinis? 

is isomorphic with the geometry obtained fiom 

Thus, if we succeeded to force L( r)  to be a projective space, we would have proved that 

What about the other «possible» flat case (namely, (ii) of Theorem 2)? Does some contra- 

Remark 3. By Theorem 2 and Basic Theorem B we immediately obtain that ali ordinary finite 
C, -geometries with parameters of known type are simply connected. However it would be 
nice to find a direct proof of this fact. 

3.4. The case of rank n 2 4 .  

Let bc a finite ordinary C,, -geomeuy admitting parameters 5 ,  y of known type and let 
n 2 4 .  By what we have already seen in 93.3 and by Proposition 3, we immediately obtain 
Ihat r is a building in ali cases but whcn z = y 2 ,  whcre (Y = y3 might hold in some C, - 
residues of r . Anyway, thc following lemma is proved in [31]: 

Lemma 4. Let be afinite ordinary C, -geometry admitting parameters x, y where x > y 

and let us assume that, for every point a of , we have either a(a )  = O or a( a )  = y3 
(where a( a )  is the inner local Ott-Liebler number of r at a ) .  Then r is a building (hence 
a( a )  = O in any case). 

The proof consists of a long series of computations involving inner and outer local Ott- 
Licblcr numbers and a non trivial rcsult by Liebler [ 191 is used, concerning Hecke algebras 
of finite C, -geometrics. The rcadcr is rcferred to [31] for deiails. 

What rcmaincs to prove of Theorem 2 easily follows from Lemma 4 and Basic Theorems 
A and B. 

Wc remark that the following improvement of Proposition 3 immediately follows from 
Lemma 4: 

Proposition 3 bis. Let 
that the statement of conjeclure 2 of $3.2 holds in al1 C, -residues of 

be afrnite ordinary C,, -geometry where n 2 4 ami let us assume 
. Then r is a building. 

4. PARAMETERS OF SEMI-CLASSICAL TYPE 

In this section will bc a C, -geometry admitting parameters of semi-classical type x = ph 

and y = pk ( p  prime, z > 1 ). 
By [36] (1.2.2) we have that, if h < k, thcn k = ( 1  + X)p and h = Xp for suitable 

positive integers X and p .  If h > k ,  we obtain h = ( 1 + A)p and k = Xp ( X , p  as above, 
but now X = O is allowed). 
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Let n = 3 .  Then y = g.c.d.(z2, y).  Hence z y  divides a, by Proposition 8. But we 
cannot go so much further exploiting the machinery of $3.2. 

Let n = 4 .  Let us fix a flag F = ( a ,  r ,  u) of type ( O ,  1 ,3 )  in l- . Given a point b E 
o. ( T-) - { a } ,  let u and w be a solid and a plane, respectively, both incident with b and such 
that u * w * u * r and r o1 ( w )  . Then u and u are non concurrent lines of the gencralizd 
quadrangle i-,, , residue of the flag ( a ,  r )  . Let b’ # b be another point in o. ( r )  - { a }  and 
let u’, w’ be chosen in the residue of b’ similarly as u, w in the residue of b .  Wc have u # u’. 
Indeed, if u = d, then w = w’ by ( L L ) ;  of $1.2 (we have n - 2 = 2 ), hcnce T- * w (  = w’)  
in r, and this contradicts our choice of w . Then we have: 

where a( b) is the inner local Ott-Liebler number of r at b and X = o. ( T-) - { a } .  Indeed 
zy2  is the number of lines of r,, (Le., solids of r through r )  that are not concurrcnt with u 

in i-,,. Let a* = min( a( b)  Ib E X) . From the above we have za* 2 z y 2 .  Thcn a* 5 y2 

and either a* = O or z 5 y,  because z y  divides a(b) for every point b of (see thc 
beginning of this paragraph). 

If a* = O ,  then r has parameters of classica1 type, because some of the C, -rcsiducs of 
is a building (Pmposition 4). Hence, r is a building by Theorem 2. 
Let us assume that a* > O .  Then z 5 y. We can also assume z < y (otherwise is a 

building by Theorem 2). Then we have k = ( 1+X)p and h = Xp for suitable positive intcgcrs 
A,  p.  If X = 1, then y = z2 and r is a building by Thcorem 2. Let us assume X > 1 . Wc havc 
a* = Ep(2’+1)p forsomepositiveinteger a, because z y  divides a*. Let usset t = p”,  so that 
z 2 y +  1 = t3’+l + l , z 2 + z +  1 = t 2 X + t X +  1 and ( z y +  l ) ( y +  1) = t 3 X + 2 + t 2 X + 1  + t X + ’  + 1 .  
It is easily seen that the g.c.d. of t2’ + t X  + 1 and t3X+2 + t2’+l + tX+ l  + 1 divides t 2  - t + 1. 

Then Zt2’+* + i (= a* + 1) divides ( t2  - t + l)(t3’+’ + 1),  by Proposition 6. Hcncc, 
a 2 X + 1  + 1 divides ( t2  - t +  l)(t’ -3. As a* 5 y2 and X > 1 ,  we havc E < t X .  

Therefore Lyt2X+1 + 1 < Hence t2’+l < t X + 2 .  This coniradicts our assumptions on A. 
Therefore, is a building. 
Theorem 4 easily follows from this and from Basic Thcorcm A and B. 

5. FLAG-TRANSITIVITY 

In this section we give a sketch of the proofs of Theorem 5 and 6. We will usc rcsults on 
flag-transitive projective planes, on generalizcd quadrangles and propertics of primitive or 
2-transitive permutation groups. 

5.1. Flag-transitive projective planes 
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It has been conjwtured that a finite projective piane with a flag-transitive collineation group 
must be desarguesian. A weaker version of this conjecture has been proved by Kantor [14], 
using lhe classification of primitive groups of odd degree. More precisely, we have: 

Theorem 7. (Kantor [14], Theorem A). Lei n be afinite projective plane of order x and lei 
G be aJlag-transitive collineation group of n . Then one of the following holds: 

( i )  The plane n is desarguesian ami G contains PSL( 3 ,  x) in irs natura1 action on n. 

( i i )  G is a Frobenius group of order ( x  + 1) ( x2 + x + 1) , x is even and x2 + x + 1 is 
prime. 

We remark that n may be desarguesian in (ii) only if x = 2 or 8 ([8], 4.4.16). In this 
case we have G = Frob (21) or G = Frob(73.9), respectively, and these possibilities actuaily 
occur in PG( 2 , 2 )  and PG( 2 , 8 ) .  

Let us give a short sketch of the proof by Kantor for Theorem 7. 
The following propenies of collineation groups of a finite projective plane n of order x 

are known. 
(1) ([8], 4.1.9). Let o be an involutorial collineation of n. Then either a is a central 

collineation or il pointwise fixes a Baer subplane of n. 

(2) ([8], 4.4.10). If H is a point-transitive collineation group of n containing a non-trivial 
central collineation, then n is desarguesian and H contains PSL( 3 ,  x) in its naturai action 
on n, 

(3) ([8], 2.3.7a). Flag-transitive collineation groups of n are point-primitive and line- 
primitive. 

Moreover, by §§4.4.11-4.4.20 of [8] we have: 
(4) Let G be a flag-transitive collineation group of n and let us assume that either n is 

(a) x2 + x + 1 is prime, z is even and G is a Frobenius group containing a sharply 

(b) x is a square and either x is even or x is a fourth power. 
Eliminating (b) (and forcing G = F in (a)) is the problem solved by Theorem 7. The 

p m f  runs as follows. 
The group G is point-primitive, by (3). If G has a normal abelian subgroup, then x2 + x+ 1 

is prime and G is a Frobenius group of order ( x  + i)( x2 + x + 1) (Lemma 6.5 of [14]). 
Thus, we assume that G has no normal abelian subgroups (apart from the Uivial one, of 
course). The group G is primitive of odd degree and primitivegroups of odd degree having no 
normal abelian subgroups are known ([ 141 or [ 171). They have even order. Hence G contains 
involutions. By (1) and (2) we may assume that each of the involutions of G pointwise fixes 
a Baer subplane of n . Assuming this, Kantor finds a contradiction for each of the primitive 
groups of odd degree having no normal abelian subgroups and he proves Theorem 7 in this 
way. 

not desarguesian or G 2 PSL( 3 , x ) .  Then one of the following holds: 

Bag-transitive (Frobenius) subgroup F .  
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Something more can be said in (ii) of Theorem 7: by 4.4.4.c of [8] we have z + 1 G O 
3006, except of course when z = 2 

Very deep relations exists between sharply flag-transitive collineation groups of finite pro- 

(mod. 3). Moreover, z cannot be a prime power if z 
or 8, ([8], page 209, fooinote 2). 

jective planes and finite chamber systems 'iF belonging to the following diagram 

and admitting a group of special automorphisms transitive on the set of chambers of F (finite 

flag-transitive chamber systems, for shori; flag-transitive triangle geomeiries in [47]). We 
are not going to insist on this here. The reader is referred to [47], [53] and [MI (3.3 and 3.4) 
for details. 

5.2. Remarks on flag-transitive generalized quadrangles 
Al1 classical generalized quadrangles have flag-transitive automorphism groups. Non classi- 
cal flag-transitive finite generalized quadrangles also exist. Let H be a piane in PG( 3 ,  q )  , q 

even, and let O be a hyperoval of H (i.e., a ( g  + 2) -arc). Let T,t(O) be the generalized 
quadrangie defined by O as in 3.1.3 of [36]. The generalized quadrangle Ti( O) has param- 
e t e r s (g - l , g+  1) andisnotclassicalifgf2 ( i f g = 2 ,  thenT;(O) isadualgnd). Let 
G be the stabilizer of O in P T  L( 4 ,  g) and let K be the pointwise stabilizer of O in G , so 
that = G/K is the action of G on O. The group K is transitive on Lhe q2 lines of T,*(O) 
through a given point of O, and on the points of each of those lines. Therefore, if is transitive 
on O, then the group G is flag-transitive in T,( O). 

Hyperovals O as above, such that G is transitive on O, exist iff q = 2 , 4  or 16. ([ 121, page 
177). Thus, non classical flag-transitive generalized quadrangles are obtained of order (3, 5) 
and (15, 17) (or (5, 3) and (17, 15), dually). However none of them can occur as a rank 2 
residue in a finite ordinary C, -geometry (Theorem 2). 

In $5.1 we have remarked that Frob(21) < PSL(3,2) and Frob (73.9) < PSL(3,8) are the 
only possible examples of subgroups of PT L( 3 ,  q )  acting flag-iransitively on PG( 2 ,  q )  

and non containing PSL( 3,g). The analogue of this result is known for classical generalized 
quadrangles. Here are the only possible examples of groups acting Bag-transitively on a thick 
classical generalized quadrangle S but non containing the classical simple group naturally 
associatedwith S ([15],TheoremC.7.1): A, actingon W(2)(% Q4(2)),24 .A, ,24  .S, 

o ~ ~ ~ . F T o ~ ( ~ O )  actingon W(3) and PSL(3,4).2 or PSL(3,4) .22 actingon H3(32).  
Non surprisingly, an analogue of Theorem 7 is not yet known for generalized quadrangles. 

Things are even worse. An analogue of (1) of $5.1 can be obtained for generalized quadrangles 
using gg2.3 and 2.4 of [36], but the conclusions we get are rather weaker than in (1) of $5.1. 
Simiiarremarks can be made for (2) of $ 1.5 (see chps. 8 and 9 of [36]). Finally, the analogue of 



Finite C, geometries: a survey 25 

(3) is false for generalized quadrangles. Apart from groups of automorphisms of grids, which 
never can be line-primitive, the groups 24 . A , ,  Z4  S, and 24 . Frob( 20) are flag-transitive 
but point-imprimitive in Q4 ( 3 ) ,  PSL( 3 ,4 )  . 2 and PSL( 3 , 4 )  . 2’ are flag-transitive 
but point-imprimitive in Qf( 3). Flag-transitive but line-imprimitive groups are also easily 
recognized in the Ti( O) examples described before, wheri q = 4 or 16. 

5.3. The flat case 

We begin with the description of the construction of flat C, -geometries by means of maximal 
exterior sets given by Rees in [39]. A maximal exteriorset X with respect to Qf( q) is a set 
of q2 + q + 1 points of PG( 5 ,  q )  such that each line of PG( 5 ,  q )  joining two distinct points 
of X does not meet Q; (q) . Given a maximal exterior set X with respect to Qf ( q) we can 
define a flat C, -geometry l- (X) as follows. X is the set of points of (X) and the lines 
of r (X) are the points of Q; (q) . The set of planes of l- (X) is one of the two families 
of planes of Q; ( q) . The incidence relation is defined as follows. Every point of (X) is 
incident with al1 planes of l- (X) . A point p and a line r of (X) are incident iff r belongs 
to the polar plane of p with respect to Q; ( q) . 

The gmmeuy I- (X) is flat of type C, ([39], 92). 
This consuuction can be generalized to the infinite case, modulo some minor changes (see 

[39]). But we are interested in the finite case here. When q = 2 ,  a maximal exterior set with 
respect to Q; (2) exists and I- (X) is the A,  -geometry (91.4). However, this is the only 
possibility in the finite case (Thas [60]). 

Let r bc a flat C, -geometry with parameters 2, y.  We can define a partial linear space 
il ( r ) = (i”,%) as follows. i” is the set of lines of r and 2 is the set of point-plane flags 
of are said to be incident as elements of ii (r)  precisely 
when they are incident in . In short, ii ( r )  is the point-line system of the linearization of 

. A line and a point-plane flag of 

with respect to the centrai node of the diagram ([25],  page 317). 

Proposition 11. (Rees [39], (3.3)). Let r be afiat C, -geometry with uniformparameter x. 
if n( r )  is isomorphic to the system of points and lines of Qf ( q) , then a maximal exterior 
set X exists with respect to Q; (q)  such that r (X) . 

Now we are ready to prove the part of Theorem 5 of Q 1.7 that concems the flat case. 

Theorem 8. (/20]). The A ,  -geometry is the only fiag-transitive flat finite ordinary C, - 
geometry. 

We give a sketch of the proof here. Let be a flat finite ordinary C, -geometry and let 

5, y be the parameters of r . As is flat and ordinary, we have 1 < x 2 y 2 z2 - x, 
by 1.2.5 of [36] and Theorem 2. If 5 = 2 ,  then y = x = 2 and r is the A,  -geometry by 
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Lemma 5.14 of [42]. Let us assume z > 2 and let A = Aut(T) be flag-transitive, by way 
of contradic tion. 

Using Theorem 7, a theorem of Bumside on permutation,groups of prime degrce and the 
classification of 2-transitive permutation groups and exploiting the inequaiity z > 2 ,  we can 
prove the following: 

Statement i. Let K be the kemel of the action of A = Aut( r ) on the set So of the points 
of and A = A / K  be the action of A on So. Then z is a prime power and P S L (  3 ,  Z) 5 
A 2 PTL(3 ,z ) .  Moreover, if A, is the stabilizer in A of a plane u of and A, = 

A,/(  K n A,) is the action of A, on the residue r, of u, then PSL( 3 , ~ )  2 3, (that is, 
case (ii) of Theorem 7 never occurs on 2, ). 

- 

By statement 1 we easily obtain the following: 

Statement 2. If two lines r,  s of r meet in two distinct points, then o0 ( r )  = O,, ( S )  . 
That is, r is obtained from PG( 2 ,  z) repeating its lines z2 + 1 times, counting the plane 
PG( 2 ,  z) itself ( z2 + 1) (z + 1) times and defining the line-plane incidence in a suitable 
way. 

We remark that statement 2 is false in the A, -geometry. Statement 2 essentially depends 
on the inclusions A, 2 PSL( 3 ,  z) 5 2 5 P T L (  3 ,z )  , which cannot be proved if z = 2 .  

Indeed, if z = 2 ,  then we have A = A, > PSL(3,2) = 2, as further surviving 
possibility, and this in fact corresponds to the A, -geometry. 

Using statements 1 and 2 and exploiting the flag-transitivity again, we can prove the fol- 
lowing: 

Statement 3. Given a plane u and a line r al( u), a point a,,' of u is uniquely 
determined such that the lines incident with u and coplanar with r are precisely the lines of 
u through a,,'. 

Using statement 3, it is not so difficult to prove that il ( r ) is a rank 3 polar space. The 
polar space il (r) is classical by [56] and has parameters z, z as follows - 

X X Z 

where z = z' and r = O ,  1 /2 ,1 ,3 /2  or 2. As the points of n ( r )  are the lines of and 
as y 2 z2 - z, we obtain that either z = 1 or z2 = z, by easy computations. If z = z2 

then y = z3 and residues of points of r are isomorphic with H4 ( z 2 ) .  However H4 ( z 2 )  

has no ovoids ([36], 3.4.l(iii)), whereas, given any two distinct points a ,  b of r , the set of 
lines of r through a and b is an ovoid in the residue r, of a .  Therefore z = 1 ,  y = z and 
n ( r )  SJ Q;(~). 
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By Proposition 11, a maximal exterior se1 exists with respect to Q;( 5 )  such that r 2 

r ( X) . Hence z = 2 by [60]. The final contradiction is reached and Theorem 8 is proved. 

Remark 1. The situation descnbed in statement 2 actualiy occurs in non finite flat geometries 
I-( X) whcre X is a plane of PG( 5 ,  K )  exterior to O;( K )  (such a plane exists iff K is 
an ordered ficid: [39], 2.2ii). It occurs also in al1 flat C, -geometries with ai1 thin lines (see 

Arc thcsc the only possibiiities? If we were able lo obtain statement 3 directiy from state- 
ment 2, without using groups or finiteness assumptions at ail, then we would be very close to 
a positive answer. Indced the reamining part of the proof of Theorem 8 could be generaiized 
in some way. l t  is worth remarking that propcrties like that of statement 2 occur in a number 
of examples of rank n 2 4 (see [32] and [49], $5). Moreover, the A, -geometry is the only 
known flat gcomelry where statement 2 faiis IO hold. Thus we might even hope to succeed to 
prove that statemcnt 2 is a conscquence of the flamess whenever z #  2 .  

[401). 

Remark 2. l t  may bc interesting remarking that, if wc tricd to prove that the system L( r )  
of planes and lines of a flat C, -geometry r with uniform parameter z is a projective space 
($3.3, Remark 2), then wc would soon get stuck with statements which, in one form oranother, 
say the same thing as statement 3.  This is not surprising in view of Remark 2 of 93.3, of 
Proposition 11 and of the final part of the proof of Theorem 8. 

5.4. The anomalous case 

We finish Lhe proof of Theorem 5 of $ 1.7. In this paragraph r is an anomalous finite ordinary 
C, -gcometry with parameters z, y and flag-transitive automorphism group A = Aut( r) . 
So, S, and S, are thc sets of points, lines and planes of , respectively. K is the kemel of 
the action of A on So and 2 = A / K  is that action. 

For cach plane u, iet A,  and N ,  be the stabilizer of (I in A and the kemel of the action 

of A ,  on thc residue Tu of U ,  respectively. Thus, 2, = A J N ,  is the action of A, on r,. 
We remark that A ,  fl K 5 N,, but thc cquality might fai1 to hold, as far as we know (indeed 

is no1 flat). Finally, CY is thc Ott-Liebler number of r . 
Proposition 12. For every point u of ,A, is a Frobenius group, sharplyflag-transitive on 

Tu. 

That is, (ii) of Theorem 7 occurs for every u E S,. Indeed, otherwise we have A, 2 
PSL( 3 ,  z) for every u E S, , by Theorem 7. Hence A is transitive on the set of pairs of 
distinct coliincar points of r . Therefore, the numbcr of iines through two distinct collinear 
points a,  b of r docs no1 depcnd on the choicc of the collinear pak ( a ,  b) . Then r is either 
a building or flat, by Proposition 7. On the other hand, is anomalous by assumption and 
we have the conuadiction. 
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Proposition 13. (Arithmetic conditions). Al1 rhe following hold: 
(i) x is even, 1 + x + x 2  isprime and x + 1 = O (mod. 3). 

(ii) x < y < x2 - x .  

(iii) ( x  + y ) ( a  + 1) divides ( 1  + s y )  ( x y -  :) and ( x 2  + y ) ( a  + i )  divides 
X 

( x 2 y +  1) x y -  - . f f d =  g.c.d. ( x 2 , y ) , t h e n  
( 3  2> 

(ii1.a) d2 < x. 
(iii.6) ( x  - l ) d 2  + d 2 y .  
(iii.c) xd divides a. 

X Y  a Y a2 (iii.d) a + 1 divides both - - - and - + -. 
d xd d x2d 

Property (i) follows from Proposition 12 and Theorem 7 (see 4.4.4.c of [8]  for x + 1 

O (mod. 3)). Property (ii) follows from Theorem 2, from 1.2.5 of [36] and from (iii.b). 
Property (iii.c) is nothing but Proposition 8. Al1 remaining properties listed in (iii) arc obtained 
exploiting (iii.c) and the fact that 1 + x + z2 1s prime in the divisibility conditions given by 
the formulas for the multiplicities m, of the irreducible representations of thc Hcckc algebra 
of (53.2); the reader is referred to [29] for details of these computations. Wc warn that thc 
two divisibility conditions in (iii.d) are equivalent. 

It may be that some way exists to reach a conuadiction taking al1 previous propcrties 
together with the divisibility condition of 51.2.2 of [36] and with the well known Bruck- 
Ryser condition on the order of a finite projective plane. One of the authors has tried to do 
this by a computer some time ago, testing al1 vaiues of x 5 1000. It tumed out that none of 
them worked. Therefore: 

Proposition 14. We have s > 1000. 

By Proposition 12 and 14 and by 4.4.16 of [8], we immediately have thc following: 

Corollary. For every plane u of r , Tu is not desarguesian. 

Thus, as we have already observed in 5 1.7 (remarks following the statemcnt of Theorcm 
3, x cannot be a prime power if z 5 3006. We remark that, by Proposition 12, the previous 
Corollary amounts to say that x f  2,8. That is, x = 2 or x = 8 do not fit with Proposition 
13. Of course, this can be checked even “by hand», without using computcrs. 

The next step is collecting information on involutions. Unfortunately, the information we 
have is very weak when y is odd. 

Proposition 15. (Involutions). Let u be an involution of A and let r,, be the set of elements 
of r fured by o. Then one of the following holds: 

(i) The confrguration r, consists of exactly one plane il and of its residue Tu. We 
have y z O (mod. 2 )  in this case. 
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(ii) The configuration r, consists of a nonempty set of painvise non coplanar lines, 
together with al1 their points. We have y E 1 (mod. 2 )  in this case. 

The reader is referred to [29] (Lemmas 6, 7, 9, 10 and 11) for the case of y even. As 
a by-product of (i), we obtain a similar statement for Sylow 2-subgroups of A in the case 
of y even ([29], Lemma 9). This provides a very useful geometric interpretation of Sylow 
2-subgroups of A in this case. 

As for the case of y odd, a second possibility were left open in [29] (Lemmas 6 and 7) 
besides (ii) above, namely the following one: 

(iii) There is point p fixed by o such that the configuration ( rp), fixed by o in rp is a 
grid with parameters z, 1 : 

lines planes - 
X 1 

and y is odd. 
We rule out this case here. 
Let u;, . . . , U: , uo, . . . , u; be the two families of planes (lines in rp) of the grid ( rP), 

Let r be a line through p (point in rp) not belonging to ( rp),. For each i = O ,  1,. . . , 5 ,  

there is a line ri in ur through p such that r and ri are coplanar. The lines T-,, , rl , . . . , rz are 
mutually non coplanar (Le., they form an ( z  + 1) -arc in rp). Let r’ = a( r )  . As r does not 

bclong to ( rp) , we have r # r’. The set ( r ’ )  n r l  of the lines through p coplanar with both 

r’ and r contains the lines ro ,  r l  , . . . , rz and y - z further lines sl, .  . . , sy-z. As r’ = o( r )  , 
the involution o fixes (#)I n r1 and, as it fixes each of the lines ro , . . . , r,, it permutes the 
lines sl,. . . , sy-,. However y is odd, whereas z is even. Hence o fixes some of the lines 
s1 , . . . , sY-=. We have a contradiction, because none of these lines belongs to ( rp), . We are 
done. 

The group K is studied in [29] only in the case of y even. It is proved that IKI is odd if 
y E O (mod. 2) ([29], Lemma 8). We give a more complete result here. 

Praposition 16. (Properties of K ) .  The group K has o& order and acts as a Frobenius 
group on each of its orbits on the set of planes of r . 

Given planes u, u of , let K, = A, n K be the stabilizer of u in K and let K,, = 
K, n K, be the siabilizer of both u and u in K .  

Let u, u belong to the same orbit of K and let g E K“,. As u E K( u) , we have 
o. (u) = o. ( u )  and a bijection f of o1 (u)  onto o1 ( u )  exists such that T’ = f( r )  iff 
oo(r )  = oo(r’) ( r  E ol(u),r’ E a i ( u ) ) .  Let T E al(u) - a l ( u ) .  Foreverypoint a of r 
a line-plane flag ( r,, u,) is uniquely determined in r, such that r * y, and ra * u .  It is easily 
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seen that u, # U b  if a# b ( a ,  b E ao( r ) )  . Moreover, g fixes everything in the residues of 
u and i), as g E K,,. Hence g fixes r, for every point a of r and, as it fixes r too, i t  fixes 
u, ( a E o. ( r ) )  . Therefore there are at least 5 + 1 planes through r fixed by g other than 
u. As g fixes the residue of every plane that it fixes, the configuration elementwise fixed by 
g in r, (where a is a point of u) is a subquadrangle of order (5, t ) ,  whcre t 2 z + 1 ( [ 3 6 ] ,  
§2.4). By §2.2.2 of [36] we obtain t = y. Therefore g fixes everything in the residuc of a ,  
for every point a of u. 

Let now p be a point such that g fixes everything in rp. If b is a point distinct from p 

and joined with p by two distinct lines s, s', then s and s' are not coplanar and g fixes al1 
planes incident with either s or s'. Therefore g fixes everything in the residue of b , by $2.4 
of [ 361. 

Next, let b# p be joined with p by precisely one line s. Let w be a plane on s. As 
CY > O ,  two line-plane flags ( sp, wp)  , (sb,  wb) exist such that wp#  w # W b ,  sp * w * Sb,  sp $ 
al ( p )  , sb @ o1 ( 6 )  , p * wp and b * wb. It is easily seen Lhat none of wp or w6 is incidcnt 

with s. Hence wp#  wb, as s is unique line through p and b .  Let c bc a point incidcnt with 

both sp and sb (we can find c in Tw, and we have c f  p ,  b) .  Let s;, s'lP be the lines through 

p and c in wp and w ,  respectively, and let s;, s"b be those through b and c in "6 and w ,  

respectively. We have sL# s ' I p  and s i #  S"b,  by ( LL); of $1.2 and because p @ a. ( sp) and 

b $! a. (sb) . By the previous argument, g fixes everything in r, because it fixes everything 
in rp and c is joined with p by two distinct lines. Next, g fixes everything in r6, as it fixes 
everything in r, and b is joined with c by two lines. 

Then g fixes everything in rb as soon as b l p .  Iterating this argument, g fixcs al1 of . 
K,, = 1. 

We have proved in this way that K acts as a Frobenius group on each of its orbiis on S, . 
Let us prove that K has odd order. Let a be an involution of K , by way of coniradiction. 
Let u be a plane such that a( u) # u. 

Let us assume that u and a( u) are not cocollinear. The planes u and a( u) havc thc samc 
set of points, because o E K .  For every point a in u (and in a( u) ), thcre are z + 1 planes in 
r, cocollinear with both u and a( u) . As 5 is even, a fixes at least one of those planes. On 

the other hand, there are x2 + x+ 1 points in u and, using (LI ,);  of $1.2, it is easily seen that, 
if a,  b are distinct points.of u and u,, ub are planes in i', and r6, respectively, cocoliincar 

with both u and a(u), then uo# t l b .  Hence there are at least z2 + z + 1 plancs fixed by 
a. However this conuadicts Proposition 15. Therefore, for every plane u, u and a( u) are 
cocollinear and, if u# a( u) , then the line incident with both u and a( u) ($1.2, ( L L ) ; )  is 
fixed by a. However i t  is easily seen that this contradicts Proposition 15 if y is even. Hence y 

is odd and, for every point a ,  the lines through a fixed by a form an ovoid in r,. Therefore, 
given any plane u, for every point a of u there is exactiy one line of u through a fixed by 
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o. On the other hand, at most one of the lines of u is fixed by o (Proposition 15 (ii)). We 
have reached a contradiction. 

Therefore, K has odd order. 
Proposition 16 is proved. 
Proposition 16 makes it easier to study Sylow 2-subgroups of A :  they can be identified 

Another prime number has considerable relevance here besides 2, namely p = 1 + 5 + z2 

with those of A, and A should be easier to study than A itself. 

(Proposition 13, (i)). We have: 

Proposition 17. ( [ 2 9 / ,  Lemmas 2 and 3). The Sylow p-subgroups of A have order p and 
act semi-regularly on the sei of points of r . 

So far we go without making any extra assumption on A .  If we assume the primitivity of 
A ,  then we have the following partial result (which completes the proof of Theorem 5 of 1.7 
in the rank 3 case): 

Propmition 18. ( [ 2 9 ] ,  Theorem 1.C). IfA isprimitive. then y is odd. 

- 

We give just a sketch of the proof. 
Let 2 be primitive and let L be its socle. The number n,, of points of r is neither 

prime nor a proper power (see (1) of $1.6 and the arithmetic conditions of Proposition 13). 
Therefore L is a nonabelian simple group. As p = 1 + x + x2 is pnme (Proposition 13) and 
x > l o 3  (Proposition 14), the order of L is divisible by a prime factor bigger than l o 6 .  
Then L cannot be sporadic (the classification of finite simple groups is used here, of course). 
By straightforward computations ([29], proof of Lemma 4) we can see that L cannot be an 
alternating group either. Hence, we have the following: 

Siatement i. L is simple of Lie type. 
Therefore L contains invoiutions. Let y be even. By Proposition 15 (i), we have that L 

has a strongly embedded subgroup ([29], proof of Lemma 12). Hence, using a theorem of Ben- 
der ([3], Theorem 4.24), we obtain Lhat L is one of the following groups: SL( 2,2") ( n  > 
2), PSU( 3 , 2  ") (m 2 1). Exploiting this information it is 

possible to prove that p 2  divides ]AI, where p = 1 + x + x2 (see [29], end of the proof of 
Thcorem 1). But this contradicts Proposition 17. Therefore, 

SBlcrncnt 2. y is odd. 

( n  _> 2) or B, ( 2  2 m + 1 )  

Remarks. When y is odd, Proposition 15(ii) does not give us so much of information and 
we are in troubles. 

As for the imprimitive case, it  is easily seen that, if A is imprimitive on So, then, given 

an imprimitivity class X for A and a piane u of , we have IX n a,( u)I _< 1. Unfortu- 
nately remarks like this do not seem to be very deep. Furthermore, imprimitive flag-transitive 
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automorphism groups of finite thick generaiized quadrangles exist ( s e  $5.2) even if they are 
exceptional phenomena. We can guess from this that assuming the imprimitivity on A will 
hardly give us conuadictions for free and some work will be,needed to reach any of them. 

5.5. The case of rank n 2 4 .  

In this paragraph r is a finite ordinary C,-geomeuy with n 2 4 and flag-transitive auto- 
morphism group Aut( r)  . 
Theorem 9. The geometry is a building. 

This theorem completes the proof of Theorem 5 of $1.7. It  appeared in [30]. I t  can be 
proved in a number of different ways. A very short proof can be given using Proposition 
12, the Corollary of Proposition 14, Proposition 7 and Proposition 2, but here we recall the 
proof given in [30], which is not long either, does not depend on Theorem 7 or on Proposition 
13; it uses a celebrated theorem by Seitz (see [15], Theorem C.7.1). As n 2 4, residues of 
hyperlines of are desarguesian projective geometries of dimension n - 1 2 3 and 5 is a 
prime power. By Seitz’s theorem ([15], Theorem C.7.1), the stabilizer A ,  of a flag F of r 
of type { O ,  1 , . . . , n - 4 ,  n - } acts on rF as a classical group. Hence al1 C, -residues of 

are either buildings or flat, by the same argument used in the proof of Proposition 12 and 
by Proposition 7. Therefore is a building, by Proposition 2. 
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