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ON THE FUNDAMENTAL THEOREM OF OVERLAYS
SAHIN KOCAK

Abstract. We show that the fundamental theorem of overlays of Fox ({1],[2]) is true without
the assumption of metnizability of the base space.

0. INTRODUCTION

The usual definition of covering spaces gives nice results only if the base space is locally
connected and semilocally 1-connected. In order to avoid such assumptions Fox suggested to
replace covering spaces by what he called overlays. For a metrizable base space, an overlay
is nothing else but a fibre bundle (in the sense of Steenrod’s book) which has a discrete fibre
and allows a cqordinate bundle whose coordinate transformations are (constant) elements of
the permutation group of the fibre.

Fox established a natural bijection between the set of (isomorphism classes of) overlays
over a connected metrizable base space with a given (discrete) fibre and the direct limit of the
sets of representations ( = conjugacy classes of homomorphisms) from I1, (U) to the group
of permutations of the fiber where U runs through the system of neighborhoods of the base
space in some AN R into which one embeds it.

We prove a generalization of this result to arbitrary (only connected) base spaces by re-
placing Il, (U) by I, (vU) where U runs through the open coverings of the base space and
vU isthe nerve of U .

It should be noted that for paracompact base spaces an overlay is still essentially a fibre
bundle (sec remark 3.3) but for a general base space this hasn’t been proved yet. Therefore
we operate not with fibre bundles but neverthless we give below a formulation for overlays
which is in close resemblance to fibre bundle theory.

1. DEFINITION OF PRINCIPAL OVERLAYS

Let X be a topological space, GG a discrete group and U an open covering of X . We
define a principal coordinate overlay on U with group G to be a function assigning to every
pair (U,V) with U € U,V € U,UNV#@ anelement g, € G (transition element
between U and V) such that

duv ' Ivw = uw if UNVNW#0.

(It is then clear that g, = 1d; and gy = gf:,%, ). We denote such a principal coordinate
overlay by gy -
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We call two principal coordinate overlays g, and gy (on U with group G) strictly-
equivalent on U , if there existelement A, € G (for U € U, U# @) such that

duy =Xy r9yy Ay forUVeU,UNV#@.

We denote the set of strict-equivalence classes of principal coordinate overlays on U with
group G by OV(X,U; G).

A principal coordinate overlay gy can be restricted to a refinement V > U if a certain
specification of the refinement s : V — U (V C u(V) for V € V) is given:

For V{,V, e V, ViNV,#0, let us set hv,va = 9U,Us , where U, = u(V;) and U, =
u(V5) . Then these transition elements constitute a principal coordinate overlay hy on V . If
p' 1 V — U is another specification and hy is given by hy , = gy:y; » Where Ui = 4'(V))

and U; = y'(V,), then hy and hy are strict-equivalent on V : Because, if we take A, =
gy (With V € V, U = u(V), U’ = y'(V)), then we have

du:vy = 9uiu, " 9u,u, " 9u,U

i.e.

Likewise, if g and gy, are strict-equivalent principal coordinate overlays on U , then the
restrictions hy and Ay to V (by u) are also strict-equivalenton V : If weset A, = A\, (V €
V,U = u(V)), then we have

gbl[& = AEII . gU|U1 ’ AU-] ie' hi"’]Vg = (A.:VI)_I . hV.V; . 1’1'
Now we get a well-defined map
pyy - OV(X,U;G) - OV(X,V,;G)

by taking any representative and by restricting it with respect to any specification of the re-
finement V > U. These maps constitute a direct system of sets on the directed set of all open
coverings of X.

We call two principal coordinate overlays g, on U and gy, on W (with group G)
equivalent, if there is a common refinement V. of U and W (V > U, W) such that the
restrictions of gy and gy to V are strict-equivalenton V .

We define a principal overlay on X (with group G') to be an equivalence class of prin-
cipal coordinate overlays. Then a principal overlay can be viewed as an element of the limit
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of the above direct system. Denoting the set of principal overlays on X with group G by
OV(X;G), we can write

OV(X;G) =limOV(X,U;G).
U

Remark. OV (X;G) can easily be made into a (pointed)set-valued cofunctor on the cate-
gory of topological spaces.

2. THE COVERING GROUP

We now give a construction which associates a group with a covering of a topological
space. This group can be seen to be isomorphic to the fundamental group of the nerve of the
covering, but the form given here is very suitable for classification of overlays ([3]).

Let X be a connected topological space and U an open covering of X . We call a finite
sequence of sets

Uy, Uy, Uy,...,U._, U, (U;€eUfori=0,1,...,n)

n—-11'~n

satisfying the condition
U,nU,,#9 fort1=0,1,...,n—1

a chain (in U ). We write a chain as U,U, U, ...U,_, U, . We call the chain closed if U_ =
U, .

Note that for any two sets from U there 1s a chain beginning with the one and ending with
the other, because X i1s connected.

We define two operations which can be performed on a chain and which we call elementary
homotopics:

a) Removalofaterm V from a portion UV W of achain, providedthat UNVNW+# 9.

b) Inscrtion of a term V' into a portion UW of a chain, providedthat UNV NW#0Q.

Now fix a set Uy(# @) from U and consider the set of all closed chains beginning and
ending with U, . We call two closed chains U,U,U, ...U, U, and UyU U, ...U, U, homo-
topic, if they can be converted into each other by a finite number of elementary homotopies.
This gives clearly an equivalence relation and we denote the equivalence class of a chain
U, U,U, ... U U by [UgU,U, ...U, U, and the set of equivalence classes by 11, (U).

We define the following composition of the elements of l'IUn(U) :

(U,U, U, ...U.Up) - [UULUs ..U Uyl = (U,U,U, ..U U UiU, .. .U U, 1.
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This is well-defined and makes HU,(U) into a group. [U,U,] is the ncutral element

and (U,U U, _,...U,U,U,] i1s the inverse of [U,U,U, ...U.U,]. The dependence on
the base-set U, 1s such as the dependence of the fundamental group on the base-point. If
V, is another base-set and UyW W, ...W_V, is a chain from U, to V,, then there is an
isomorphism

HU;.(U) — HVQ(U)

givenby (U, U, U, ..U Uy) = [V, W_ .. W, U U, .. UUW,..W_V,].

A covering groupoid like the fundamental groupoid can also be constructed by defining in
the same way the homotopy for chains with common first and last terms (but not necessanly
closed) and then taking the composition of two matching chain classes [U W, ... W, _V,]
and [V,Y,...Y, Z,] as [UW,.. W_V,Y;...Y,Z,]. We can then writc the above iso-
morphism as

[UU,;...U Uyl = k= [UyUy ... U, Uylk with k = [UyW, ...W_V,].

We call this isomorphism the conjugation by k .
A still slightly more general composition of chain classes can be defined. Given (wo
classes [UyW, ... W_V,] and [V}Y; ... Y, Z,] with V, NV, # @, then the composition

[UﬂWl .i.WmVﬂ] . [VIYI -“YJ:ZG] = [UﬂWl “'WmVUVlYI ...YkZﬂ]

is well defined. This operation makes some computations easier.
Let V bearefinementof U and 4 : V — U a specification of the refinement. Now
choosing a base-set V, € V we can define a homomorphism

p, Ty (V) = T, (U)

by [V, V...V V] = [u(Vy)u(V)) --~ﬂ(Vn)ﬂ(V{})]-
For another specification 4’ : 'V — U we have a commutative diagram

Ha HP(VE}(U)

I, (V) k,

" F'F,Wﬂ)(U)

of

where k, is the conjugation by k = [p(Vy)u'(Vy)].
Now with the help of a chain from (V) to the formerly selected U, € U we can define
a composite homomorphism

My, (V) = 11,,,(U) =11, (U)
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and this is well-defined up to conjugation in I'IUB (U).

[tis convenient to work in the category D, whose objects are groups and whose morphisms
arc homomorphisms up to conjugation in the image group. If we fix for every covering of X
a basc-sct, we get an inverse system in this catcgory:

[1(X) = {My, (U), T, (V) -1, (U) for U< V}.

(It 1s practical to fix the base-scts but onc could allow the same covering to appear in the
inverse system with all possible basc-scts by a little change of the indexing set of the inverse

system. Conceiving IT(X) asanobject of pro-D (Mardesic and Segal [5]) this construction
could be made functorial, but we usc below only the representation of this inverse system,
which 1s clearly functorial).

Let (X, U;G) = D(I‘[UD(U),G‘) (i.e. I(X,U; Q) is the pointed set of all homomor-

phism IT; (U) — G up to conjugation in G') and

I(X;G) =1lim I(X,U;G).
U

f(X; () can be scen to be a pointed-set-valued cotravariant functor of X . (For a map
f :+ X' = X we can take inverse-image covering f~1(U) of a given covering U of X
and then construct a homomorphism IT( f~'(U)) — IT(U) as for a refinement within X,

yiclding a map T(X; G) — f(X’;G) ).

3. THE CLASSIFICATION OF PRINCIPAL OVERLAYS

We give first a classification of strict-equivalence classes of principal coordinate overlays
on a covering U by representation of the covering group IT(U) in G. The general classifi-
cation follows immediately from this case.

Definition 3.1, Let gy be a principal coordinate overlay on a covering U of a connected
topological space X and HUQ(U) the covering group of U . We define a function

u: HUU(U) — G

by u(lUU\U, ... U, UUoD = 9y,u, " 9uv,u, -+ 9u, ,u, " 9U,U, -

u is well-defined and a homomorphism. We call this homomorphism the characteristic
class of the principal coordinate overlay gy .
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Two principal coordinate overlays on U , which are strictly-equivalent on U, give rise to
conjugate homomorphisms. So, an element in [( X, U; &) can be associated with a strict-
equivalence class of principal coordinate overlays on U , giving a function

cy : OV(X,U;G) — I(X,U;G)

Proposition 3.1. ¢, : OV(X,U;G) — I(X,U; Q) is bijective.

Proof. 1. Injectivity: We show that two principal coordinate overlays gy and gy on U

having conjugate characteristic classes u, u’ are strictly-equivalenton U . Let u' = A~! .u - )\
with A € G. We must determine A, € G for U € U (U# @) such that

gy =(A) " rgyy Ay for UVeEU, UNV#D.

Let us choose for every U € U achain from U, to U: U,UtU;y...U;U. (The in-
between terms and the s depend certainly on U, but we choose this notation for simplic-
ity). Letusfix U € U, V € U, UNV#@, denote the chosen chain from U, to V by
U, Vi*Vo* ... V*V and consider the closed chain U,Uf...UUVV*...V*U, . We can write

U([UOUTUIZ* - -U:UV.‘/‘:* "‘VZ*VI*UU]) - gUﬂU; . QU;U; co
Jusu " 9uv " 9vve - 9vru,

and
UI([U{}UI*. U:UVV: .o ‘VI*UU']) — gbn[ff .QE;:U : gbv ‘ gLtht +..gLrann

Let us set gy = gy, ye - Gusus - --Gusu (resp. for g). We can then write (by conjugation
of u and u’)
-1 ~1 -1
9y - 9uv - (9y) ™ =27 gy -gyy - (gy) ™ - A

Let us now set A, = (g,;) ™" - X - g}, . The last equality then reads gy, = M5! - gy - Ay -

2. Surjectivity: If a homomorphism u : IT(U) — G is given, then a principal coordinate
overlay g, is to be found with characteristic class conjugate to u.

Let, with notations as above, k, = [U,U{U$...U*U] and define g;, = u(kyky'
It 1s easily secn that these gy, constitute a principal coordinate overlay g; on U. Let us
compute the characteristic class u, of gy .

For k - [UUUIUZ "'UHUU] - HUE(U) we Cdn also Wﬁ[ﬂ k - [U0U0U1U1U2U2 .o
U,U,UpU,], or because of [U;U,] = k' ky ,
k = (kg 'ky ) (kg ky (kg ky ) .. (kg kg ) (kg kg

1 =1 -1 -1 -1
k = kg (ky kg') (ky kg') ... (kg kgD ky, .
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Now by applying the given homomorphism u we get
u(k) = u(ky ) -uCky k') - u(ky k') . oouCky k') - u(ky )
u(k) = (u(ky )™ -gy.0, 90,0, ---9u.u, - u(Ky,).

Since u (k) = gy ¢y -9y y, - -9y y,» W find that v and u_ are conjugated. (They

g
become even equal if we choose k= [Uy Uy ] ).
The bijective ccorrespondence ¢y : OV(X,U; G) — I(X,U;G) can be casily seen 10

be compatible with refinements. That is, for U < 'V the following diagram is commutative:

Cu
OV(X,U;G) —— I(X,U;G)
pU‘V

Cy

OV(X,V;G) — I(X,V;G)

(The unnamed map is given through HVG(V) — H“(VU}U — I"IUE(U) — G).
This yiclds a map ¢ of direct limits, which is itself bijective: So, we get a classification of
principal overlays on X , with the single assumption that X is connected,

Theorem 3.1. Let X be a connected topological space. Then the map

&:OV(X;G) =1imOV(X,U;G) - 1lim I(X,U;G) = I(X;Q)
U U

is bijective.

Remark 3.1. This one-to-one correspondence can be seen (o be a natural equivalence if the
two sides are viewed as cofunctors X .

Remark 3.2. Since the covering group is isomorphic to the fundamental group I, (vU) of

the nerve vU of the covering U, [(X;G) can be replaced by the more familiar
li_n*lD(ﬂl(uU),G').

U

Remark 3.3. It can be shown [4] that, if only numecrable coverings of X arc allowed, the
principal overlays on X (with a discrete group G') and the principal bundles on X (with
group (') arc 1n one-to-one (natural) correspondence.,

Remark 3.4. The definition of principal overlays by transition e¢lements has of course a
coutcrpart as a spacc over X with certain properties, which easily can be given.
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