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Abstract. In this paper, we establish several new P—Q mixed modular equations involving
theta—functions which are similar to those recorded by Ramanujan in his notebooks. As an
application, we establish several new explicit evaluations of cubic class invariants and cubic
singular moduli.
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1 Introduction
Dedekind eta-function is defined by
n(2) = 0" (g:Q)ocs g =€, Im(z) > 0. (1)

For |¢| < 1, Ramanujan’s theta function f(—gq) [3] is defined by

f=q) = > (=1)"¢"*" D2 = (g5 ), (2)
this implies
fl=a) = a7 *n(z). (3)
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o0

where (a;q)oo := H(l —aq").
n=0

At scattered places of his second notebook [18], Ramanujan records a total of
nine P—@) mixed modular equations of degrees 1, 3, 5 and 15. These equations
were proved by B. C. Berndt and L. -C. Zhang in [6], [7]. In [1], C. Adiga,
Taekyun Kim and M. S. Mahadeva Naika have also established several cubic
modular equations and some P—-() eta-function identities. For more details on
P-Q eta-function identities one can refer [14], [15], [16] and [17].

The ordinary hypergeometric series o Fi(a, b; ¢; x) is defined by

2Fi(a,byc;x) = ZM

' 9
= (¢)nn!
where
(a)o=1,(a)p =ala+1)(a+2)...(a+n—-1), forn>1, |z]<]1.

Let . .

Z(T) —Z(T,IIZ’) - 2F1 <7r ,1,(17)

r

and

(z) <7T) gFl(%,%;l;l—m)

=g (z) :=exp | —mese | — )
= P v/ oF(+, =t L)

where r= 2,3, 4,6 and 0 <z < 1.
Let n1 denote a fixed natural number, and assume that

oF1 (3,311 - a) 2k (3,31,1-5)
1 2.9, - 1 2.9, )

2F1 (§>§a1aa) 2F1 (§a§717ﬁ)
holds. Then a cubic modular equation of degree n; in the theory of elliptic
functions of signature 3 is a relation between o and g induced by (4). We say

(4)

B is of degree ny over o and m = igg; is called the multiplier.
Now, cubic class invariant h,, and H,, [13] are defined by
hn = {an(l - an)_l}_1/12 (5)
and
Hy, = {an(1 - O‘n)}il/wa (6)
—27

where ¢ = e n/3 n is a positive rational number and o, (cubic singular
modulus) is the unique number between 0 and 1 satisfying

= (7)
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In [8], Borweins have determined the values of cubic singular moduli a,
for n = 2, 3, 4, 5 and 6 using the known values of Ramanujan—Weber class
invariants. In [10] and [11], H. H. Chan and W. C. Liaw have also evaluated
several cubic singular moduli using cubic Russell type modular equations and
Kronecker’s limit formula for Euler’s convenient numbers. For more details, one
can see [9].

In Section 2, we collect some identities which are used in the subsequent
sections.

In Section 3, we establish several new P—Q mixed modular equations akin
to those recorded by Ramanujan in his notebooks.

In Sections 4 and 5, we establish several explicit values of cubic class invari-
ants hy, and H,, defined as in the equations (5) and (6), respectively.

In the last section, we evaluate several explicit values of cubic singular mod-
ulus «,.

2 Preliminary results

In this section, we list some results which are useful in establishing our main

results.
Lemma 2.1. [5, Ch. 33, p. 104] For 0 < a <1, we have
Floe™) = Va5l (1 - o)l 0
and
Floe™) = VY83 = )t/ ©)
where Lo
1 2 Fi(z,%1;1 -
z= oF} (,;1;(1) and y =1 16 2 g
33 2F1(3, 3 1)
Lemma 2.2. [3, Entry 1(iv), p. 349]
A G _ =%
T e MO gy
27 Q?
P . == 1
Q + PO +9 2 (10)
Lemma 2.3. [4, Ch. 25, Entry 56, p. 210]
_ 2
T R ') N U ) R

C @R f(—¢?) 3 f(—q'%)’

P+ Q= P?Q* + 3PQ. (11)
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f(- f(-d*
Lemma 2.4. 2] If P:= M and Q@ := quZZZ), then
5 9 \° P\ /Q\° 11
ror+(5g) +7|(g) +(7) | 29 (7 35)

(12)

6
+9(P°+ Q%) +81= <g> :
Lemma 2.5. [16]If P := f(=0f(=a) f(=a)f(=¢")

and Q :=

*f(—q°) f(—¢*) B f(—=¢°)

then
s, L (2 3 5, 1L
Q+Q3 <P +P2)+5<\/13+\/73>< Q+\/@> -
+5 (P + Ii) +10.
Lemma 2.6. [16] If
_ JCfCd) g SC0I(d7)
@33 f(=q°) f(—q%) q2f(=¢")f(=4")
then
1 1 1 1 93
Q4+@—14 <Q3+Q3> + 28 <Q2+Q2) +7<Q+Q> :P3+ﬁ "
1
+7<W+r) K \/»> <\/§+Q +98.
Lemma 2.7. [16] If
S GV (G S NP | Gl VA G
a*f(=a°) f(—4*) LB (=) f(=q")
then
Q6+$6 =165 (P+ i) + 66 (P2+ 19322> +11 <P3+f> + 1848
95 1 9
<P5 + ps) +22 (Q3 QS) [2 P?+ > <P+ P) + 26} "
+55 <ﬁ+\ﬁ> (Jcﬂ \/Q—> +11< Q° \/@> VP

\/]7 <F+\/ﬁ>+14<\/173+\/?>+15<\/13+;p>].
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Lemma 2.8. [16] If

f(=q) (=" and O — f(=a) f(=¢""")
g3 (=) f(—q"'7) o (=) f(—!3)’

then
Q"+ @ — 65 <Q6 Q6> + 910 <Q5 + c;5> — 1417 (Q4 - 654)

— 6994 <Q3 Q3> + 10049 <Q2 Q2> + 6981 <Q + é) = 17472

s (e 2 (v ) (o)
_13<F+ﬁ> 139(f+>—179< f) (16)
(V@) e (7)o (v 7 )|

(e Z)ers(esg) (o)
s(e+g)]

3 Mixed modular equations

In this section, we establish several new mixed modular equations which
are useful to establish explicit evaluations of cubic class invariants and cubic
singular moduli.

Throughout this section, we set

2(_ 3 2(_ 3r
A 16f( ) — and B, = 6f( 7" '
/5 f(=a)f(—4°) ¢S f(=q") f(=q"")
A
Theorem 3.1. If P:= ABy and @ := By then
2
3
Sy —=P-=. 1
Q Q3 P ( 7)
Proof. Equation (10) can be rewritten as
27 —
X34+ - 4+9= A% where X := (=) (18)

X )
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Changing ¢ to ¢? in the equation (18), we get

Y3+%+9:Bg, where Y := (12/{)(]0_(32)18). (19)
From the equation (11), we obtain
w = a® 4 3a, where a := XY and w:= X 4+ Y3, (20)
Solving for a and cubing both sides, we obtain
27X3Y3 +6X5Y3 +6X3Y° 4+ XOV°® = X0 4 Y°. (21)

On solving the quadratic equations (18) and (19) for X3 and Y respectively,
and using the resultants in the equation (21), we find that

ASuBSv + 9A% + 135A9BS + 27450 4 27uBS — 2424 — 1242 BS
—124°BJ? — 3uBJ? — 2B3?v + A B3? + ASuB? + A2 BSv — 1245BSv
— 3uBSv — 12A5uBS — 3A%w + 27B3? + 27A1? — 2A® — 2B18 1 81BS
— 3A"%0 4+ 81A% + 9BSv + 54v 4 54u = 0,

(22)

where u := +/A12 — 1846 — 27 and v := +./B}? — 18B§ — 27.
Collecting the terms containing u on one side of the equation (22) and squaring
both sides, we find that

C(v,q)F(q)G(q) =0, (23)
where C(v, q) is a non-zero constant, F(q) = A% +3B2A% — B3A* + BS and

G(q) = A + B3JAY —3B2A% + B5A® + 5A°BS + BI°A* + 9B A* — 3BSA?
+ B2

1

n+1
lg] < 1. We see that F(g,) = 0, where as G(g,) # 0 Vn. Then by zeros of
A
analytic functions, F' = 0 on |¢| < 1 [12]. By setting P := ABy and @ := B
2
we arrive at (17). This completes the proof. QED

Consider the sequence {q,} = , n=1,2,3..., which has a limit in

A
Theorem 3.2. If P:= AB3 and Q@ := B then
3

(Q3+13> [_18+9(P3+;3>} + P3 <Q6+C;6> - <P6+;216) (24)

1 4
+27 [9+ <P3+Pgﬂ = 82.
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Proof. The proof of (24) is similar to the proof of the equation (17), except that

in place of the equation (11), (12) is used. QED
A
Theorem 3.3. If P:= AB; and Q := B then
5
1 3 9
3 2
— +5(P——= | =P — 25
@egor(rop) - (7o m) )
Proof. The proof of (25) is similar to the proof of the equation (17), except that
in place of the equation (11), (13) is used. QED

A
Theorem 3.4. If P:= AB; and Q := B then
7

Q4+$4+7<Q3+13)+28<Q2+$2)+56(Q+22)+77
(26)

Proof. The proof of (26) is similar to the proof of the equation (17), except that

in place of the equation (11), (14) is used. QED
Theorem 3.5. If P:= ABy; and Q := B then
11
34 32 1 33
4 2 6 _ 3
22<P +P4) +682<P +P2) +Q +Q(),176(P +P3>

+ 1551 <P+ ;) + 11 <Q3+$3> [4 (P— j;) — <P2 — ;)] (27)

5, 3
+ P° + 5 2750.
Proof. The proof of (27) is similar to the proof of the equation (17), except that
in place of the equation (11), (15) is used. QED

A
Theorem 3.6. If P:= ABj3 and Q := B then
13

P 33 1 5 1 5 1
( —P3> [650+455(Q+Q)+143<Q +Qz)+13<Q +Q3>]

+Q7+$7+13<Q6+C;6>+130<Q5+$5>+741 <Q4+C;4>
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+ 3042 <Q3 + 13> + 8385 <Q2 + 12> + 14755 (Q + 1) + 17524
) Q Q Q (28)

_ pb
=P+ o

Proof. The proof of (28) is similar to the proof of the equation (17), except that
in place of the equation (11), (16) is used. QED

4 Explicit evaluations of class invariant 5,

In this section, we obtain some explicit values of cubic class invariant h,,
using the above modular equations.

Lemma 4.1. We have
an =1—ayy,. (29)

Proof. From the definition of a,, (7), we have

N

2R (5,5 51— ap) 2P (3,35 100 )
1

oFi (5,5 hem) 2P (5551 — auyn)
By the monotonicity of oF} (%, %; 1; an) on (0, 1), it follows that, for 0 < a,, < 1,
1 2 12
o F1 <37 3 1;an> =2[ <37 3ilhl- 041/n>-
This completes the proof. QED

Lemma 4.2. We have

Bty g = 1. (30)
Proof. 1t is easily obtained from the definition of h, (5) and (29). QED
Lemma 4.3.
/5 f(~=q) f(—4°) hn
¢ f(=q") f(=¢") hy2n

Proof. Using the equations (8), (9) and (5), we obtain (31) and (32). QED
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Lemma 4.4. If X := h,hg, and Y := };—, then

1
3\[ <X3+)(3) +9=Y6. (33)
Proof. Using the equation (10) along with the equations (5),(8) and (9), we
obtain (33). QED
Theorem 4.5. We have
he = (9+3V6)Y, (34)
hyy = (9—3V6)YS, (35)
3—V6
hijg = ( ) (36)
hys = ( ) (37)
Proof. On employing the equations (31) and (32) in the equation (17) with
n = 1/6 and using the fact that hnhl/n = 1 we obtain
22— 22 —-3=0, (38)
where & = h§h} /2~ On solving the equation (38) for x, we get
hehaja = V3. (39)
Now, setting n = 1/6 in the equation (33) and using (39), we obtain
Y2 —2yV/3+1=0, (40)
where y = h3h§’ /3" On solving the equation (40) for y, we get
hgh3 s = V3+ V2. (41)
Using (39), (41) and (30), we obtain (34) to (37). QED

Theorem 4.6. We have

1/6 1/6
hips = 37VA(VE—2)VP (ﬁ\;i\@> (3\/\5/; 5) ; (42)
1/6 1/6
hs = 3YA(VE42)/12 (W) (3\/3;5> , (43)

1/6 1/6
by = 32 (@%ﬂ (3*/3;5> S
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1/6 1/6
has = 3Y/4(V/5 +2)1/12 <‘/5_\/§‘/§> (3‘/\%— 5) . (45)

Proof. On employing the equations (31) and (32) in the equation (25) with
n = 1/15 and using the fact that h,h,/, = 1, we deduce that

ot — 5% — 227 4 152 — 9 = 0, (46)
where x = h%5h§/5. On solving the equation (46) for z, we get
hishys = g(\/5+ 1). (47)
Now, setting n = 1/15 in the equation (33) and using (47), we obtain

v —V3y(5+3V5)+1 =0, (48)

where y = h‘?5h§ /3 On solving the equation (48) for y, we get

ity = YL VIDEOD Y (49)

Using (47), (49) and (30), we obtain (42) to (45). QED
Theorem 4.7.

AP (19@—87)1/12 WU Y \/9+Z\/ﬁ) -

1/12
112 ((19V21 + 87 / 174321 [9+43V21
hoy = 312 YT + . (51)
2 8 8
1/12
112 ((19V21 + 87 174321 [9+3V21
N e e e el IR G2

1/12
112 [(19v21 - 87 / 17+ 3v/21 9+ 3v21

Proof. On employing the equations (31) and (32) in the equation (26) with
n = 1/21 and using the fact that h,h,/, = 1, we find that

x? — 261z — 27 =0, (54)
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where z = h$; hg /7 On solving the equation (54), we get

261 4+ 5721
hSihS 7 = — (55)
Now, setting n = 1/21 in the equation (33) and using (55), we obtain
273 197
y’ -3y = <f+\[>, (56)
2 2
1
where y =t + : and t = ha1hy/3. On solving the equation (56) for y (y € R),
we get
1
t+ = = M (57)
t 2
Again, on solving (57) for t, we get
V7+3v3+ V18 +6v21
h21h7/3 == 4 . (58)
Using (55), (58) and (30), we obtain (50) to (53). QED
Theorem 4.8.
a+b\?
h39 — 31/12(26\/>+45)1/12(\/7"_2\/»)1/12(2+ \/>)1/4 ( ) , (59)

1/12 1/2
2 —4 —-b
hijse = 37112 (6‘/33 5) (VI3 —2v3)V/12(2 + V3)1/1 (£ )

)1/2

o\ /2
o 31/12(26x/§+45)1/12(\/ﬁ+2\/§)1/12(2+\/5)1/4<“2 ) . (62)

26+/3 — 45 e
hiz;s = 37Y/12 (3_ ) (V13 — \/5)1/122+\f1/4(

where a=+vV8++139 and b= V4v3+ V/30.

Proof. On employing the equations (31) and (32) in the equation (28) with
n = 1/39 and using the fact that hnhy/, = 1, we obtain

u? — 1872u — 71604 = 0, (63)

27
where u = x— — and z = hgghg/13. On solving the equation (63) for u, we get
x

2
v — 20— 936+ 270V/T. (64)

T
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Again, on solving (64) for z, we get
x = 270v/3 4 78v/39 + 135V/13 + 468. (65)
Now, setting n = 1/39 in the equation (33) and using (65), we obtain

y® — 3y = 90 + 26113 + 15v/39 + 51V/3, (66)
1
where y =t + n and t = h3ghy3/3. On solving the equation (66) for y, we get

1 3+v39+VI3+V3
bl +f+4f+\f (67)

Again, on solving (67) for t, we get

34 V30 + VI3 + V3 +2y/(2v3+3)(VI3 + 4)
haohys/s = 1 . (68)

Using (65), (68) and (30), we obtain (59) to (62). QED

5 Explicit evaluation of class invariant H,

In this section, we establish several explicit evaluation for H,.

Lemma 5.1. We have

HS = 18 + hlg (69)

Proof. From the equations (5) and (6), we obtain (69). QED
Lemma 5.2. We have

Hy = Hyp. (70)

Proof. From the equation (6), we obtain (70). QED

One can evaluate the explicit evaluation of H, by using the value of h,, which
is established in the previous section and the equation (69).

Theorem 5.3.
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3\/5 5 1/6
Hys = (9‘) (340v/3 + 1501/15 + 254+/5 + 576)1/6, (73)

1/6
Hy)s = (3{5_6) (340v/3 + 150/15 — 254v/5 — 576)1/9, (74)

1/12 1/6
. (19\/2 - 87) / <7341\/§ + 4807V/7 + 3a(623 + 136\/21)> / 75)
21 = - o )
18 4

1/12 1/6
1921 — 87 / 73413 4 4807/7 — 3a(623 + 136+/21) /
Hyp=|—715 1 , (76)

1/6
308v/3 26413 7 539 V13
H3g = \[+ +10v39+30 | +b| -+ ——+——+7V3
9 3 3 3 3
1/12

x (270v/3 + 78+/39 + 468 + 1351/13) (77)
1/6
308v3  26V13 7 5v39 13
H3/13:[< V3 \ﬁ+10\/@+30>_b(+\ﬁ+\ﬁ+w§>]

9 3 3 3 3

1/12

x (270v/3 4 78+/39 + 468 + 1351/13) (78)

where a = /18+6v21 and b:\/(2\/§+3)(\/ﬁ+4).

Proof. To prove (71), we use (34) and (69).Similarly, to prove (72), (73), (74),
(75), (76), (77) and (78), we employ the values of hy/9, h15, h3/s, ha1, b7, hao,
and hg 3, respectively in (69). QED

6 Evaluation of cubic singular modulus «,,

In this section, we establish several explicit evaluation of cubic singular mod-
ulus o, for different values of n.

Lemma 6.1. We have

1
n = 77 piz (79)
Proof. From the equation (5), we obtain (79) QED

We now find some values of «,, using (79) and the new values of h,, established
in the previous section.
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n (a7
6 17 21v6
125 500
32 108 _ 27V
125 500
5 9863 _ 22815V3  16713v5 483315
1331 5324 5324 2662
3/5 (8532 22815v3  16713V/5  4833v15
1331 5324 5324 2662
01 1841863  160683v21 \/18-+-6x/§T(32697<+_139311\/3)
2456500 2456500 4913000
37 614637  160683v21 \/18«+-6Vﬂif(32697_+>139311\/3)
2456500 2456500 4913000
(2v/3 4 3)(V13 + 4)
39 \/ (2413773+/3 — 983007 4 1428931/13 — 731529+/39)
12167000
_171639v/3 | 938069 885613 40557v/39
6083500 ~ 1216700 1520875 1216700
(2v/3 +3)(V13 + 4)
3/13 V/ (983007 — 2413773+/3 — 142893+/13 4 731529+/39)
12167000
_171639v/3 | 938069 885613 40557v/39
6083500 ~ 1216700 1520875 1216700

Remark 1. The explicit values of a 4, forn = 6,3/2,15,3/5,21,3/7,39,3/13
can be evaluated by using the equation (29).

Acknowledgement: The authors would like to thank Prof. Bruce C. Berndt
and also the referee for his/her useful comments.
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