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1. INTRODUCTION

B. Carl and I. Stephani [2, 3] have introduced a refined notion of A -compactness where A is
a given operator ideal; in a more recent paper, 1. Stephani [6] has introduced the concept of in-
jectively A -compact operators in view of which the Carl-Stephani notion of A -compactness
will be more appropriately one of surjective A -compactness. Carl and Stephani also defined
generalized outer entropy numbers in terms of which (surjective) A -compactness 1s charac-
terized while Stephani characterizes injective A-compactness of operators in terms of their
generalized inner entropy numbers and generalized Gelfand numbers.

In this paper we give an appropriate generalization of Kolmogorov numbers of sets and
operators with reference to a fixed quasi-normed ideal and characterize surjective A -compact-
ness in terms of these numbers. Also, for a set H of operators we define their measures of
equi-A -variation and apply these ideas in studying A -compact sets of A -compact operators
and present results analogous to those of K. Vala [7].

2. BASIC DEFINITIONS AND NOTIONS

For definitions and notations not explicitly stated here the reader 1s referred to A. Pietsch [5]
and B. Carl and I. Stephant [2, 3].

Let [A, a] be a quasi-normed operator ideal in the sense of Pietsch. A subset M of the
Banach space E is said to be A-bounded if M C S(By), where § € A(X,FE) and By 1s
the closed unit ball in X . The surjective hull of A is denoted A® and for T € A°( E, F)

a,(T) = inf {a(S):T(Bg) CS(By), SEA(X,F)}.

An A-bounded subset M of E is said to be A-compact (see [2]) if there exists an op-
erator S € A(X, E) such that for each £ > 0 there are finitely many elements y,,...,y,
(depending on ¢) such that

M) (s + e85 (By))

Anoperator T € IL ( E, F') is said to be a A-compact if it maps every bounded set into an

A -compact set. KA denotes the set of A-compact maps and Carl and Stephani [2] proved



110 A. Defant, M.S. Ramanujan

that KA = A K = KA . K andthat K® isa surjective operator ideal. They also defined
for an A -bounded subset M C E its (outer) entropy numbers e_( M;A) by

g(n)
e, (M;A) = inf {a(.s*) : M C U (v, + S(By)),
1

SEA(X,E),y,€E and 1< g(n) <2™'},

and they proved that M is A-compact if and only if e, (M;A) — 0.
For T € A°(F,E), define e (T;A) = e, (T(Bg):A).
Finally, for T € A(E, F), its generalized approximation number

a,(T;A) = inf {a(T — S) : rank S < n} .

3. GENERALIZED KOLMOGOROV NUMBERS

For an A-bounded subset M of E, define its generalized n-th Kolmogorov number
5,(M;A) by

5 (M;A) = inf {a(S): SEA(G,E), MC S(Bg)+1L,,

IL _ a linear subspace of dimension < n} .

The existence of such S is guaranteed by M being A-bounded.

By notation a, (M) = 6,(M;A) and for T € A°(E,F) define 6 (T;A)
=6, (T(Bg);A).

For M and T as above define 6(M;A) = Ilim_o6 (M;A) and 6(T;A)
=lim_6 (T;A). Also, we define

!

[(M;A) = inf {a(S) : M CT (Bp)+ S(By), Te KMF,E), S €A(X,E)}.

Observe that when A = IL, I"'( M; A) 1s the standard ball measure of non-compactness
of M, as proved by K. Astala ([1], example 3.2(a)).
We shall now establish some basic properties of the generalized Kolmogorov numbers.

Proposition 1. (i) for each A-bounded set M, é_(M,A) =46 (M;A?®), forall n;
(i) for A-bounded sets M, M, (of the Banach space F ),

Brem (M UM,;A) <k (6, (M;A)+6, (My;A))

(where k is the constant > 1 occurring in the definition of quasi-normed ideals (A, «) ).
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Proof. (i) Since A C A°® (and the canonical injection is continuous), 6 (M;A®) <
<o, (M;A).

For the reverse inequality, let n be fixedand T" € A®° besuchthat M C T'(By) + IL _,
dim IL < n. Then if Q4 denotes the canonical surjection from X% to X (see [S]) we
have Qx(Bxaw) = By and TQ y € A(X™, E) ; thus

M C (TQx) (Bxw) + 1L,

and a(TQx) = a,(T) thus § (M ;A°) > 6 (M;A).

(i) For A-bounded sets M,, M, in E and for integers n,,n, find, fori=1,2, §; €
€ A(F, F) with M, C S,(Bg) + IL,, with dimension IL, < = and with o(S;) <
< 6, (M) + 3. Let F = F; @ F, be equipped with the supremum norm and let P; :

F — F., 1 = 1,2 be the canonical projections. Then §i = S;P, € A(F,F) and for
S = §1 + §2 € A(F,E) we have

5, (Bg)+8 (By) cS(By) and a(8) <n(a(8)+a(5,)).
The rest of the details in the proof are evident.

Proposition 2. For T, + T, € A® and A-bounded set M we have the following:
1) 6,(M;A) >8,(M;A) >...>286 (M;A) > ...
') a(T) 2 65(T;A) > ... 26 (M;A) > ...
2) 6, (T1+T);A) < r(6,(T);A)+6,(T5;A))
3) forRelL, TeA* ¢, (TRA)<S(T,A)S (R)
4) forT € A®, SelL, 6 (ST) <|| S| 6,(T;A)
5) 6, (TQp:A)=6,(T;A) forT € A®.

The proofs are all routine and omitted.

Proposition 3. If the Banach space E has the lilting property and T € A°(E,F) then
0,(T,A) =a, (T;A), forall n.

Proof. For e > 0, find § : £ — F of rank at most n with (7' — §) < a (T;A) + €.

Then T(Bg) C(T — S)Bg+ IL_, withdim I._ < nandthus § (T;A) <a, (T;A).
Next, for given € > 0, find Banach space &G and § € A(G, F) such that T'(Bg) C

C S(Bp) + L, and a(S) < §, (T ;A) +¢e,dim IL_ < n. Then T(Bg) C S(Bg)+

+P (T'(Bg)) where P, : I — IL _ is the canonical projection. Then by a basic lemma due
to K. Astala ([1], Lemma 2.4.1) thereexist K; € IL(E|G), K, € IL( E, F), such that

T=SK,+PTK, with | K/|<l+g i=1,2.

Then (T — P,TK;) = a(SK,) < aS) - (1 + €)(6,(T;A) + €) and this gives
a . (T;A) <6,(T;A).
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Coroliary 4. & (T A) =a (TQg: A).

Remark. When A = IL the above equality if often taken as the definition of §_(7") (see
[3], 11.6.1); indeed the generalized (injective) Gelfand numbers ¢ (T;A), for T € At are

defined by I. Stephani [6] in a dual manner via c_(T;A) = a (Jp; A), Jp : F — F'Y
being the canonical injection.

Our next result 1s a comparison between 6( M;A), e(M;A) and ' (M ;A).

Proposition 5. For an AA\-bounded set D C E,

T(D;A) < 8(D:A) < e(D;A) < x['(D:A).

Proof. From our definition of I'( D;A) it follows that for given ¢ > 0, there are T €
€ ]KA(F, E), §€A(X,FE) suchthat o S) < I'(D;A)+eand D C T(Bg) + S(By);
since T € ]KA, T(By) is A-compact and therefore T(By) C Uf(y,- + R(B,)) with

a( K) < g, forsuitable kK and K. Thus D C Uf(yi + R(B,) + S(By)) and then as in the
proof of Proposition 1 we see

e (D;A) < x(a(R) + a(S)) for 2™ >k

and then e( D;A) < x(I'(D;A)).

From the definitions of é  and e_ and taking limits we have 6( D;A) < e(D;A).

Finally, let » = 6(D;A). Then, for given € > 0, there is a suitable N such that
0y(D;A) < r+¢, and thenthereexists § € A(F, E) with a(S) < r+eand D C S(Bg)+
+IL y = S(Bg) + My where M, is a bounded subset of IL ;. If P, is the natural projec-
tionof E onto IL ,, then Py, € A(E,E) and D C S(By) + T(By) where D C R(By),
R € A(X,E) and T = PyR is a finite rank map, and therefore is A-compact. Thus
I'(D;A) <6(D;A).

Corollary 6. D is A-compact <= 6 (D;A) - 0 <= e (D;A) - 0.

4. A-COMPACT SETS OF A-COMPACT OPERATORS

In this section we turn our attention to A -compact subsets of (KA , ) . Recall that (]KA ,
«,) has been shown to be a complete quasi-normed ideal by B. Carl and 1. Stephani [2].
The tollowing two notions are crucial for our discussion.
Let H be a set of continuous, linear maps between Banach spaces F and F'. We define
H tobe of equi-A -variation if for each € > 0 there exists a partition Py, ..., P_ of B, and
a suitable S € A(X, F) with o(S) < € such that for u,v € (same) P, h(u) — h(v) €
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€ S(By) holds foreach h € H . Trivially, equi-A—variation <= equi-variation in the sense
of K. Vala [7].

Next we define a Banach ideal (A, o) to have the property (V) if foreach S € A( X, KA
(E,F)) with [S(By)](Bg) C B thereexistsa T € A(Z, F') such that

[S(Bx)] (Bg) CT(B;) and a(T) < a,(S).

The Banach ideal of all bounded linear operators has this property. We shall also show that
the ideals (IN, v) of nuclear operators with the nuclear norm and (I, 1) of integral operators

have property (V).
Notation. For H CIL(E,F), H(e) ={h(e) : he H}.

Proposition 7. Suppose H C (]KA{E,F),E}:J 1s A-compact, (A, o) assumed to be a
Banach ideal. Then

(i) foreache € E, H(e) is an A-compact setin F';

(if) 1if (A, o) has property (V) then H has equi-A -vanation.

Proof. (1) Since H is A-compact, we have for given € > 0

k
HelJ(T+5(8y), Sea(zKAEF)), a8 <e
1

and without loss of generality we assume each 7, € H. For each e € E, the evaluation
map ¢, : IL(E,F) — F defined by ¢_(T) = T'(e) is continuous and || ¢, ||= 1; since

(]KA(E,F),{IE) 1s continuously imbedded in (IL(E, F), || |]) ¢, : KA _, F is continu-
Ous.

For each e € By, H(e) C JX(T, + (¢, 0 S)(B,)) and ¢, o S € A(Z, F) with
a,(¢p,08S) <|| ¢, || «,(S) < € and the proof of (i) is complete.

(ii) As before H C Ule(Tt- + S(By), a,(S) < €. Since each T, is A-compact

T(Bg) C U?(:?(f,-; + Ci(By(y)) with C; € A(Y (), F) and o(C;) < €. Let P =
= {e € By : T,(e) € fij+ Ci(Byy)}, 7 =1,2,...,n(1). Then the sets {P‘-J . 1, fixed
and y = 1,2,...,7n(1)} give a partition of By,.

Next consider all sets of the form
Prjcy DBy joy 00V By ek

and they too yield a partition of Bj. Consider e, e’ € By belonging the same set of the
above type; for arbitrary h € H we have h = T, + §(z) forasuitable 7| and z € B, . Then

h(e) — h(e') = Ty(e) + S(z)(e) — Ti(e') — S(2)(e') € 2C; (By(yy) + 2S5 (By) (Bg) .
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Letnow C : @Y (i) — F be defined by C(y,,...,v) = Cy(y;) + ...+ C(y,) ;
then C € A and a(C) < ke. Since (A, a) has property (V), we can find R € A(X, F)
with S(B,)(Bg) C R(By) with a(R) < o,(S) < €. Thus

£

h(e) —h(e) €2C(By)+ R(Bx), Y =Y (9)
1

and this essentially completes the proof of (ii).
The next proposition gives (partial) converses of the preceding result.

Proposition 8. Suppose (i) H C (]KA( E,F),«a,) is of equi-A -variation and (ii) for each
e€ FE, H(e) is Acompact in F'. Then
(@ H(Bg) is Acompact in F ;

(b) H is compact in (KA(E, F), a,) .

Proof. By hypothesis (i) above, for a given ¢ > 0 there exist a partition P,,P,,..., P_ of
Bg and § € A(X, F) with a(S) < € such that foreach h € H and e, e’ € (same) P,

h(e) — h(e') € S (Bx) ,

Now in each P, pick an z, and fix it. Since by hypothesis (ii), H(z,) is A-compact we
have

with A, €e A(Y (k),F) and a(A,) < ¢/2n and h;,, € H.Foreach k=1,2,...,nlet

Hy={heH:h(z) €hy(@m)+ A By}, i=12,...,nk)

Then, for arbitrary h € H and e € By we have e € P, for a suitable k and for this k,
h € H,, forasuitable 1. Then h(e) —h(z,) € S(By) and h(zy) € b, (z,)+ A (By () -

Thus h(e) € h; 4 (z;) + A(By ) + S(By) and

n n(k)
H (Bg) C U U hi (zi) + A, (By) + S (By)

k=1 s=1

where, as before A : Y () — F, A(y(1) + y(2) + ...+ y(n) = 3" A, (y(k)) with
the obvious norm. Then A € A(Y, F) and a( A) < €. This proves (a).
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To prove (b), we consider sets of the form

Hi(l).l ﬁ HI'I:Z),Z ﬁ s e ﬁ H‘f{ﬂ],ﬂ'

Then, for h, h belonging to one and the same set of the above type, we have

h(e) —E(e) = h(e) — h (:ck) + h (:ck) ~h (:1:,:) +h (Ik) —E(e) €
€S (Bx) +2A, (BY{k}) + S (Bx) Cc2S (Bx) +2A (Br) C
C T (By),

where Z=X@oY andT =25 2A.
This shows that the (metric) diameter of each of the above sets in the normed space

(]KA(E, F),a,) is less than 4¢ and H is the disjoint, finite, union of sets of diameter
less than 4 €. Thus H is compact in (IKA(E, F) a,).

Remark. The result in (b) is stronger than the claim that H is compact in KA with the
uniform norm (of IL ( E, F) ) and is weaker than the (desirable) conclusion of A -compactness

of H in (KA o).
Finally we prove
Proposition 9. The Banach operator ideals (N, v) and (X,1) have property (V).

Proof. Some standard facts about the projective norm « and the injective norm & on tensor
products of Banach spaces and their relation to I and IN are used in the sequel and the reader
1S referred to A. Defant and K. Floret [4] for these details.

First we shall consider the integral operators (1, 1) . For three Banach space X,Y and Z
the linear map

I(X,1(Y,Z2") -1 (X®,Y,2"), defined by

(%)
S—(z®y — (Sz)(y))

is a metric surjection since, via natural identifications

1(X,1(Y,2") =1 (X, (¥®,2)

z")) =
= (X8.Y®.2) = (X&) ®.2) =1 (X8.Y,2").
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Letnow S € I(X,K"(E, F)) with S(By)(By) C Bj. Since

Sel’(X,K'(E,F)) CcI1(X,I°(E,F))
and I°( E**", F") = I( E**", F") holds isometrically, we have from (*) that

Ty : X® E™ — F" defined by

z®e — (Sz) (Qge)

1s integral and 1(7},) < 1(S). But the integral operators are regular and thercfore the astric-
ton T of 7, to F must be integral as well and 1(T") = «(T,) < 1(S).

X@IEaur
proof that (I, 1) has property (V) 1s complete.
In the case of nuclear operators (N, v) the proof runs along the same lines. It suffices to
show that the map

N(X,N(Y,2)) - N (X®,Y,Z) defined by

S—(z®y — (Sz)(y))

is well-defined and has norm < 1. The natural mappings

Y'® Z — N(Y,2)
X'® N(Y,Z) - N(X,N(Y,2))

(X&.Y) 8,2 = N (X8,Y,2)
are metric surjections; in particular
(X®,Y)®,Z2=X'Q, (Y'®,2Z) - N(X,N(Y, Z)

is a metric surjection. Since the natural map X'® Y’ — (X®.Y)’ has norm < 1 the
following commuting diagram gives the desired conclusion:

N(X,N(Y,Z) —» N (XQ.Y,2)

? $

I~

(X'®,Y)®,.Z — (XQ.)Y) ®,Z
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