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Abstract. In this paper, we study totally contact umbilical radical screen transversal and
screen transversal anti-invariant lightlike submanifolds of an indefinite Sasakian manifold and
obtain a geometric condition under which the induced connection ∇ on a totally contact
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classification theorem for totally contact umbilical screen transversal anti-invariant lightlike
submanifolds when the ambient space is an indefinite Sasakian manifold.
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Introduction

In view of Nash’s theorem, one can consider a Riemannian manifold as a sub-
manifold of Euclidean space which provides us a natural motivation for the study
of submanifolds of Riemannian or semi-Riemannian manifolds. It is known that
the geometry of lightlike submanifolds of semi-Riemannian manifolds is different
from the geometry of submanifolds immersed in a Riemannian manifold since
the normal vector bundle of lightlike submanifolds intersect with tangent bundle
making it more interesting to study. The general theory of lightlike submanifolds
of a semi-Riemannian manifold has been developed by Duggal-Bejancu[7] and
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Kupeli[5]. On the other hand, transversal lightlike submanifolds of an indefinite
Kaehler manifold were introduced by B. Sahin [1] and studied some differential
geometric properties of such submanifold. In [2], B.Sahin initiated the study
of screen transversal lightlike submanifolds of indefinite Kaehler manifolds and
obtained a characterization of screen transversal anti-invariant lightlike sub-
manifolds apart from other properties of this submanifold. Transversal lightlike
submanifolds in Sasakian setting were studied by Yildirim and Sahin[3] whereas,
screen transversal lightlike submanifolds of indefinite Sasakian manifolds were
investigated by [10] and [4]. In this paper, we study totally contact umbilical
screen transversal lightlike submanifolds of an indefinite Sasakian manifold.

This paper is arranged as follows. In sections 2 and 3, we give the basic
concepts on lightlike submanifolds and indefinite Sasakian manifolds needed for
this paper. In section 4, we study the integrability of distributions involved
in the definition of totally contact umbilical radical screen transversal lightlike
submanifolds and obtain a condition under which the induced connection ∇
on totally contact umbilical radical screen transversal lightlike submanifolds to
be metric connection. In section 5, we prove a theorem which shows that the
induced connection ∇ on a totally contact umbilical ST-anti-invariant lightlike
submanifold is a metric connection under some conditions. We also prove a clas-
sification theorem of totally contact umbilical screen transversal anti-invariant
lightlike submanifold immersed in an indefinite Sasakian manifold.

1 Preliminaries

We follow [7] for the notation and fundamental equation for lightlike subman-
ifolds used in this paper. A submanifold Mm immersed in a semi-Riemannian
manifold (M

m+n
, g) is called a lightlike submanifold if it is a lightlike manifold

with respect to the metric g induced from g and radical distribution Rad TM
is of rank r, where 1 ≤ r ≤ m. Let S(TM) be a screen distribution which is a
semi-Riemannian complementary distribution of Rad TM in TM , i.e,

TM = Rad TM⊥S(TM)

Consider a screen transversal vector bundle S(TM⊥), which is a semi-Riemannian
complementary vector bundle of Rad TM in TM⊥. Since for any local basis
{ξi} of Rad TM , there exists a local null frame {Ni} of sections with values in
the orthogonal complement of S(TM⊥) in [S(TM)]⊥ such that g(ξi, Nj) = δij ,
it follows that there exists a lightlike transversal vector bundle ltr(TM) locally
spanned by {Ni} [[7],pg-144]. Let tr(TM) be complementary(but not orthogo-
nal) vector bundle to TM in TM |M . Then

tr(TM) = ltr(TM)⊥S(TM⊥),



Totally Contact Umbilical ST-Lightlike Submanifolds 125

TM |M = S(TM)⊥[RadTM ⊕ ltr(TM)]⊥S(TM⊥).

Following are four subcases of a lightlike submanifold (M, g, S(TM), S(TM⊥)).
Case 1: r-lightlike if r < min{m,n}.
Case 2: Co-isotropic if r = n < m;S(TM⊥) = 0.
Case 3: Isotropic if r = m < n;S(TM) = 0.
Case 4: Totally lightlike if r = n = m,S(TM) = 0 = S(TM⊥).
The Gauss and Weingarten formulae are

∇XY = ∇XY + h(X,Y ) ∀X,Y ∈ Γ(TM) (1)

and
∇XU = −AUX +∇t

XU, ∀X,Y ∈ Γ(TM), U ∈ Γ(tr(TM)). (2)

where {∇XY,AUX} and {h(X,Y ),∇t
XU} belong to Γ(TM) and Γ(tr(TM)),

respectively, ∇ and ∇t are linear connection on M and on the vector bundle
tr(TM), respectively. Moreover,we have

∇XY = ∇XY + hl(X,Y ) + hs(X,Y ) (3)

∇XN = −ANX +∇l
XN +Ds(X,N) (4)

∇XW = −AWX +∇s
XW +Dl(X,W ) (5)

∀X,Y ∈ Γ(TM), N ∈ Γ(ltr(TM)) andW ∈ Γ(S(TM⊥)). Denote the projection
of TM on S(TM) by P. Then, by using (1),(3)-(5) and the fact that ∇ is a metric
connection, we obtain

g(hs(X,Y ),W ) + g(Y,Dl(X,W )) = g(AWX,Y ), (6)

g(Ds(X,N),W ) = g(N,AWX).

From the decomposition of the tangent bundle of a lightlike submanifold, we
have

∇XPY = ∇∗
XPY + h∗(X,PY ), (7)

∇Xξ = −A∗
ξX +∇∗t

Xξ,

for X,Y ∈ Γ(TM) and ξ ∈ Γ(Rad TM).
It is important to note that the induced connection ∇ on M is not a metric
connection whereas∇∗ and ∇∗t are metric connections on S(TM) and Rad TM
respectively.
The Gauss equation of a lightlike submanifold is given by

R(X,Y )Z = R(X,Y )Z +Ahl(X,Z)Y +Ahl(Y,Z)X +Ahs(X,Z)Y

−Ahs(Y,Z)X + (∇Xh
l)(Y, Z)− (∇Y h

l)(X,Z)

+Dl(X,hs(Y, Z))−Dl(Y, hs(X,Z)) + (∇Xh
s)(Y, Z)

− (∇Y h
s)(X,Z) +Ds(X,hl(Y, Z))−Ds(Y, hl(X,Z)) (8)
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Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifolds of (M, g). For any vec-
tor field X tangent to M , we put

φX = fX + ωX (9)

where fX and ωX are the tangential and transversal parts of φX respectively.
For V ∈ Γ(tr(TM))

φV = BV + CV (10)

where BV and CV are the tangential and transversal parts of φV respectively.

2 Indefinite Sasakian Manifolds

An odd dimensional semi-Riemannian manifold (M, g) is called a contact
metric manifold [6] if there exists a (1,1) tensor field φ, a vector field V , called
the characteristic vector field, and its 1-form η satisfying





g(φX, φY ) = g(X,Y )− ǫη(X)η(Y ), g(V, V ) = ǫ
φ2X = −X + η(X)V, g(X,V ) = ǫη(X),
dη(X,Y ) = g(X,φY ), ∀X,Y ∈ Γ(TM),

(11)

where ǫ = ±1. One can easily verify that φV = 0, ηoφ = 0, η(V ) = ǫ.
Then (φ, V, η, g) is called a contact metric structure ofM . The semi-Riemannian
manifoldM is said to have a normal contact structure if Nφ+dη⊗V = 0, where
Nφ is the Nijenhuis tensor field of φ [9]. A normal contact metric manifold is
called a Sasakian manifold [[9],[11]] for which we have

(∇Xφ)Y = g(X,Y )V − ǫη(Y )X. (12)

∇XV = −φX, (13)

From [11], we recall that the curvature tensor R of a Sasakian space form M(c)
is given by

R(X,Y )Z =
c+ 3

4
{g(Y, Z)X − g(X,Z)Y }+ c− 1

4
{ǫη(X)η(Z)Y − ǫη(Y )η(Z)X

+ g(X,Z)η(Y )V − g(Y, Z)η(X)V + g(φY, Z)φX + g(φZ,X)φY

− 2g(φX, Y )φZ} (14)

for any X,Y, Z ∈ Γ(TM). Without loss of generality, we take ǫ = 1 throughout
this paper.
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3 Totally Contact Umbilical Radical ST-Lightlike Sub-

manifolds

In the present section, we study totally contact umbilical radical ST-lightlike
submanifolds of an indefinite Sasakian manifold. We need the following defini-
tions from [2] for later use.

Definition 1. A r-lightlike submanifold M of an indefinite Sasakian mani-
fold M is said to be a screen transversal(ST)lightlike submanifold of M if there
exists a screen transversal bundle S(TM⊥) such that

φ(Rad TM) ⊂ S(TM⊥).

Definition 2. A ST -lightlike submanifoldM of an indefinite Sasakian man-
ifold M is said to be a radical ST-lightlike submanifold if S(TM) is invariant
with respect to φ.

Now, we recall the definition of totally contact umbilical lightlike submani-
folds of an indefinite Sasakian manifold.

Definition 3. [8] A lightlike submanifold (M, g) of an indefinite Sasakian
manifold (M, g) is said to be totally contact umbilical if there exists smooth
vector fields H l ∈ Γ(ltr(TM)) and Hs ∈ Γ(S(TM⊥)) such that

®
hl(X,Y ) = {g(X,Y )− η(X)η(Y )}H l + η(X)hl(Y, V ) + η(Y )hl(X,V ),
hs(X,Y ) = {g(X,Y )− η(X)η(Y )}Hs + η(X)hs(Y, V ) + η(Y )hs(X,V )

(15)
for any X,Y ∈ Γ(TM) and V ∈ Γ(S(TM)).

The conditions under which the distributions involved in the definition of
totally contact umbilical radical ST-lightlike submanifolds immersed in an in-
definite Sasakian manifold is given by the following Theorem.

Theorem 1. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold. Then the screen distribution S(TM)
is integrable if and only if Hs has no component in φ(Rad TM).

Proof. Using (3), (11)and (12), for anyX,Y ∈ Γ(S(TM)) andN ∈ Γ(ltr(TM)),
after calculations, we obtain

g([X,Y ], N) = g(hs(X,φY )− hs(Y, φX), φN). (16)

From (3), (11),(13), (15) and (16), we get

g([X,Y ], N) = 2g(X,φY )g(Hs, φN),

from which our assertion follows.
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Theorem 2. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold. Then the distribution Rad TM is
always integrable.

Proof. For Z,W ∈ Γ(Rad TM) and X ∈ Γ(S(TM)), from (3),(11) and (12)
we have

g([Z,W ], X) = −g(hs(Z, φX), φW ) + g(hs(W,φX), φZ). (17)

Making use of (15) in (17), we arrive at

g([Z,W ], X) = 0,

which proves our assertion.

Theorem 3. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then h∗(X,Y ) = 0 if and only
if Hs has no components in φ(Rad TM) for any X,Y ∈ Γ(S(TM)).

Proof. Using (3) and (12), a direct calculation shows that

∇XφY + hl(X,φY ) + hs(X,φY ) = g(X,Y )V − η(Y )X + φ∇XY + φhl(X,Y )

+ φhs(X,Y ) (18)

for any X,Y ∈ Γ(S(TM)). Taking inner product of (18) with φN for any
N ∈ Γ(ltr(TM))) and using (11), we obtain

g(hs(X,φY ), φN) = g(∇XY,N). (19)

From (7),(15) and (19), we have

g(X,φY )g(Hs, φN) = g(h∗(X,Y ), N),

which proves our assertion.

The necessary and sufficient conditions for the induced connection on a
totally contact umbilical radical ST-lightlike submanifold to be a metric con-
nection is given by the following theorem.

Theorem 4. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then the induced connection ∇
onM is a metric connection if and only if Hs has no component in φ(ltr(TM)).

Proof. For any X ∈ Γ(TM) and ξ ∈ Γ(Rad TM), from (11) and (12) we
obtain

∇Xξ = −φ(∇Xφξ) (20)
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Using (3),(5) and (15) in (20), we arrive at

∇Xξ + hl(X, ξ) + hs(X, ξ) = φAφξX − φ(∇s
Xφξ)− φ(Dl(X,φξ)). (21)

Taking inner product of (21) with Y ∈ Γ(S(TM)) and using (15), we obtain

g(∇Xξ, Y ) = −g(X,φY )g(Hs, φξ). (22)

Thus, our assertion follows from (22).

Corollary 1. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then the distribution Rad TM
is always parallel.

Proof. Using (11) and (12), we obtain

∇ξ1ξ2 = −φ(∇ξ1φξ2) (23)

for any ξ1, ξ2 ∈ Γ(Rad TM). From (3),(5), (15) and (23), we have

∇ξ1ξ2 + hl(ξ1, ξ2) + hs(ξ1, ξ2) = φAφξ1ξ2 − φ(∇s
ξ1φξ2)− φ(Dl(ξ1, φξ2)). (24)

Taking inner product of (24)with Y ∈ Γ(S(TM)) and using (15), a direct cal-
culation shows that

g(∇ξ1ξ2, Y ) = 0,

which proves our assertion.
Now, we prove a lemma which we shall use in the study of totally contact

umbilical radical ST-lightlike submanifolds.

Lemma 1. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then
(i) AφNX = {X − η(X)V }g(Hs, φN)− η(X)N +Dl(X,φN)
for any X ∈ Γ(S(TM))and N ∈ Γ(ltr(TM)).
(ii) AφNX = −g(X,N)V +Dl(X,φN)
for any X ∈ Γ(RadTM) and N ∈ Γ(ltr(TM)).

Proof. Replacing W by φN in (6) and using (15), we get

g(AφNX,Y ) = {g(X,Y )− η(X)η(Y )}g(Hs, φN) + η(X)g(hs(Y, V ), φN)

+ η(Y )g(hs(X,V ), φN) + g(Dl(X,φN), Y ) (25)

for each X,Y ∈ Γ(TM) and N ∈ Γ(ltr(TM)).
If we restrict X to (S(TM)), then (i) follows form (3),(13) and (25) but if
X ∈ Γ(Rad TM), then assertion (ii) follows from (3),(13) and (25).
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It is known that the induced connection ∇t on a lightlike submanifold of
a semi-Riemannian manifold is not a metric connection. The condition under
which the induced connection ∇t on a totally contact umbilical radical ST-
lightlike submanifold immersed in indefinite Sasakian manifolds to be a metric
connection on tr(TM) is given by the following theorem:

Theorem 5. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then ∇t is a metric connection
on tr(TM) if and only if ∇s

XφN has no component in µ and Dl(X,φN) = 0
for any X ∈ Γ(TM) and N ∈ Γ(ltr(TM)).

Proof. Using (2),(6),(10),(11) and (12), for X ∈ Γ(TM),W ∈ Γ(S(TM⊥))
and N ∈ Γ(ltr(TM)), we arrive at

g(∇t
XN,W ) = g(−AφNX +∇s

XφN +Dl(X,φN), BW + C1W + C2W ) (26)

where BW ∈ Γ(Rad TM), C1W ∈ Γ(ltr(TM)) and C2W ∈ Γ(µ). Taking X ∈
Γ(Rad TM) and using part (ii) of Lemma 1 and (26) we get

g(∇t
XN,W ) = g(∇s

XφN,C2W ) + g(Dl(X,φN), BW ). (27)

On the other hand, if we take X ∈ Γ(S(TM)), then from part (i) of Lemma 1
and (26) we conclude that

g(∇t
XN,W ) = g(∇s

XφN,C2W ) + g(Dl(X,φN), BW ). (28)

Thus, our assertion follows from (27) and (28).

Theorem 6. Let M be a totally contact umbilical radical ST-lightlike sub-
manifold of an indefinite Sasakian manifold M . Then

Aφξ1ξ2 = Aφξ2ξ1

for all ξ1, ξ2 ∈ Γ(Rad TM).

Proof. For ξ1, ξ2 ∈ Γ(Rad TM), from (12) we have

φ∇ξ1ξ2 = ∇ξ1φξ2.

Using (3)and(5) in the above equation, a direct calculation shows that

φ∇ξ1ξ2 + φhl(ξ1, ξ2) + φhs(ξ1, ξ2) = −Aφξ2ξ1 +∇s
ξ1φξ2 +Dl(ξ1, φξ2). (29)

Interchanging ξ1 and ξ2 in (29) and then subtracting the resulting equation from
(29), we obtain

φ∇ξ1ξ2−φ∇ξ2ξ1 = −Aφξ2ξ1+Aφξ1ξ2+∇s
ξ1φξ2−∇s

ξ2φξ1+D
l(ξ1, φξ2)−Dl(ξ2, φξ1).

(30)
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Taking inner product of (30) with X ∈ Γ(S(TM)) and taking into account that
the ambient space M is Sasakian, we get

g(∇ξ1ξ2, φX)− g(∇ξ2ξ1, φX) = g(Aφξ1ξ2 −Aφξ2ξ1, X). (31)

On the other hand, from (3) and (15), after calculations we obtain

g(∇ξ1ξ2, φX) = 0, g(∇ξ2ξ1, φX) = 0. (32)

Using (32) in (31), we get

g(Aφξ1ξ2 −Aφξ2ξ1, X) = 0. (33)

Thus our assertion follows from (33) and the fact that S(TM) is non-degenerate.

4 Totally Contact Umbilical ST Anti-Invariant Light-

like Submanifolds

For the study of totally contact umbilical ST anti-invariant lightlike sub-
manifolds of an indefinite Sasakian manifold, we need the following definition
from [10].

Definition 4. A ST -lightlike submanifoldM of an indefinite Sasakian man-
ifold M is said to be a ST anti-invariant lightlike submanifold of M if S(TM)
is screen transversal with respect to φ, i.e,

φ(S(TM)) ⊂ S(TM⊥).

For the induced connection∇ on a totally contact umbilical ST anti-invariant
lightlike submanifold M to be a metric connection, we have:

Theorem 7. LetM be a totally contact umbilical ST anti-invariant lightlike
submanifold of an indefinite Sasakian manifold M . Then the induced connection
∇ on M is a metric connection if and only if ∇s

Xφξ ∈ Γ(φ(Rad TM)) for all
X ∈ Γ(TM), ξ ∈ Γ(Rad TM).

Proof. Using (12), for X ∈ Γ(TM) and ξ ∈ Γ(Rad TM), we obtain

∇Xφξ = φ(∇Xξ). (34)

Apply φ to (34) and using (3),(5), (11), (13), (15) and (34), a direct calculation
shows that

φ(−AφξX +∇s
Xφξ +Dl(X,φξ)) = −∇Xξ − 2η(X)φξ,



132 S.M.K. Haider, M.Thakur and Advin

from which we have

ωAφξX +B∇s
Xφξ + C∇s

Xφξ + CDl(X,φξ) = −∇Xξ − 2η(X)φξ, (35)

where we have used (9) and (10). Taking the tangential components of (35), we
get

B∇s
Xφξ = −∇Xξ. (36)

Thus, our assertion follows from (36).

For the distribution Rad TM to be parallel, we have:

Theorem 8. LetM be a totally contact umbilical ST anti-invariant lightlike
submanifold of an indefinite Sasakian manifold M . Then Rad TM is parallel if
and only if ∇s

ξ1
φξ2 has no component in φ(S(TM)) for any ξ1, ξ2 ∈ Γ(Rad TM).

Proof. Using (3),(5),(9),(10),(12) and (15), we arrive at

−Aφξ2ξ1+∇s
ξ1φξ2+D

l(ξ1, φξ2) = ω∇ξ1ξ2+Ch
l(ξ1, ξ2)+Bh

s(ξ1, ξ2)+Ch
s(ξ1, ξ2).

(37)
for any ξ1, ξ2 ∈ Γ(Rad TM). From (15) and (37) we obtain

−Aφξ2ξ1 +∇s
ξ1φξ2 +Dl(ξ1, φξ2) = ω∇ξ1ξ2. (38)

Taking inner product of (38) with φY for Y ∈ Γ(S(TM)), we get

g(∇s
ξ1φξ2, φY ) = g(∇ξ1ξ2, Y ),

which proves our assertion.

Theorem 9. LetM be a totally contact umbilical ST-anti-invariant lightlike
submanifold of an indefinite Sasakian manifold M . Then Hs has no component
in φ(ltr(TM)).

Proof. For X,Y ∈ Γ(S(TM)), from (3),(5)and (12) we have

−AφYX +∇s
XφY +Dl(X,φY ) = g(X,Y )V − η(Y )X + φ∇XY + φhl(X,Y )

+ φhs(X,Y ) (39)

Taking inner product of (39) with ξ ∈ Γ(Rad TM) and then using (5),(11),(13)
and (15), a direct calculation shows that

g(ωX,ωY )g(Hs, φξ) = 0. (40)

Thus our assertion follows from (40) together with non-degeneracy of S(TM⊥).

Theorem 10. Let M be a totally contact umbilical ST anti-invariant light-
like submanifold of an indefinite Sasakian manifold M . Then H l = 0 if and only
if ∇s

XφX has no component in φ(S(TM)) for all X ∈ Γ(S(TM)− {V }).
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Proof. From (3),(5),(9), (10), (12) and (15) we get

−AφXX+∇s
XφX+Dl(X,φX) = ω∇XX+Chl(X,X)+Bhs(X,X)+Chs(X,X)

(41)
for any X ∈ Γ(S(TM)−{V }). Comparing the screen transversal parts on both
sides of (41), we obtain

∇s
XφX = ω∇XX + Chl(X,X) + Chs(X,X).

Taking inner product of the above equation with φξ for ξ ∈ Γ(Rad TM) and
using (9) and(15), we get

g(∇s
XφX, φξ) = g(X,X)g(H l, ξ),

which proves our assertion.

The following theorem provides a classification of totally contact umbili-
cal ST anti-invariant lightlike submanifold immersed in an indefinite Sasakian
manifold.

Theorem 11. Let M be a totally contact umbilical ST anti-invariant light-
like submanifold of an indefinite Sasakian manifold M . Then either Hs has no
components in φ(S(TM)) or dim (S(TM)− {V }) = 1.

Proof. Taking inner product of the tangential components of (41) with Z ∈
Γ(S(TM)− {V }) and using (11) and (10), we get

g(AφXX,Z) = g(hs(X,X), φZ) (42)

for any X ∈ Γ(S(TM)− {V }). On the other hand, by the use of (6) we obtain

g(AφXX,Z) = g(hs(X,Z), φX). (43)

From (42) and (43), we conclude that

g(hs(X,X), φZ) = g(hs(X,Z), φX).

Using (15) in the above equation, we get

g(X,X)g(Hs, φZ) = g(X,Z)g(Hs, φX) (44)

Interchanging X and Z in (44) and after rearranging the terms, we get

g(Hs, φX) =
g(X,Z)

g(Z,Z)
g(Hs, φZ). (45)

From (44) and (45), one can easily have

g(Hs, φX) =
g(X,Z)2

g(X,X)g(Z,Z)
g(Hs, φX). (46)

Thus our assertion follows from (46).
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