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Abstract. We present a family of irreducible polynomials, where all the x-divisible mono-
mials have trace zero, and use them to show that there are semifields of order 2", for any odd
integer r € [5,31] except 21 and 27, containing GF'(4). Hence these semifields are fractional
dimensional.
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Introduction

We know the dimension of the finite field F' = GF(q") over a subfield
K = GF(q) is specified by logx||F| = n. One may more generally define the
dimension of an arbitrary affine plane, relative to a subplane.

Definition 1.1 Let 7w be an affine plane of order n, with an affine subplane
mo of order m. Then the dimension of , relative to m , is specified by dim,,m =
logmn.

Then 7 is said to have integral, fractional, or transcendental dimension,
relative to mp, according to log,,n is an integer, a rational or a transcendental
number.

If 7 is a translation plane of order p™, and 7 is an affine subplane, it follows
that mp must have order p™. Hence dimy,m = m/n, which is either an integer or
a fractional number (not integer). In this article, we are interested in the latter
case, i.e. when dimg,m = m/n is a fractional number, not integer.

In this setting, Wene and Hentzel ([2)] found several sporadic semifields of
order 2/, for j = 5,7,9,11, that admit a subplane of order 22. On the other
hand, Jha and Johnson, pointed out a sufficient condition for the generalized
Knuth Semifields admitting a subfield of order 22; see Theorem 1 ([1]).
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In this article we find new parameters t for the affine Knuth semifield planes
7 of non-square odd order GF(2), t > 5, to admit affine subplanes my of order
22, This result follows from Lemma 1.

1 Preliminaries

Let F = GF(2'), t odd. The following defines a multiplication for a commu-
tative semifield due to D.E. Knuth, called a “Knuth binary semifield”. For any
x,y € F, define

voy=ay+ (z1(y) +yI(x))
where T : GF(2') — GF(2) is the trace function.

Then a pre-semifield (F, +, o) is obtained. Choose a nonzero element e in F' and
define a new multiplication * by

rxy= (2" oe)x(eoy)=12"oy, Vo,y€c F.

Then (F,+,*) is a commutative semifield.
Jha and Johnson generalized Knuth’s result, and obtained a new semifield
as follows:

z oy = zbyc + (xbT (yc) + ycT(xb))?, Y,y € F
where b and ¢ are nonzero constants in F. Define a multiplication * as follows
(zoe)x(coy) =zoy

where e is any nonzero element in F'. Then (F, +, %) is a semifield, which is not
commutative.
In ([1]), they pointed out that if

T(ec) =T(b) =T(eb) =0, T(c) =1, =1+~

then there exists a subfield isomorphic to GF(4) in (F, 4+, *).

The corresponding semifield plane is the commutative binary Knuth semi-
field plane, which has order 2!, and would then admit a subsemifield plane of
order 22.

When ¢t is divisible by 5 or 7, say t = 5k or 7k, k odd, the results of the
previous theorem show that there are subplanes of order 4 in the commutative
binary Knuth semifield planes of order 2!, c.f. Corollary 1 of ([1]).
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2 New Examples

Lemma 1. If GF(2!) is defined by an irreducible polynomial associated with
xt + f(z) + 1, where f(x) is any x-divisible polynomial (the constant of f(x) is
0) of degree< t, in which all even degree monomials have coefficients zero, then
T(z)=0,0<i<t.

Proof: For any 2¢, 0 < i < t,

T(r') =Y (@) =o' + (@) + (2)F +-- (>

Let Gal(F)={all the distinct automorphisms of GF(2!) over GF(2)} and o be
any element of Gal(F). Then o(x) = 2%", for any m = 0,1,--- ,t — 1. Since ¢
is odd, o(x) is a-divisible, and so is T'(z%). Hence T'(2%) = 0, because the trace
function is onto GF(2). QED

Corollary 1. If all the conditions of Lemma 1 are satisfied, then any mono-
mial 2™ with even degree, except 28t for any integer k , has trace 0.

Proof: Suppose 2m = gt + r for some integers ¢ and r, 0 < r < t. Then
2™ = %", So x®™ can be represented as an z-divisible polynomial with
degree less than ¢; hence T'(2?™) = 0. QED

Lemma 2. If an irreducible polynomia asl in Lemma 1 exists with asny_1 =
0, i.e., ag_o = 0, then T(x'*2) = 0.

N N
Proof: Let f(z) = . agr_12?*~1. Then 2! = 14+ ¥ agp_12%*7!, and
k=1 k=1

o2 = 2%t = 2 4 a4+ ag32®N T Fagn 2t

By Lemma 1, T'(z") = 0,0 < i < t, so
T =04 aon 1 T(2)) =0+ 0=0.
QED

Theorem 1. Suppose an irreducible polynomia as in Lemma 2 exists. Let

e=1+xzb=at! 42172 ¢ =zt 4 ot

Then the semifield (F,+, %) admits a subfield isomorphic to GF(4).

Proof: We just need to check that e, b and c¢ satisfy the requirements in
Theorem 1([1]):

2 2 2
Since 1(3_6 = (1 —i;:a:) = 1&‘@ , and

b oot 42 223 41) 224241

c a4zt~ gl 1) x
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e have ¢’ —1+bAlso
w ve T7¢ = o

T®) =T (™) +T(x""?) =0+0=0,
T(e) =T+ T =1+0=1,
T(ec) =T((1+z)(z' +272) =T (™) + (=) = 0.

By Lemma 2,
T(eb) = T(2"™) + T(2"2) + T(2'2) + T(2'1) = 0.

QED

This theorem works for some particular orders of generalized Knuth binary
semifields. The following corollary lists f(x) in the irreducible polynomials of
x' + f(z) + 1 associated with GF(2%), ¢t odd.

Corollary 2. If f(x) as in Lemma 2 exists, then the semifield (F,+, ) with
e, b, and ¢ as defined above is a fractional semifield of order 2t* for each odd
k > 1. Examples of such f(x) include:

t=17,915, fz)=a+1

t=11, fxy=2"+23+x+1
t =13, fl@)=a"+23+z+1
t =17,25,31, flz)=a23+1

t=19, fx)=2+2"+x+1
t =23, flx)=2°+1

t =29, fx)=2"42+1

3 Irreducible Polynomials with Even Degree Mono-
mials

The condition of non-even monomials imposed on the polynomial f(x) on
Lemma 1 is not necessary for the existence of fractional dimensional planes of
order 2!. For example, in ([1]), Jha and Johnson chose 27 + z% + 23 + 22 + 1
as the irreducible polynomial over GF(2) associated with GF(27%), k odd, and
e=1+2",b=2", and ¢ = 23 satisfy all the requirements of Theorem 1 on [1].
For GF(2'3), k odd, we can choose the irreducible polynomial '3 +2*+z3+2+1
over GF(2),ande=1+2 b=1+2+2"+2 c=27 +2°.

The corresponding generalized Knuth semifield of order 213%, k odd, also admits
a subfield of order 4.
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