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Abstract. Almost semi-invariant submanifolds of framed metric manifolds and S-manifolds
are studied, where the ambient manifolds generalize almost Hermitian, Kaehler, almost con-
tact metric and Sasakian manifolds while the submanifolds generalize/imply several known
classes of submanifolds including C'R, semi-invariant, holomorphic, totally real and slant sub-
manifolds. Integrability conditions for certain natural distributions on almost semi-invariant
submanifolds of S-manifolds are investigated. Parallelism of the operators arising naturally
in the study is investigated leading to a flowchart connecting them. Totally umbilical, totally
geodesic and totally contact geodesic submanifolds are studied. Some relations between al-
most semi-invariant submanifolds of a framed metric manifold and other submanifolds are
investigated. Submanifolds of principal toroidal bundles are also studied.
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Introduction

Framed metric structures were introduced by Yano ([54]) as a generaliza-
tion of almost contact metric structures and almost Hermitian structures. Blair
([3]) introduced the concept of an S-manifold equipped with a normal framed
metric structure satisfying certain relations. The S-structure is analogous to the
Kaehler structure in the almost Hermitian case and to the Sasakian structure
in the almost contact case. For geometry of framed metric structures we refer
to [54] and related references cited therein.

*The paper was presented at the Conference on Mathematics - 2000, held at the Department
of Mathematics and Astronomy, Lucknow University, Lucknow 226 007, India during January
2 & 3, 2001.
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Recently in [47] the study of almost semi-invariant submanifolds of an e-
framed metric manifold was initiated. In this paper we study almost semi-
invariant submanifolds of framed metric manifolds and S-manifolds, where the
ambient manifolds generalize almost Hermitian, Kaehler, almost contact metric
and Sasakian manifolds while the submanifolds generalize/imply several known
classes of submanifolds viz. C'R, semi-invariant, holomorphic, totally real, slant
submanifolds etc. (see the Table in the section 1).

The paper starts with the definitions of framed metric structure, S-structure
and S-space form. Some basic results for submanifolds of framed metric man-
ifolds and S-manifolds are given in section 3. Some properties of almost semi-
invariant submanifolds of an S-manifold are presented in section 4. Among
others it is proved that for a submanifold of an S-space form M (c) with ¢ # r
to be invariant or anti-invariant it is necessary and sufficient that the tangent
bundle of the submanifold is invariant under the action of R (X,Y") for all vector
fields X and Y on the submanifold (Theorem 2). Integrability conditions for cer-
tain natural distributions on almost semi-invariant submanifolds of S-manifolds
are the subject matter of section 5. Using Lemma 3 it is shown that the anti-
invariant distributions D° and D° @€ are integrable. In section 6, we investigate
certain parallel operators and distributions on submanifolds of S-manifolds. To-
tally umbilical and totally geodesic submanifolds have been studied in section 7.
It is also proved that the invariant submanifolds of S-manifolds (thus of Kaehler
and Sasakian manifolds) are minimal (Theorem 17). Section 8 deals with totally
contact geodesic submanifolds. The main result of this section is that the second
fundamental form of a totally contact geodesic submanifold of an S-manifold
is r-contact parallel; and moreover, if the ambient manifold is also an S-space
form with ¢ # —3r, then the totally contact geodesic submanifold is invariant or
anti-invariant. In the last section, we investigate some relations between almost
semi-invariant submanifolds of a framed metric manifold and other submani-
folds. This section is mainly devoted to the study of submanifolds of principal
toroidal bundles.

1 Preliminaries

1.1 Framed metric manifolds

Let M be a (2n + r)-dimensional framed metric manifold [54] (or almost
r-contact metric manifold [49]) with a framed metric structure (J,&,,n%, g),
a€{l,...,r}, that is, J is a (1,1) tensor field defining an f-structure of rank
2n; &1, ..., & are r vector fields; n',...,n" are r 1-forms and g is a Riemannian
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metric on M such that
J?=—I+n"® &, n* (€p) = 43, J (§a) =0, n“oJ =0, (1)
g(JX,JY)=g(X,Y) =Y n*(X)n*(V), (2)

QX Y)=g(X,JY) = -2, X), g(X,&)=n"(X) 3)
for all X,Y € TM and o, 3 € {1,...,7} [54].

A framed metric structure is called normal [54] if
[J, J] + 2dn® @ &, = 0, (4)
and an S-structure [3] if it is normal and
Q = dn®, ac{l,...,r}. (5)

When r = 1, a framed metric structure is an almost contact metric structure,
while an S-structure is a Sasakian structure. When r = 0, a framed metric
structure is an almost Hermitian structure, a normal framed metric structure
is a Hermitian structure (integrable almost Hermitian structure) while an S-
structure is a Kaehler structure.

If a framed metric structure on M is an S-structure then it is known [3] that

(VxJ)Y =) (9(JX,TY)éa+ 1" (V) J’X), (6)

Véy = —J, ac{l,...,r}. (7)

The converse may also be proved. In case of Sasakian structure (that is r = 1),
(6) implies (7). In Kaehler case (that is r = 0), we get V.J = 0.

It is known [11] that in an S-manifold of constant .J-sectional curvature ¢

R(X,Y)Z =Y (" (X)n*(2) J2Y =0 (V)0 (2) J2 X~ (8)
a,p
~g(JX,JZ) 0" (V) &5+ 9 (JY, J2) 0" (X) &)
c—+ 3r
4

cC—7T

4

forall X,Y,Z € TM, where R is the curvature tensor of M. Such an S-manifold
is called an S-space form M (c).

(=g (JY,JZ) J*X +g(JX,JZ)J*Y)

(9(X,JZ)JY —g(Y,JZ)JX +29(X,JY)JZ)
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When 7 = 0, an S-space form M (c) becomes a complex space form and (8)
moves to
AR(X.Y)Z = c(g(Y,2)X —g(X,2)Y (9)
+9(X,J2)JY —g(Y,JZ)JX +29(X,JY) JZ).

When 7 = 1, an S-space form M (c) reduces to a Sasakian space form M (c)
and (8) reduces to

RXY)Z = 231, 2)X - g(X, 2)Y) (10)

c—1

+ (n(Xn(2)Y —n(Y)n(Z)X

+9(X, Z)n(Y)¢ — g(Y, Z)n(X)¢
+9(X,JZ2)JY — g(Y,JZ)JX + 29(X,JY)JZ),

where & = € and ! = 1.

1. 2 Submanifolds of a Riemannian manifold

Let M be a submanifold of a Riemannian manifold M with a Riemannian
metric g. Then Gauss and Weingarten formulae are given respectively by

@XYZVXY-i-h(X,Y), (11)

VxV =—-AyX + ViV (12)

for all X,Y € TM and V € T+M, where V, V and V= are respectively the
Riemannian, induced Riemannian and induced normal connections in M, M and
the normal bundle T+-M of M respectively, and h is the second fundamental
form related to A by

g(h(X,Y),V) = g(Av X, Y). (13)

Moreover, if .J is a (1,1) tensor field on M, for X,Y € TM and V € T+M we
put
JX = PX + FX, PX e TM, FX € T+ M, (14)

JV =tV + fV, tV e TM, fV € T+ M. (15)
In this case we have [47]

(VxJ)Y = ((VxP)Y — ApyX —th(X,Y)) (16)
+((VxF)Y + h(X,PY) — fh(X,Y)),
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and

(@XJ)V = ((Vxt)V - Ay X + PAyX) (17)
+(Vx )V +h(X,tV) + FAy X),

where

(VxP)Y = VxPY —PVyxY, (VxF)Y =V%FY — FVyY,
(Vxt)V = VxtV —tVxV, (Vxf)V =VxfV — fV%V.

Let R (resp. R) be the curvature tensor of M (resp. M). Then the equations
of Gauss and Codazzi are given by

g(R(X,Y)Z,W) - g(R(X,Y)Z,W)—g(h(X,W),h(KZ)) (18)
+9(h(X, Z), h(Y, W),

(R(X,Y)Z)" = (Vxh)(Y, Z) = (Vy h)(X, 2), (19)
respectively, where (R(X,Y)Z)* is the normal component of R(X,Y)Z, and

(Vxh)(Y,Z) = Vxh(Y,Z) — h(VxY,Z) — h(Y,VxZ). (20)

The submanifold M is said to be totally geodesic in M if h = 0, minimal
if H = trace (h) /dim (M) = 0, and totally umbilical if h (X,Y) = g (X,Y) H.
A differential distribution D on M is said to be D’-parallel if VxY € D for
all X € D' and Y € D, where D' is a differentiable distribution on M. D is
said to be autoparallel (resp. parallel) if it is D-parallel (resp. T'M-parallel).
The submanifold M is said to be (D, D')-mized totally geodesic if h (D, D’) = 0,
D-totally geodesic if h (D, D) = 0, and D-umbilical if for all X,Y € D we have
h(X,Y)=g(X,Y)K for some normal vector field K €T+ M.

2 Almost semi-invariant submanifolds of framed
metric manifolds

Let M be a submanifold of a framed metric manifold M. Then the operator
P? is symmetric (that is g (P2X,Y) = ¢ (X,P?Y)) on T,M and therefore
its eigenvalues are real and it is diagonalizable. Moreover, its eigenvalues are
bounded by —1 and O.

Now let all £,’s € TM = £ @ L, where € denotes the distribution spanned
by &1 ...& and £ is the complementary orthogonal distribution to £ in M. For
each x € M we may set

D) =ker (P?g1 + A2 (2)])

T
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where [ is the identity transformation and A (z) belongs to the closed interval
[0, 1] such that —\? (z) is an eigenvalue of (P2|5‘J_)I. Since (P2|gj_)$ is symmetric
and diagonalizable, there is some integer ¢ such that —Af (x),...,—\2 (z) are
distinct eigenvalues of (P2| EJ_)I and £} can be decomposed as the direct sum
of the mutually orthogonal P-invariant eigenspaces, that is

EL=DM .. .¢D).

If \; (z) > 0 then D) is even-dimensional. Note that D. = ker (F},) and D? =
ker (P,). Here D! is the maximal J-invariant while D? is the maximal anti-.J-
invariant subspace of £;. For more details we refer to [41, 45, 47].

Now, we recall the definition of almost semi-invariant submanifolds of a
framed metric manifold [47, 45].

Definition 1. A submanifold M of a framed metric manifold M with all
£.'s € TM, is called an almost semi-invariant submanifold of M if there are k

functions A1,...,A; defined on M with values in the open interval (0,1) such
that the following two conditions hold:
(i) =A% (x),...,—A% (z) are distinct eigenvalues of P?|¢.at x € M with

T.M=D:aD’eoD) ¢ -eD) & &,

where D! = ker (F,), DY
{1,...,k},
(ii) the dimensions of D}, DY, DM ... D) are independent of = € M.
If in addition, each ); is constant, then M is called an almost semi-invariant*
submanifold. If k = 0 (that is, in (i) T,M = D: @ DY@ &,) then (i) implies (ii).
Condition (ii) in the above definition enables one to define P-invariant mu-
tually orthogonal distributions

= ker (P;) and Dyt = ker (P2 + M (2)1)_, i €

D = D), Ae{0, LA, N},
reM

on M such that
TM=D'&D’e&D" & - &D* & ¢.
In view of the study of Nomizu [39], these distributions are differentiable.
For X € T'M we write
X=U'X+UX +UMX +-- -+ UMX +1*(X) &, (21)

where UL, U?, UM, ..., UM are orthogonal projection operators of TM on D!,
DO, DM ..., DM respectively.
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For an almost semi-invariant submanifold M of M we have
-1 _0 D) D)
T"M=p @D @D ' @®---&D",

where D' = ker (t), P'= ker (f), FD —P" and t D= DN A e {0,A,..., \}
Here, we give an example of an almost semi-invariant* submanifold of E?"*".

Example 1. Let E?"*" = C" x R" be the (2n+r)-dimensional Euclidean
space endowed with the framed metric structure (J, &y, n%, g) defined by

1 2n 41 r 2 1 2n . 2n—1
J(a, ot t) = (=2t~ ,0,...,0),

0

77a = dta7 504 = @7

with @ € {1,...,r} and 1 < h; < ha < hi + ha < n. The product M; X

My x M3 x R", where M; is a complex submanifold of C", M, is a totally real

submanifold of C"2 and Ms is a proper slant submanifold of C*~"M*h2 is an

almost semi-invariant* submanifold of E*"*" (for definitions and examples of
slant submanifolds we refer to B.-Y. Chen’s book [17]).

In 1996, Tripathi and Singh defined and initiated the study of almost semi-
invariant submanifolds of an e-framed metric manifold [47]. Here in the spe-
cial case of framed metric structures the ambient manifolds generalize almost
Hermitian and almost contact metric manifolds while the submanifolds gen-
eralize/imply several known classes of submanifolds viz. C'R, semi-invariant,
holomorphic, totally real, slant submanifolds etc. Some of the particular sub-
manifolds have been even defined after 1996. Denoting framed metric by FM,
almost contact metric by ACM and almost Hermitian by AH, we present the
following Table.
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r k D1 DO Manifold | Submanifold
almost semi-invariant
M 147, 45]
0 FM CR [36, 13]
0 FM semi-invariant [29]
0 #+ {0} # {0} FM proper semi-invariant [29]
0 {0} FM invariant [31]
0 {0} FM anti-invariant [12]
0 JDY=T+M | FM generic CR [1]
1 ACM almost semi-invariant [46]
1 0 ACM contact CR [53]
1 0 ACM semi-invariant [1]
1 0 # {0} # {0} ACM proper semi-invariant [1]
1 0 {0} ACM invariant [1]
1 0 {0} ACM anti-invariant [1, 52|
1 Alzlc(cgfnst. {0} {0} ACM (proper) slant [8]
1 Alzlc(cg)cnst. # {0} {0} ACM semi-slant [7]
0 AH generic [41]
0 0 Al CR [1, 53]
0 0 # {0} # {0} AH proper CR [1]
0 0 {0} AH invariant [54]
0 0 {0} AH anti-invariant [1, 52]
0 0 JD° =T1tM | AH anti-holomorphic [1]
0 0 JDY=T+M | AH generic [53]
0 Alzlc((g)énst. {0} {0} AH (proper) slant [17]
0|\ e | £ 10} (0} | Am semi-slant [40]
0 A i(/g\i (@) # {0} {0} AH quasi-slant [19]

The class of almost semi-invariant submanifold [46] of an almost contact
metric manifold contains the almost semi-invariant, generic, almost CR and
generalized CR submanifolds in the sense of [2], [43], [34] and [35] respectively.
The class of generic submanifold [41] of an almost Hermitian manifold also
generalizes the generic submanifolds in the sense of [16] (or fsubmanifold in the
sense of [50]) and generalized CR-submanifold in the sense of [38]. The slant
submanifolds given in [32] are different from the slant submanifolds given in [7].
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3 Some basic results

It is easy to verify the following

Lemma 1. Let M be a submanifold of a framed metric manifold M such
that all £,’s € TM . Then

P(€a) =0=F(£a), (22)
n*oP=0=n%F, (23)
P24 tF = -1 +1°®¢&,, (24)
FP+ fF =0, (25)

tf 4+ Pt =0, (26)

P4 Ft=—1I, (27)
g(PX,Y) = —g(X,PY), (28)
g(FX,V) = —g(X,tV), (29)
g(U, fV) =—g(fU,V). (30)

Now let all £&,’s € TM, and let TM = £ @ £L, where £ =span{¢y, ..., &}
and &' is the complementary orthogonal distribution to £ in M. Then the
Lemma 1 leads to the following

Proposition 1. If M is a submanifold of a framed metric manifold M such
that all £,’s € TM then at every x € M

ker (P,) = ker (P2) = ker (tF +1 — 1% ® &), (31)

ker (Fp) = ker (tF), =ker (P> + I —n*® &), (32)

ker (t,) = ker (F't), = ker (f? + I),, (33)

ker (f,) = ker (%) =ker (Ft+1),. (34)
Consequently, on E;

ker (P|g1), = ker (P2|5L)w:ker(tF\5L—|-I)x, (35)

ker (Flg.), = ker (tF|g1), =ker (P?|gr + 1) . (36)

PRrROOF. Equations (31)-(34) follow from (24)-(27) and (28)-(30). Since
n*(X)=0 for X eé&*,

(35) and (36) are implied by (31) and (32) respectively.
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Proposition 2. Let M be a submanifold of a framed metric manifold sat-
isfying (7). Then for X, &, € TM, and V € T+M we have

P = -V¢,, (37)
FX =—-h(X,&) (<= Ay, =tV). (38)

Consequently,
n* (AvX) = —g(FX,V). (39)

PRrOOF. Using (11) and (14) we have
Vxéa+h(X,&) =—PX — FX, X eTM.

Equating tangential and normal parts in the above equation we get (37) and
(38) respectively. Lastly,

n* (AvX) =g (Av X, &) = g (h(X,6),V) = —g(FX,V),

which is (39). QED
Proposition 3. Let M be a submanifold of a framed metric manifold sat-
isfying (7). Then for £5 € T+M we have

Ag, =P, (40)
Vi¢s = —F. (41)
PRrROOF. Using (12) and (14) we have
—Ae, X + Vxés=—PX — FX, X eTM, &€ THM.

Equating tangential and normal parts in the above equation we get equations
(40) and (41) respectively. QED

Proposition 4. Let M be a submanifold of an S-manifold with all £,’s
€ TM. Then for all X,Y € TM and V € T*+M we get

(VxP)Y — Apy X —th(X,Y) =Y (g(JX,JY)E0 +1*(Y)J?X)),  (42)

«

(VxF)Y +h(X,PY) — fh(X,Y) =0, (43)
(Vxt)V — Ava + PAy X =0, (44)
(Vxf)V +h(X,tV) + FAy X =0. (45)

Consequently,
(VP)éa = P2, (46)
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(VEF)éo = FP, (47)

Ve P =0, (48)

Ve, F = 2FP = —2fF, (49)

Ve, t =2tf = —2Pt, (50)

Vgaf =0, (51)

P[X,Y] = (VxPY — VyPX + ApxY — Apy X) (52)
+> (M (X) Y = (YV)J°X),

FIX,Y]=VxFY - V¢ FX + h(X, PY) — h(PX,Y), (53)

(Vxh)(Y,&) = —(VxF)Y + h(PX,Y). (54)

PrOOF. Using (6) and (14) in (16) and equating tangential and normal parts
we get (42) and (43) respectively. Similarly using (6), (15) and n®(V) = 0 in
(17) and equating tangential and normal parts we get (44) and (45) respectively.

Putting Y = &, in (42) and using (22), (38), (1), (3), (23) and (24) we get
(46). Similarly we get (47) - (51). Equations (52) and (53) follow from (42) and
(43) respectively. Lastly, putting Z = &, in (20) and using (37) and (38) we get
(54).

Theorem 1. If M is a submanifold of a framed metric manifold satisfying
(5) such that at least one &g is normal to M then M is anti-invariant.

ProoOF. We have
g(X,JY)=Q(X,Y)=dn’ (X,Y)=0, X, Y eTM,
and hence P = 0. QED
4 Some properties of almost semi-invariant

submanifolds

Proposition 5. If M is an almost semi-invariant or semi-invariant sub-
manifold of an S-manifold M, then

ApxY = Apy X =) (*(V)PX —9*(X)J?Y), X, YeD' @& (55
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PROOF. For X,Y € D' @ &, Z € TM in view of (13), (29), (42) and (1) we
have
= —g((VZPY — PVZY — AFyZ
—Z (JZ,JY )éa +1*(Y)J?2)), X)

= —Q(VZY, PX)+9(AryZ,X)

— (Z (92, TY Yeu +1°(Y)J22) ,X>

«

= g(Ary X, 2) +Zn )9(J2Z, X)

g (ZECM?X) g(—JQY, Z)

- (AFYX+Z Y)J2X — (X )JQY),Z>,

which implies (55). QED
This proposition leads to the following

Corollary 1. For an almost semi-invariant or semi-invariant submanifold
of an S-manifold M it follows that

ApxY —ApyX =0  X,Y e D°. (56)

Proposition 6. If M is an almost semi-invariant submanifold of an S-
manifold, then for all X e D' @ E, Y € TM, V € D!

g(Jh(X,Y),V)=g(h(PX,Y),V). (57)

PROOF. For X € D' @ & = ker(F), Y € TM, V € D! = ker(t) in view of
(43) and (29), we obtain

g(fh(X,Y),V) g(VyFX — FVyX + h(Y,PX),V)
g(Vy X, tV) + g(h(PX,Y),V)

= g(h(PX, Y),V),

which provides (57). QED

The above proposition immediately implies the following.
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Corollary 2. For an almost semi-invariant submanifold M of an S-mani-
fold we get

(h(PX,Y)—h(X,PY)) LD'), X YeD' @& (58)
In particular, if M is a semi-invariant submanifold then
f(h(PX,Y)—h(X,PY))=0.

Next, we prove the following proposition.

Proposition 7. Let M be an almost semi-invariant submanifold of an S-
manifold. Then direct sum D of a subfamily of {D', DO, DM, ... DM} is £-
parallel.

PrOOF. First we note that
For X € D* and Y € D*, A\, € {1,0,A1,..., A} and A # i, we obtain

~129(Ve, X,Y) =g(Ve, X, —p’Y) = g(Ve, X, PY)
=— g(PV¢, X, PY) = —g(Ve, PX, PY)
=g(PX,V¢, PY) = g(PX,PVY)
=—g(P?X,VY) = g(X,Ve, V) = —\2g(Ve, X,Y),

which together with (59) leads to V¢, X € D and the proof is achieved. ~ [@ED

Remark 1. Since for X € D* we have V¢, X € D* hence
SNV, X = PPV X = Vg, PPX = —Ve, (\2X) = —(Ve, M) X — N (Ve, X),

from which it follows that V¢, (A?) = 0.

Corollary 3. For X belonging to direct sum D of a subfamily of {D!, DY,
DM, ..., DM} on an almost semi-invariant submanifold of an S-manifold, we
have [X,&,] € D.

PRrROOF. For X € D we have [X,&] = Vx&, — Ve, X = —PX — V¢ X €
D. QED

Let M be a submanifold of an S-space form M (c) with all &,’'s € TM. If
M is invariant or anti-invariant then it is easy to verify that TM and T+M are
invariant under the action of R(X,Y) for all X,Y € T'M, that is R(X,Y)Z €
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TM and R(X,Y)V € T+ M for all X,Y,Z € TM and V € T+ M. If ¢ # r and
TM is invariant under the action of R(X,Y) then

RX,YV)X = Y * (X))’ (X) Y —n*(V)n’(X)J*X
a8
—g(JX, JX)n* (Y)Es + g(JY, JX)1*(X)Ep)

ST TV, TX) X + g(JX, JX)J2Y)
3(c—r)

g(JX,Y)JX
which implies that g(JX,Y)JX € TM, i. e. either JX € TM or g(JX,Y) = 0.
Since J is linear, M is either invariant or anti-invariant.

Thus we are able to state (see [10] also)

Theorem 2. Let M be a submanifold of an S-space form M(c) with ¢ # .
Then M is invariant or anti-invariant if and only if R(X,Y)Z € TM for all
XY, ZeTM.

The above theorem implies the following

Corollary 4. If M is an almost semi-invariant submanifold of an S-space
form M (c) such that D° # {0} #D' @ DM @ ---© DM, then R(X,Y)Z € TM
for all XY, Z € TM if and only if c =r.

5 Integrability conditions

Lemma 2. If M is a submanifold of an S-manifold, tangent to all £, ’s,
then

Consequently,
9([X7Y]7§a):VXUQ(Y)_VYWQ(X)+29(PX7Y)7 X, Y e TM, (61)
g(vaaga):g(any)a XGTM, YegLv (62)
9([X.Y].6) = 29(PX,Y), XY €& (63)
PrOOF. For XY € TM, using (3), (4), (42), we get
9(VxY. &) = Vxg(Y.&) — 9(Y, Vx&) = Vxn*(Y) + g(PX,Y).

The rest of the proof is straightforward. QED
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Theorem 3. For a submanifold M of an S-manifold M with all £,’s € TM,
EL is integrable if and only if M is anti-invariant.

PRrROOF. The proof follows easily from (63). QED

Theorem 4. . Let M be an almost semi-invariant submanifold of an S-
manifold. Neither the direct sum D of a subfamily of {D', DM, ... , D} nor
D @ DY is integrable.

PROOF. Choosing an X € D such that PX # 0 by (63), we have 0 #
29(PX, PX) = g([X, PX], &).

Lemma 3. . Let M be an almost semi-invariant submanifold of a framed
metric manifold. Then D° and D° ® & are integrable if and only if

dQ(X,Y,Z) =0, Y,ZeD% X eTM. (64)
ProOOF. For X € TM, Y,Z € D, we have
3dUX,Y, Z) = —g([Y, 2], JX) = g(P[Y, Z], X),

which implies the proof.

This Lemma leads to the following two obstructions for almost semi-invariant
submanifolds.

Theorem 5. Let M be a framed metric manifold with dQ = Q A w for
some 1-form w on M. Then in order that M is an almost semi-invariant or
semi-invariant submanifold it is necessary that D° @ £ is integrable.

PROOF. Let X € TM and Y,Z € D’ ® €. Then Q(X,Y) = 0 = Q(Y, Z).
Consequently, 0 = QA w(X,Y, Z) = dQ(X,Y, Z). Hence, applying Lemma 3, it
follows that DY @ £ is integrable. QED

Theorem 6. If M is a semi-invariant or almost semi-invariant submanifold
of an S-manifold then D° and D° ® £ are integrable.

PROOF. Since in an S-manifold, d2 = 0, the proof is obvious. Alternatively,
the proof follows from (55), (56) and (52).

In the following theorem, necessary and sufficient conditions for D' @ £ to
be integrable have been obtained.

Theorem 7. If M is an almost semi-invariant submanifold of an S-mani-
fold, then D' @ & is integrable if and only if
(a) h(X,PY)=h(PX,Y), X,Y € D' @&, or equivalently
(b) g(h(X,PY),FZ)=g(h(PX,Y),FZ), X,Y€D'@& ZcTM.
PROOF. In view of ker(F) = D! @ € and (53), D! @ £ is integrable if and
only if (a) holds. Since F(TM) =D ® DM @ --- & D, in view of Corollary 2,
(a) < (b).
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Theorem 8. On an almost semi-invariant submanifold of an S-manifold,
D' @ D° @ £ is integrable if and only if the following assertions hold.
(a) VxPY —VyPX € D!, X,Y € D!,
(b) VxPY + ApxY € D!, X eDO Y eDh
In particular, if M is a semi-invariant submanifold, then (a) and (b) hold.
PROOF. Since D’ @€ is integrable, [X,Y] € DY@ & for X, Y € D@ E. Since
Z € D'@D @ € and PZ € D! are equivalent, in view of (52) the proof follows
immediately. QED

Theorem 9. For an almost semi-invariant submanifold of an S-manifold
the following statements are equivalent:
(a) D@ D@ E is integrable,
(b) (V%FY —V$FX +h(X,PY)—h(PX,Y)) €D, X,YeD'aDaE,
where D is direct sum of a subfamily of {D, ..., D>} and D is the direct sum
of the corresponding subfamily of {D,... D }.

ProOF. Taking account of (53) and the equivalence of Z € D' @ DY @ &£
and FZ € D, the proof is obvious. QED

Theorem 10. For direct sum D of a subfamily of {D*,..., D} on an al-
most semi-invariant submanifold of an S-manifold the following two statements
are equivalent:

(a) DY@DaE is integrable,
(a) (VxPY — ApxY — ApyX) € D, XeD YeD.

PROOF. Since DY @ £ is integrable we have [X,Y] € D° @ & for X,Y €
D’ @ E. For Y € D we always have [£,,Y] € D by Corollary 7. Thus, using
the equivalence of Z € D° @ DY @ £ and PZ € DM in (52), we get (a) <
(b).

6 Certain parallel distributions and operators

In this section we investigate certain parallel distributions and operators on
submanifolds. First we give the following definition.

Definition 2. A submanifold M of a framed metric manifold is said to
satisfy the condition (A) if M is an almost semi-invariant * submanifold, and
each of the distributions D', D, D, ... D and £ is parallel with respect to
V, and condition (B) if M is an almost semi-invariant* submanifold, and each
of the subbundles D', D%, D1, ... D™ is parallel with respect to V.

In view of Theorem 6.3 of [47] we have the following

Theorem 11. For a submanifold M of a framed metric manifold M with
all £,,’s € TM we have the following flow diagram.
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VP=0 = V(P’)=0 & (4) « Vt=0
)
Vi=0 = V()=0 & (B) « VF=0
Theorem 12. A submanifold of an S-manifold, tangent to all £, s, is anti-
mmwariant if and only if VP = 0.
PRrOOF. By the Theorem 11, anti-invariantness implies VP = 0. Conversely,
if VP = 0 then by the assumption and (46), it follows that for all z € M
and X € TM, P2X = 0, that is, T,M = ker(P?), and therefore M is anti-
invariant. QED
Theorem 13 ([48]). For a non-invariant submanifold M of an S-manifold,
tangent to all &,’s, if VF =0 then M is anti-invariant.

Remark 2. In particular, for » = 1 the Theorem 13 holds for Sasakian
manifolds. This result is stronger than the Proposition 3.3 of [55] where it has
been proved that every submanifold of a Sasakian manifold with £ € TM and
V F = 0is semi-invariant. Moreover, this result also makes Theorems 3.5 and 3.7
of [55] redundant.

Theorem 14. For an almost semi-invariant submanifold M of an S-man-
ifold if D' @ & is autoparallel, then

h(X,PY)=h(PX,Y)=fh(X,Y), X, YecD'g€.
In particular, if M is semi-invariant submanifold, then the converse statement

also holds.

PRrROOF. First equality follows from the integrability of D' @ &, while the
second one follows from ker(F) = ker(tF) = D' @ £ and (43). QED

7 Totally umbilical and totally geodesic submani-
folds

We begin this section with the following lemma.
Lemma 4. Let D be a distribution on a submanifold M of an S-manifold
such that at least one £, € D. If M is D-umbilical, then M is D-totally geodesic.

PRrROOF. If M is D-umbilical then for all X,Y € D we have h(X,Y) =
9(X,Y)K for some vector field K normal to M. But, using (3), (1) and (22) we
obtain

K= g(faaga)K = h(gongoz) =—F& =0,
which shows that A(X,Y) =0, for all X, Y € D, that is M is D-totally geodesic.

QED
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Theorem 15. A totally umbilical submanifold of an S-manifold, tangent to
at least one &, is totally geodesic.

By (38), we can state the following.

Theorem 16. A totally geodesic submanifold of an S-manifold, tangent to
at least one &, 1s invariant.

From Theorems 15 and 16 we immediately have the following

Corollary 5. A totally umbilical submanifold of an S-manifold, tangent to
at least one &, is invariant.

Proposition 8. Let M be a submanifold of a framed metric manifold M
and D be a distribution on M. For XY € D the following statements are
equivalent:

(a) h(X,PY)=h(PX,Y), (b) (AyPX+PAyX)1D, VeT+M.
Moreover, if M is an S-manifold, then (a) is equivalent to each of the following
equivalent statements:

(c) (VxF)Y —(VyF)X =0, (d) F[X,Y]=V%FY - VsFX.

PROOF. In view of (13), (a) < (b). Using (43) we can prove the equivalence
of (a), (¢) and (d). QED

Definition 3. For a distribution D on a submanifold M of a framed metric
manifold M such that all £,’s € TM, we say that P is D-commutative if one of
the equivalent statements (a) and (b) of the above proposition holds.

Note that P is D-commutative for each distribution D on M if and only if
PAy +AyP =0for all Ve TtM. If M is an almost semi-invariant submani-
fold of an S-manifold, then P is £&-commutative, D°-commutative and D° @ &-
commutative. Moreover, P is D! @ £-commutative if and only if D! @ & is

integrable.
For each D*, A € {0,1,\1,...,\;} on an almost semi-invariant submanifold
of a framed metric manifold we choose a local orthonormal basis: F1, ..., Ey,(y),

where n (A) = dim (D) and put

HA:Zh(Ei,Ei), ie{l,...,n(\)}.

(]
An almost semi-invariant submanifold of a framed metric manifold with Hy = 0
is called D*-minimal; and it is minimal if

He + Ho+ Hy + Hy, + -+ Hy, =0, where He = Y h(éq &a)-
(07

Proposition 9. Let M be an almost semi-invariant submanifold of an S-
manifold. If P is D*-commutative, X\ # 0, then M is D -minimal and D> @ -
minimal.
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PROOF. We choose a local orthonormal basis for D*: Ej, .. B2 -
Eyx), where B,y /24 = PEi/A, (1 <i < n(A)/2). Then we have

h(E;, E;) + h(PE;/\, PE;/\) = h(E;, E;) + h(P*E;, E;)/\*
= h(E;, E;) + h(=NE;, E;)/\* = 0.

Consequently Hy = 0. QED
As an application of the above proposition we get the following

Theorem 17 ([31]). If M is an invariant submanifold of an S-manifold,
then M is minimal.

Proposition 10. Let M be an almost semi-invariant submanifold of an S-
manifold. If D' © & is integrable and M is (D, D @ DN )-mized totally geodesic
for 1 <i<k, then D' @ D° & & is integrable if and only if D' is DY-parallel.

Proor. If D! @ £ is integrable, then, using Theorem 8, D' @ D’ @ € is
integrable if and only if

VxPY + ApxY € D, XeD vYeD.
But, for X e D, Y € D', Z € D" @ DY @ &, we have
9(ArxY,Z) = —g(h(Y, Z),FX) =0,

because M is (D!, £)-mixed totally geodesic and it is assumed that M is (D', D%
DM)-mixed totally geodesic, thus h(Y, Z) = 0. Therefore D' @ D° & £ is inte-
grable if and only if VxPY € D! for all X € D°, Y € D!, that is, D! is
DO-parallel. QED

Corollary 6. IfD'@E is integrable and M is (D', D°)-mized totally geodesic
on a semi-invariant submanifold of an S-manifold, then D' is DY-parallel.

Finally, we prove the following

Theorem 18. If P is D*-commutative for all D}, X € {1,0,\1,..., Az} on
an almost semi-invariant submanifold of an S-manifold, then
(a) M is minimal if and only if M is D°-minimal,
(b) M is (D> D*)-mized totally geodesic if X\ # pu,
(c) D'aDa@ & is integrable iff D' is D°-parallel.
PRrROOF. (a) follows from Proposition 9. By the assumption, we get

0=P?AyX — Ay P2X = P2Ay X + VA X, X eD\ VerTtM,

which implies that Ay X € DX If Y € D*, 11 # X, then for all V € T+M, we
have

0= Q(AVXa Y) = g(h(X,Y),V),
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which implies (b). Since P is (D! @ £)-commutative, D* @ £ is integrable and
(c) follows from Proposition 10. QED

8 Totally contact umbilical and totally contact
geodesic submanifolds

Let M be a submanifold of a framed metric manifold M tangent to all
&a’s. We give the following definitions, which are analogues to the definitions in
Section 2 of [55].

Definition 4. If the second fundamental form h of M satisfies
(Vxh)(Y,Z) = r(g(PX.Y)FZ + g(PX,Z)FY),  X,Y,Zc&",  (65)

then the second fundamental form h of M is said to be r-contact parallel.

Definition 5. M is said to be totally contact geodesic if
h(J2X,J?Y)=0, X,Y €TM, (66)
and, respectively, totally contact umbilical if
h(J2X,J?Y) = g(J*’X, J*Y)K,  X,Y €TM, (67)

where K is some vector field perpendicular to M.
Example 2 ([14]). Let

I{2n+¢ ::{(xl,."’xn’ylv.“,yn’zl"..’Zr)}

be a Euclidean space. It is endowed with a framed metric structure given by

0 1 o
5f”&91§“9*”:§G”‘Z¢“ﬂ’
k=1

n 8 8 n T 6
JX =Y (Ykaxk - Xt k) - (ZYW) (; @>

k=1 k=1
0 0 . 0
§ : k k § : «
(Where X (X + Y 8 k:) =+ - Z @) s

g= Zna RN+ ZZ(dxk ® dz* + dy* ® dy*).
a=1 k=1

Then M = S?"~ ! xR" is a totally contact umbilical semi-invariant submanifold.
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In an S-manifold it is easy to see that

g(PX,Y)=—(Vxn®)Y =dn*(Y,X), X,Ye&' and
WX, JPY) =h(X,Y)+ > (*(X)FY +3*(Y)FX),

and therefore (65), (66) and (67) become equivalent to the following three equa-
tions respectively :

(Vxh)(Y,Z) = — Z (Vxn™)Y)FZ + ((Vxn*)Z)FY), (68)
X,Y,Z e &L,
WX, Y) ==Y (*(X)FY +p*(Y)FX), XY e€TM, (69)
WX,Y) = g(JX,JV)K =) (n*(X)FY +n*(Y)FX), (70)
’ X,Y € TM.

Proposition 11. If M s totally contact geodesic submanifold of an S-
manifold M then h is r-contact parallel.

PrOOF. For X,Y,Z € £+, by (69), we get h(Y, Z) = 0, and

WVXY,Z) ==Y (" (VxY)FZ +n*(Z)F(VxY)) = > (Vx1®)Y)FZ,
from which (68) follows immediately.
Let X € TM and Y € D! @ £. Then (43) implies that

FVxY = h(X,PY) — fh(X,Y).

If M is totally contact geodesic, we have by (69), ker(F) = D! @ &; by (23) we
get
FVxY = Z’? )JfFX, XeTM,YecD'a&. (71)

Thus, we have:

Theorem 19. If M is totally contact geodesic almost semi-invariant sub-
manifold of a framed metric manifold then D'®E is autoparallel. In particular, if
M s totally contact geodesic semi-invariant submanifold then D' ® & is parallel
and the mazimal integral submanifold of D' ® & is totally geodesic in M.
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Theorem 20. If M is a submanifold of an S-space form M (c) with ¢ # —3r
such that the second fundamental form h of M is r-contact parallel, then M is
mvariant or anti-invariant.

ProOF. Let X,Y,Z € £1. From (65) we obtain
(Vxh)(Y,Z) - (Vyh)(X,Z) = —r(9(X,PZ)FY —g(Y,PZ)FX
+29(X,PY)FZ)
and on the other hand from (8) we obtain

c—r

(RIX,Y)Z)" = ——(9(X,PZ)FY —g(Y,PZ)FX
+2¢9(X, PY)FZ),

and therefore, in view of (19) it implies that
(c+3r)(9(X,PZ)FY — g(Y,PZ)FX 4 29(X,PY)FZ) = 0.
Putting Y = Z in the above equation we get g(X, PY)FY = 0. Thus we have
PY =0or FY =0, that is M is invariant or anti-invariant. QED
Proposition 11 and Theorem 20 lead to

Theorem 21. If M s totally contact geodesic submanifold of an S-space
form M (c) with ¢ # —3r, then M is invariant or anti-invariant.

Theorem 22. If M is totally contact wmbilical almost semi-invariant sub-
manifold of an S-manifold M, then M is (D*, D*)-mized totally geodesic for
A€ {10, A1, ..., A} with X\ # p.

ProOF. For X € D, Y € D* from (70) we obtain

WXY) = gUX JY)K=) (" (X)FY +9*(Y)FX),

«

= Y(JX.JY)K = g(X.Y)K =0,

which achieves the proof. QED

9 Relations between almost semi-invariant
submanifolds of a framed metric manifold
and other submanifolds

In this section, we investigate some relations between almost semi-invariant
submanifolds of a framed metric manifold and other submanifolds. This section
is mainly devoted to the study of submanifolds of principal toroidal bundles. A
number of results about submanifolds of principal toroidal bundles are proved
in [21] and [37].
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Proposition 12. Let (M,g) be a framed metric manifold and M x R" be
the almost Hermitian manifold with the almost Hermitian structure ¢ given by

0 0
X=JX, Xe&t W= — — | = —¢,, 1,...,rh
¢ J ) 65 ) (;55 ata’ ¢(ata> 5 Oée{ T}
Let M be a submanifold of M tangent to £. Then we have

(1) M is an almost semi-invariant submanifold of M if and only if it is a
generic submanifold (in the sense of Ronsse [{1]) of M x R,

(2) M is a generic submanifold (in the sense of Mihai [37]) of M if and only
if it is a generic submanifold (in the sense of Chen [16]) of M x R.

Next, we obtain relations between some submanifolds of an almost contact
metric manifold and some submanifold of a framed metric manifold.

Let M be an almost contact metric manifold equipped with structure tensors
(¢,&,1m,g). Following the notations of [51] one can prove that the horizontal
lift ¢" of ¢ with respect to the Riemannian connection of g defines a framed
structure on the tangent bundle 7M. One has

("2 =-T+n @ +n" @, "E)=n"E" =1, »€)=n"E") =0,

where * and ¥ denote the horizontal and vertical lifts, respectively. The Sasaki
metric G on TM is adapted to ¢, that is

G("X,¢"Y) = G(X,Y) =" (X) 0" (V) =" (X) " (Y), X,Y € T(TM).

Proposition 13. Let M be a submanifold of the almost contact metric man-
ifold M tangent to £. Then we have

(1) TM is a generic submanifold of TM if and only if M is a generic sub-
manifold of M,

(2) TM is a CR-submanifold of TM if and only if M is a CR-submanifold
of M,
(3) TM is an almost semi-invariant submanifold of TM if and only if M is
an almost semi-invariant submanifold of M.
The main part of this section is devoted to the study of submanifolds of
principal toroidal bundles.

Let M be a (2n + r)-dimensional S-manifold which is the bundle space of
a principal toroidal bundle over a 2n-dimensional Kaehler manifold N with
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Kaehler structure (J,§); @: M — N.Let M be an (m + r)-dimensional sub-
manifold of M, tangent to £ and N an m-dimensional submanifold of N. We
assume that there exists a fibration 7 : M — N such that the diagram

M o
() lw lﬁ'
N % N

commutes and the immersion 4’ is a diffeomorphism on the fibres.

Ezxamples.
1. Let N be a submanifold of N. Then we have the diagram

#UN) Lo
| |=-
N 4 N
2. Let us consider the commutative diagram

Merl if S2n+1

- =
Nm L, pn(Q)
where 7 is the Hopf fibration, M™% and N™ are submanifolds of S?"*! and

P™(C), respectively, and i’ is a diffeomorphism on the fibres.
Using the diagonal map, we define a principal bundle by the diagram

A/
MMt Mm+1 X oo X Mm+1

lw’ lﬂ’X'“Xﬂ' s

Nm o A, Nmx...x Nm

where M™*" = {(p1,...,pr) € M™TL x ... x M™ Y 7(py) =+ = 7(p)}.
Thus we obtain the diagram

!

M ? H2n+7“

b

N s P"(C)
where H?"" = {(x1,...,7,) € STl x ... x 27 (21) = - = 7 ()}

We can state the following result.



Submanifolds of framed metric manifolds and S-manifolds 159

Theorem 23. (i) M is a CR-submanifold of M if and only if N is a
CR-submanifold of N.

(ii) M is a generic submanifold (in the sense of Mihai [37]) of M if and only
if N is a generic submanifold (in the sense of Chen [16]) of N.

(iii) M is an almost semi-invariant submanifold of M if and only if N is a
generic submanifold (in the sense of Ronsse [{1]) of N.

Now, we denote by V (resp. V) the Riemannian connections with respect
to g (resp. §) on M (resp. N); and by V (resp. V') the induced Riemannian
connections on M (resp. N). Let h (resp. o) be the second fundamental form
of the immersion ¢’ (resp. i) and A’ (resp. A) the shape operator of i’ (resp. 7).

For X,Y € TN, the Gauss formula implies

(VY = =PV Y, o(X,Y) = h(X*, V).
Analogously, the Weingarten formula leads to
(AyX)* = —J?Ay-X*, (DxV)" = Dx-V*

for each V' € T+N , where we put D (resp. D’) for the normal connections
induced by V (resp. V).

Then the following result follows.

Proposition 14. M is a minimal submanifold of the S-manifold M if and
only if N is minimal in the Kaehler manifold N.

On the other hand, we deduce that
(Vxo)(V,2))* = (Vxh)(Y*, Z*)+ > g(¥*, JX*)h(a, Z*)
+> g(Z* TX (e, Y).

If we put JX = pX + ¢X, for each vector field X tangent to N, where
pX and ¢X are the tangential and normal components of JX respectively, the
above relation becomes

(Vx-h)(Y", 27) = (Vx0o) (Y, 2))" + r{g(Y,pX)qZ + §(Z, pX)qY }" .
It is easily seen that
(Vx=h)(Y* &) ={Dx+FY* — FVx:Y*—h(Y*, PX")},
or equivalently
(Vx-h) (Y7, €a) = {(Vxq)Y — o (Y, pX)}"

Thus, we proved the following.
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Proposition 15. Let M be an S-manifold and M (resp. N) a submanifold
of M (resp. M/g) such that the diagram (*) is commutative. Then M is a
parallel submanifold of M if and only if the second fundamental form o of N
satisfies

(Vxo)(Y,Z) = —r{g(Y,pX)qZ + §(Z,pX)qY} and (Vxq)YV =o(Y,pX)

for any vector fields X,Y, Z tangent to N.

Corollary 7. Let M be an S-manifold. Then M is a parallel submanifold
of M if and only if N is a parallel submanifold of N.

We denote by R and R’ the curvature tensor fields on M and N respectively.
For U € T*N, put JU = bU + cU, where bU and cU are the tangential and
normal components of JU respectively.

Proposition 16. The normal connection D of M 1is flat if and only if the
f-structure ¢ in the normal bundle of N is parallel and

R (X, Y)U = 2r§(X, pY)cU,

for all X,Y € TN, U € T*N.

Proor. Using Weingarten’s formula, we have
(Dny]U)* = Dix+y-U" +2rg(Y*, PX") fU"
and
g(RH(X*,Y*)U*, V*) = g(R-(X,Y)U,V) + 2rg(Y,pX)G(cU, V).
On the other hand

R(X*,£)U* = (V- YU =Y g(X*,U*)éa.
a=1

From Ricci’s equation, it follows that
0= g(R(X",6)U", V") = g(RH(X", &)U, V") — g([Au+, Av+]1X*, &),
where X,Y € TN and U,V € Tt N.
By a straightforward computation, we obtain
9([Av=, Av+]X", &) = g(Av- X" tU") — g(Ap= X", tV7)
= —g(JAyX.U) — §(o(X,0V), U)
= J((VxoV,U),
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where bU is the tangential component of JU. If X, Y € TN, we have
R(ECwX*a Y*,ga) = g(PX*7 PY*)

and therefore M can not be flat if it is not anti-invariant.

~ Proposition 17. Let M and N be anti-invariant submanifolds of M and
N, respectively. Then M is flat if and only if N is flat. The Ricci tensors S and
S’ of M and N respectively are related by

S(X*,Y*) = 8(X,Y) - 2rg(PX*, PY*),  X,Y €TN,

and their scalar curvatures satisfy

m
p=p —rm+rY g(FEf FE),
i=1
where {E1, ..., Ey,} is a local orthonormal basis on N.

Proposition 18. The scalar curvatures p of M and p' of N satisfy
pl—rm < p<pl
Moreover, both M and N are anti-invariant if and only if p = p' (resp. both M
and N are invariant if and only if p = p' —rm).

Proposition 19 ([21]). If the mean curvature vector H of M is parallel,
then the mean curvature vector H' of N is parallel too. Moreover, if f =0 (and
so c=0), H is parallel if and only if H' is parallel.

PROOF. For X € TN, one has

(DL H)* = m; "Dyx-H.

QED
Analogously, one can prove the following.

Proposition 20. (i) M is totally contact umbilical if and only if N is
totally umbilical.

(ii) M is totally contact geodesic if and only if N is totally geodesic.

Ezxample. Consider again the S-manifold H as a principal toroidal bundle
over P"(C). A real projective space P (R) (m < n) of constant curvature 1 is
imbedded in P"(C) as an anti-invariant and totally geodesic submanifold. The
following diagram

5!

PMR)x Tt X H

EE

P™(R) - P (C)
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is commutative. Then P™(R) x T"~! is an anti-invariant and totally contact
geodesic submanifold of H.
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