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Abstract. A 2+1-dimensional magneto-gasdynamic version of a gas cloud system originating
in work of Ovsiannikov and Dyson is shown, when adiabatic index v = 2, to admit an integrable
reduction to a subsystem with underlying Hamiltonian-Ermakov structure. A class of exact
solutions of the original nonlinear magneto-gasdynamic system is thereby constructed.

1 Introduction

In a series of papers on 2+1-dimensional magnetogasdynamics, Neukirch et
al [1, 2, 3] introduced a novel procedure wherein the nonlinear acceleration terms
in the Lundquist momentum equation either vanish or are conservative. Here, by
contrast, an elliptic vortex ansatz approach is adopted based on that originally
introduced in [4] in the context of elliptic warm core eddy theory. In recent work,
this procedure has been applied in [5] to a rotating shallow water system with
underlying circular paraboloidal bottom topography as well as in [6] to a non-
isothermal gasdynamic system with origin in work of Ovsiannikov [7] and Dyson
[8] on spinning gas clouds. The procedure of [4] has also been applied to certain
magneto-gasdynamic systems in [9] and [10]. In the latter work, a magneto-
gasdynamic analogue of the pulsrodon of f-plane shallow water theory [4] was
isolated. This corresponds to a pulsating, rotating elliptical plasma cylinder
bounded by a vacuum state. It is noted that the pulsrodon of [4] and associated
solutions were shown to be orbitally Lyaponov stable to perturbations within
the class of elliptical vortex solutions by Holm [11]. The temporal evolution of
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the pulsrodon in the context of the nonlinear reduced gravity shallow water
system of [4] is consistent with experimental work of Rubino and Brandt [12].

The present work concerns a non-isothermal magneto-gasdynamic version of
the gas cloud system of Ovsiannikov and Dyson in [7, 8]. A nonlinear dynamical
subsystem is derived which is shown to be integrable provided the adiabatic
index v = 2. The subsystem is shown to have underlying Hamiltonian Ermakov-
Ray-Reid structure. A Lax pair for the system is derived in the manner described
for non-conducting gas clouds in [6].

2 The magnetogasdynamic system

Here, we consider the anisentropic magnetogasdynamic system

. 1 d
leq——ﬁﬁlnT, ’Y#l, (1)
Jq ~vT
E—l—(q.V)q—(u/p)curleH+f(k><q):TVS—V So1) (2)
divH =0, (3)
aa}tlzcurl (ax H), (4)
oS
E—Fq.VS—O (5)
with polytropic gas law
1
S:—lnp—kﬁlnT, y#1. (6)

The above represents a rotating magneto-gasdynamic version of a non-conducting
gas cloud system originally investigated by Ovsiannikov [7], Dyson [8] and sub-
sequently by Gaffet (see [13] and works cited therein). It was observed therein
that the gasdynamic system is compatible with an ansatz in which the entropy S
is quadratic and the velocity linear is spatial variables (time-modulated) and the
temperature T is dependent on time alone. In that case, the 3+1-dimensional
gasdynamic system reduces to an eighteen-dimensional dynamical subsystem.

On elimination of the temperature 7" in (1) via the gas law (6), and use of
the convective entropy condition (5) the continuity equation

P v aiv (pa) =0 (7)
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is retrieved while the momentum equation (2) may, in turn, be re-written as

0
5%+@mmq—uumcmLHxH+meun+Tvmp+VT:0.(&

Here, attention is restricted to 2+1-dimensional motions in which all the
magneto-gas variables are dependent only on x,y and ¢. In particular, the mag-
netic induction equation (3) then implies that H admits the representation

H=VAxk+hk (9)

where A(x,t) is the magnetic flux. Insertion of (9) into Faraday’s law (4) pro-
duces the convective constraint

0A
— VA= 1
BN +q.V 0 (10)
together with
on +div(hq) =0 (11)
oy VU=

which holds identically if we set
h=Xp, AeR. (12)

Substitution of the representation (9) into the momentum equation (8) now
yields

%%+01Vﬁﬁ%uﬁﬁ(V%DVA+fﬂmﬂﬂ+TVlnp+MVVp+VT:J)ﬂ&
together with
Aype — Agpy =0, (14)
if A # 0, whence
A= A(p,t). (15)
In the sequel, attention is restricted to the separable case

A=3(p) (1) (16)

whence, on substitution into (10) and use of the continuity equation it is seen
that
/

d
\I/:pallldivq (17)

If as in the non-conducting studies of [7], [8] and [13], the temperature T is
assumed to depend on temperature alone then (1) together with (17) show that

W 1 p &\ T
Rt — 1 18
y 7_1<¢)T,7¢ (18)
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whence, we set & = p and
U=—uTT5, veR (19)

so that )
A=vpTT= =ve 7. (20)

The momentum equation (13) now reduces to

0 2
87(1:51 +(q.V)q+ <MV2T13WV2p+T> Vin p+p)Vp+ f(kxq) =0 (21)

to be solved in conjunction with the continuity equation (7) and the time evo-
lution

1
divg = ————
vq o

It is this constrained nonlinear coupled system that is the object of the subse-

(22)

NS

quent analysis.

3 A Nonlinear Dynamical Sub-system

In companion studies of isothermal magnetogasdynamics systems in [9, 10]
an elliptic vortex ansatz was introduced under which the logarithmic term in
the momentum equation is removed and reduction made to an analogous f-
plane shallow water system. Therein, by contrast to the polytropic gas law (6),
a parabolic constitutive relation

0
p=po+dp+tep’, ——>0
dp

was adopted.
Here, an integrable nonlinear dynamical subsystem is sought via the elliptic
vortex ansatz
a = L(t)x+ M({) |

~ xTE()x + ho(t) x = ( o W; ) (23)
p= 2 ;




A Non-Isothermal Spinning Magneto-gasdynamic Cloud System 179

Insertion of the above ansatz into the continuity equation yields

a 3uy + v 2v1 0 a
+ U9 2(’LL1 + Ug) U1 b =0 (25)
¢ 0 ATD) u1 + 3v9 c

together with

ilo = —(Ul + ’UQ) hg . (26)
It is subsequently required that
2 1
2(a + c) (%) = 771 (27)

so that the term in VIn p in the momentum equation is thereby removed and
(21) reduces to

o T@V)a+ fllkxa) +pA*Vp=0 (28)
Insertion of (23) into (28) now gives
Ul T (51 a
u9 L _fI u9 b
S+ +2 =0 (29)
V1 fI LT V1 b
() Vo c

augmented by the linear auxiliary equations
p+fi=0, ¢—fp=0 (30)

Hence, this reduction of the magnetogasdynamic system is determined by the
7-dimensional dynamical sub-system given by (25) and (29). Once the solution
of this system is known, the quantities hg and 7" are obtained via (26) and (1),
that is ‘

T/T = (1 —7)(u1 + v2) (31)

However, the requirement (27) remains. The admissibility of this constraint on
the dynamical system is examined in the sequel.

In what follows, it proves convenient to proceed in terms of new variables as
previously employed in a shallow water hydrodynamics context in [4], namely

1
G=u + vy, GR:§(U1—u2)
1 1
Gg = 5('01 +u2), Gny= §(UI — vg) (32)

1
B=a+c¢, Bg=b, BNzi(a—c)
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Here, G and G represent, in turn, the divergence and spin of the velocity field,
while Gg and G represent shear and normal deformation rates.

On use of the expressions (32), the system (25)—(26) together with (29)
produce the dynamical system

ho + hoG =0,
B+2[BG+2(ByGn + BsGs)] =0,
Bs +2BsG + GsB — 2ByGRr =0,

By 4 2BNG + GNB +2BsGr =0,

. G2 ) ) ) (33)
G+?+2(GN+GS—GR)—2fGR+2B:0
GR + GGRr + gG =0
GN-i-GGN—st—FQBN:O
Gs+GGs+ fGny+2Bs =0
If we now introduce € via
20)
_ 2 4
G== (34
then (33); and (33)g yield, in turn,
and
Gr+ I co Q72 (36)

2

where ¢, ¢ are arbitrary constants of integration. The relation (31) shows that
the temperature T is given in terms of 2 by

T = Ty Q207 (37)

where Tj is a constant of integration.
New 2-modulated variables are now introduced according to

B=O'B, Bs=O*Bg, By=Q'Byx
Gs =0°Gs, Gy=022CGn
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whence the system (33) reduces to
B+4(ByGy + BsGsg)/Q2 =0,
Bs + (BGs —2¢oBy )/Q* + fBy =0,
By + (BGx +2c0Bs)/Q% — fBs =0,

éN—fés+QBN/QQZO, (39)
és + f@N + 2B5/Q2 =0,
.. 2 — — —
Q3Q+ZQ4—C%+G?V~I—G%+B:O
augmented by the relations (35) and (36).
The constraint (27) may now be re-written as
2(%)232 i
so that
B=eT, e<0 (40)
that is,
B=6020="  5+£0 (41)

where 6 = €Tj.
Combination of (39)2 and (39)3 with use of (39); produces the integral of

motion _
_ _ B2
B% + BJQV — 74 = C11 (42)

while (39)4 and (39)5 together give a further integral of motion
G% + G?\f —B=cp (43)

where ¢y, cr1 are constants of integration.

4 A Parametrisation

The integrals of motion (42) and (43) may be conveniently parametrised, in
turn according to

_ 1_ _ 1_
Bg = t4/enn+ —B? cos¢(t), By = =£4y/cn+ —B? sing(t)
4 4 (44)

Gs = +/cm + B sinf(t) GN = ++v/cm + B cosd(t)
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Here, we set

_ 1 - 15
Bg = —\|en+ B2 cosp(t) , By = —/cn+ —B? sing(t) ,
4 4 (45)

Gs = —+/cu1 + B sinf(t) , Gy = +Vem + B cosf(t) .
Substitution of the parametrisation (45) into (39); yields

§+%\/(CH+BQ/4)(CIH+B) sin(f — ¢) =0 (46)

while conditions (39)2 3 reduces to the single requirement

— [ 9 B _
\ e + B2 /4 ¢+92—f}—92\/6m+3 cos(f — ¢) =0 (47)
and similarly, (33)4,5 produce the single additional condition

\/CHI—I—B :f—é]—%\/CH-FBQ/ZI COS(@—d)):O. (48)

Two conditions which are key to the subsequent development and which
may be established by appeal to the system (33) are now recorded:

Theorem 1.

M = —3GM , (49)
where f f
M = a(uQ — 5) + b(’l}Q — ul) — C(Ul + 5) s (51)
Q = —a(u3 + v3) + 2b(urug + vive) — c(ui + v) + 4A
and
A = ac — b? (52)
Corollary 1. On use of (32) and (34) it is seen that
M = CI\/Q_6 y (53)
where )
M = 2(ByGs — BsGy) — B (2 f+ GR> : (55)

1
Q=-B (Gg +G% + G% + 4G2> +4GRr(ByGs — BsGn)
+2G(BsGgs + BNGN) + 4A

and cry, cy are arbitrary constants of integration.
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In particular, the relations (36), (53) and (55) show that

coB = —crv +2(BnGs — BsGn) (57)
whence one obtains:
Corollary 2.
_ 1_ _
coB = —crv + 2\/(611 + 432> (CHI + B) cos(0 — ¢) (58)
Elimination of cos(6 — ¢) between (58) and (47), (48) in turn, yields
, 2 _ (coB + crv
= — | -1+B|———=5 59
¢ f+92[ + (4cH+B2 (59)
and _
. 1 coB + crv
O=f— = |———= | . 60
/ 92<CHI+B> (60)
It remains to consider the nonlinear equation (39)g for 2, namely
3¢y, 10 o B2 _
QQ+ZQ +en+2B—-c¢5=0 (61)

where B is given in terms of € by (41). On use of Theorem 1 it is readily
shown that

(9°B) + f2Q?B = =2(Q+ FM) 9° = =2(ev + fary) .
whence

B cyicos ft + eyisin ft — 2(ey + fey)/f*, f#0
O’B = (63)
—cvt? +evit ey, f=0.

On elimination of 6 — ¢ and 2 in (46) via the relations (58) and (63) it is
seen that, if B # const then B obeys the elliptic integral relation

fB dB*
CvIL - B \/(B*2 + 461[) (B* + CIII) — (CoB* + CI\/)2

t *

dt
-2 - , if 0 64
/OCVI cos ft* + ey sin ft* — 2(ey + ferv)/ f? e (64)

= —2/ 3 , if f=0
0—Cv t* 4 (vl t* + CVII
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where B‘t:() = CVIII-
It remains to consider the compatibility of the constraint (34) and the non-
linear equation (61) with the above elliptic integral expression involving B.
Substitution of (41) into (61) produces the nonlinear equation

.. 2
Q3Q_|_fZ Q250 e -2 =0, (65)
while (62) yields
5 (Q572) 46 £2 (D) = —2(ey + fav) - (66)

These equations are required to be compatible and admit, in turn the integrals
. f2

02 + T Q2 20y — (e —) Q2 +k =0, (67)

5(4—29)2 Q2 QM 15 205 1 4(ey + foav) QT + k=0 (68)

where ki, ko are arbitrary constants of integration. It is seen that, since it has
been assumed that § # 0 and v # 1, compatibility requires that the adiabatic
index 4 = 2 in which case (67), (68) reduce to

. 2
QM‘%92—59*4—(c111—c3)9*2+k1:o (69)

and the relation
S f2+4(ey + foav) +ka =0 (70)

while, from (41) and (63),

-2 2 0
Q2B = const = § = { (ev+ ferv)/ ] 17 (71)
CVIT f=0.
and T
T = Q—g . (72)

Elimination of €2 in (69) via the relation (71) yields
B2+ f2B2— 46 2B% — 45 (e — ) B* +46 'k B3 =0,  (73)
while the elliptic integral relation (64) gives

§2 + 45_2( CI2V —4crp o ) B%2—4672B°
— 4(572(0111 — )B4 — 8(572( 2cr1 — cocry )Bg =0. (74)
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Thus, compatibility requires that
denem f2+ & +2fevey =0, (75)

and
ki=-2 (571(2 Ccr1 — Co CI\/) . (76)

With B = eT(t), determined by the compatible elliptic integral representa-
tion (64) Q is then given by the relation (71). The angles ¢, 6 are obtained by
integration, in turn, of (59) and (60). The velocity components u;, ug, v, ve and
the quantities a, b, ¢ are given, in turn, by

Q 1
U1 =0 Q2 Ve + B cos(t),

1
2 it + B sin(t )+ —0

1 _
Uy = —@\/cm + B sinf(t) — —
Q 1
= \/CIII+B cos O(t

270"

\/CH"" 32 sin @(t) ]
1/0114- 32 cos ¢(t) (78)
+ 4/ H+ B2 Slngf) ]

v = —

_f
% (77)
Ty

together with

The magnetic field is given by
H=vT"'Vp+ Mk (79)
and the magneto-gas density by

p= g | (3 V) (LTI ) em] o)

where p(t), q(t) are determined by the auxiliary equations (30). The entropy
distribution is determined by

S =(T/p) (81)
while the pressure p is obtained via the gas law
p=pT. (82)

as in [8].
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5 Hamiltonian-Ermakov Structure

It turns out that the nonlinear dynamical system (33) has remarkable un-
derlying structure in that it may be reduced to consideration of a Ermakov-
Ray-Reid system

i+ (o = =5 F(3)a)
) 1 (83)
B w?(t)8 = i Gla/B)

Such systems have their origin in the work of Ermakov [14] and were introduced
by Ray and Reid in [15, 16]. Extension to 2+1-dimensions was presented in [17]
and to multi-component systems in [18]. The main theoretical interest in the
system (83) resides in its admittance of a distinctive integral of motion, namely,
the Ray-Reid invariant

. 8/ o8
= %(aﬁ — Ba) + / F(2)dz + / Gw)dw . (84)

Applications of such Ermakov-Ray-Reid systems arise, most notably, in nonlin-
ear optics (see [19] and literature cited therein).

In the sequel, it proves convenient to proceed with p(t) = ¢(t) = 0 in the
ansatz (23). However, the terms are readily re-introduced by use of a Lie group
invariance of the magneto-gasdynamic system.

The semi-axes of the time-modulated ellipse

a(t)z? + 2b(t)zy + cy® + ho(t) =0

(ac —b? > 0) (82)

are given by

o ¢ 2hg _ ho (56)
V0o =eP +42 —(ata] (B3 + )t - 7

and

[NIES

xp:\/ 2ho = o (87)
[—V/(a=c)* +4b* — (a+c)] (B + B%)} -

SAR
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On use of the integral of motion (42) and the relation (40) it is seen that

1/2 B
2

b= Qf/\/ CH-i-f

1/2
_Q\F/\/ 011+e ) —% (88)

1/2 B
v =0ya ) CH-l-) .

T\'? T
= O/ /\/— <CH + 624> —eg (89)
whence, the ratio of the semi-axes is given by
O/ = VT >0, (90)

+BQ 12 g
C11 4 2

where it is required that 0 < —e¢pp < EBQ. Thus, B = B(®/¥) and the ratio
of the semi-axes of the ellipse is constrained by the elliptic integral relation
(64). By contrast, in the case of the pulsrodon elliptical plasma cylinder in the
isothermic analysis of [10] the ratio of the semi-axes was shown to be constant.

It is readily established that the semi-axes ®, ¥ of the ellipse (86) are gov-
erned by the Ermakov-Ray-Reid system

k

. 1 727 v\ (Z°+7)
St 7= oy 1+ (T/2)2 <<I>> [14(T/®)2)2 |’
) (91)
Ut Y =g | - (w) 1+ (@07 1+ (0/)?
where
W Bz+4CH (B+CIII) (B+CIV)2
2(2)0) = ¥d — ¥ = \ﬁq\/ BT o (92)
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" B:—\/—THEJFTH (93)

with the requirement that 0 < |B| < cpp1. In the above, the constant of integra-
tion k is given by

’ 4
k:<i>[f%%ﬁw%0—f2wv+ﬁwp]'
(f#0)

In addition, the system (91), in addition to admitting a Ray-Reid integral
of motion, is seen to be Hamiltonian with invariant

1, . . 1
H=-(®>+09%) - ——
3+ S

(94)

[22 - if2(<b2+\112)2+i] . (95)

and is, accordingly, integrable.

6 A Lax Pair Formulation

Here, it is shown in the manner of [6] that the nonlinear dynamical system
admits an associated Lax pair representation.

The eight-dimensional dynamical equations (25), (26) together with (29)
arising from the elliptic vortex ansatz (23) and (24) may be reformulated as the
nonlinear matrix system:

E+EL+LTE+E&#L=0,

. (96)
L+L2+fHL+2E=0
along with the linear system
ho+hotrL=0, M+ fHM =0 (97)
where H is given by
H= < (1) _01 > : (98)
Moreover, the anisentropic condition (1) may be re-written as
T+(y-1DtrL)T=0. (99)

It proves convenient to proceed with the gauge transformation (cf [6])

- 1 -
L=DLD '+ S/H, E= DED! (100)
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where

D = exp < Hft) . (101)

whence (96) yields
E+EL+LTE+EtrL=0,

. 1 3 (102)
L+L7+ 2 fPI+2E=0.
On application of the Cayley-Hamilton identity
L? — (trL)L + (detL)I =0 (103)
the matrix equation (102)2 becomes
L+ (trL)L — (det L)I + % fFI+2E=0. (104)
Further, on introduction of a new trace-free matrix Q via
Q = HE (105)
and on use of the relation
HLH =L — (rL)1 (106)
the system (102); results in
Q+2(trL)Q+[Q, L] =0. (107)
Since tr L = tr L = 202/Q, it is natural to introduce the scaling
L=L0?, E=EQ*, Q=Q0! (108)
so that (104) and (107) adopt the form
Q+072[Q.L] =
(109)

. 2

L-Q (detL)I—i—f—Qzl+QQ E=0.
At this stage, it is noticed that (109); may be reformulated in terms of two
trace-free matrixes Q and L* as

Q+07?[Q,L] = (110)
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where L* denotes the trace-free part of L. Moreover, (109)2 may be decomposed
into the trace-free part

L*+Q2[QH] =0, (111)

together with
- _ 1 _ 1 _
(trL) — 2072 (det L*) — 5 Q2 (trL)* + 3 PO +202(trE)=0. (112)

In general, the matrix system (110), (111) and the scalar equation (112) are
coupled via the relation

ho+hotrL =0 (113)

A new time variable 7 is now introduced via
T = / Q~2dt (114)

whence the equations (110) and (111) reduce to (cf the non-conducting case of

[6])
Q +[QL]=0, LY+[QH]=0. (115)

It is now seen that the matrix system (115) constitutes the compatibility con-
dition

M)+ M), LN)] =0 (116)

associated with the linear pair
U =LY, pu¥=MNV (117)

where

LO) =L+ H, M) =Q+\L*+\H (118)

and p is an arbitrary parameter. Here, £ and M represent Lax matrices for the
nonlinear matrix system (115).

Finally, it is observed that, in terms of new time variable 7, (112) reduces
to a classical Steen-Ermakov type equation [14, 20]

f2

)3 L* —trE)Y = ——
+ (det trE) 153

»=0"1. (119)
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