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Abstract. Fix aclosed subscheme U C P". Here we study the integer h°(Zy(2))—h°(Zvuy (2))
when Y is a general double line, a general reducible conic, a general chain of lines or some
unreduced structure associated to double structures on linear subspaces.
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Introduction and Notation

Starting from [6] many papers studied the postulation of general disjoint
unions inside P of certain natural objects, e.g. linear spaces ( [2], [3], [4]). As
a tool even in [6], Example 2.1.1, and in the papers influenced by [6] some
unreduced schemes were used (sundials in [4]). Here we propose the study of
other related unreduced schemes. Following [2] we work out the cohomological
properties of their general disjoint unions in the range of quadrics, i.e. for the
linear system |Opn(2)|. We work over an algebraically closed base field K such
that char(K) = 0. We use very much this assumption, not only to quote [2],
but at several places. Call n the dimension of the ambient projective space. The
interested reader may extend the proofs to the case char(K) > n (it is sufficient
to assume char(K) > 27).

For any scheme M and any P € M4 let xps(P) denote the first infinitesimal
neighborhood of P in M, i.e., the closed subscheme of M with (Zp)? as its
ideal sheaf. The scheme xp(P) is zero-dimensional, (xa(P))rea = {P} and
deg(xm(P)) = m + 1, where m is the dimension of M at its smooth point P.

We only consider very particular double structures on a line. For general
double structures on a line, see [5], pp. 32-34, [7] and [1]. Let C C P, n > 3,
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be a closed subscheme. We will say that C' is a double line if there is a 3-
dimensional linear subspace M C P™ and a smooth quadric surface Q C M
such that C' is a divisor of type (2,0) or (0,2) on @ and it is not reduced. Notice
that C'is a flat degeneration inside () and hence inside P™ of a family of pairs of
disjoint lines. Hence if C' is a double line, then its Hilbert polynomial pc satisfies
po(t) = 2t 42 for all t € Z. We will say that C' is an unreduced conic if Cyeq is a
line and there is a plane N C P" such that C' C N and C is a degree 2 Cartier
divisor of C. In this case we have pc(t) = 2t 4+ 1 for all ¢t € Z. We will say that
C' is a pointed unreduced conic if there are a plane N, a tridimensional linear
subspace M C P" containing /N, an unreduced conic B C N and P € B,y
such that C' = B U xp(P). In this case we have po(t) = 2t + 2 for all ¢.
Notice that Cireq = Bjeg is a line, C C M and C' is uniquely determined by
the flag P € Byeq C N C M. Hence any two pointed unreduced conics of P"
are projectively equivalent. It is easy to see that any pointed unreduced conic
C C M is the flat limit inside M and hence inside P™ of a family of disjoint
unions of 2 lines. Here we will prove the stronger statement that any pointed
unreduced conic is a flat limit of a flat family of double lines (see Lemma 1).
Let C C P™ be a double line. Take a general plane N C P" containing the line
A := Cyeq. The scheme N N C will be called a pointed line (see Lemmas 2 and
4 and Remark 2 for more).

We generalize the notion of pointed line in P” in the following way. Fix an
integer t such that 1 <t < n—2. A pointed t-plane or a pointed linear subspace of
dimension t of P" is a scheme T'U x v (P) with T" a ¢t-dimensional linear subspace
of P*, N a (t + 1)-dimensional linear subspace of P" and P € T' C N. Any
pointed ¢-plane is uniquely determined by the flag (P, T, N) and the converse
holds. A pointed linear subspace of P is a pointed ¢-plane for some (uniquely
determined) integer ¢ € {1,...,n — 2}. In section 1 we will prove the following
result, which generalize [2], theorem 4.3. Its proof will easily follow from the
statement of [2] , theorem 4.3. We prove the needed reduction in an abstract
setting (see Proposition 4 ).

Theorem 1. Fiz integers n > 3, a > 0, b >0, my > --- > mg > 0,
t1 > >t >0. Assume mi+mao <n (ifa>2)m;+t; <n (ifa>0 and
b>0)andti+ta <mn (ifb>2). Let X C P" be a general union of a linear
subspaces of dimension mq,...,mg and b pointed linear subspaces of dimension
t1,. . ty. Then hO(Zx(2)) = max{0, ("5?) -0, (™52 =0, (3?) — b} and
PH(Zx(2)) = max{0, 320 ("57%) + X (37 +0 - ("37)}

Remark 1. In the set-up of Theorem 1 set Y := X,.4. Notice that Y C P"
is a general union of a + b linear subspaces of dimension my,...,mq,t1,..., .
Our assumptions on m; and ¢; imply that Y has a + b connected components of
dimension my, ..., mg,t1,...,t. The case b = 0 of Theorem 1 is just [2], theorem
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4.3. The explicit computation in [2], theorem 4.3, gives the corresponding one in
the case b > 0, because h°(X, Ox(2)) = h°(Y, Oy (2)) +b and h'(X,0x(2)) =0
(see Lemma 4).

We also prove several results on the Hilbert function in the range of quadrics
of the union of an arbitrary closed subscheme and a general pointed ¢-linear sub-
space (Proposition 1), a general line (Propositions 2 and 4), a plane unreduced
conic (Proposition 5) and some other reducible union of lines (Propositions 7
and 8).

Let II be a linear subspace of the projective space |Opn(2)| of all quadric
hypersurfaces of P". For any subscheme Z C P"set II(—2) :={Q € I1: Z C Q}.
If IT # () and B is its base-locus, then II induces a morphism ¢ : P" \ B — P™,
m := dim(II). Set p(II) := dim(Im(¢(P™\ B))). Since char(K) = 0, ¢ is separable
and hence p(II) is the rank of the differential di)(P) of ¢ at a general P € P™\ B.

As a consequence of the results proved in section 2 we get the following
result.

Theorem 2. Fix a closed subscheme U C P, n > 3. Assume that the base
locus of |Zy7(2)| contains no hyperplane and that p(|Zy(2)|) > 4. Let C C P
be a general double line and E C P™ a general pointed unreduced conic. Then
h(Zoue(2)) = W (Zuup(2)) = h°(Zu(2)) =6 and ' (Zyuc(2)) = h (Zvus(2) =
W (Zu (2))-

In the set-up of Theorem 2 notice that h%(O¢(2)) = h°(Og(2)) = 6.

We thank the referee for several simplifications, corrections and useful re-
marks.

1 Preliminary Lemmas and the proof of Theorem 1

For any sheaf F on P" we write H'(F) or h*(F) instead of H*(P", F) or
Rt (P", F). Let G(z,n) denote the Grassmannian of all 2-dimensional linear sub-
spaces of P,

Lemma 1. Let C C P*, n > 3, be a pointed unreduced conic. Fix a 3-
dimensional linear subspace M C P"™ such that C C M. Then C' 1is in the
closure E (in the Hilbert scheme Hilb(M) of M) of the set of all double lines of
M.

PROOF. Since any two pointed unreduced conics of M are projectively
equivalent, it is sufficient to prove that E contains at least one pointed unreduced
conic. Assume that M = Proj(K[z,y, 2, w]). Take the family {Z; },cx\ (0} of dou-
ble lines defined by the homogeneous ideal (22, xy,y?, yz + tzw), t € K\ {0}.
The flat limit for ¢ — 0 of this family is the pointed unreduced conic defined by
(22, y) N (z,9,2)>



82 E. Ballico

We recall that for any projective scheme W, every closed subscheme Z of
W and every effective divisor H of W the residual scheme Resy(Z) of Z with
respect to H is the closed subscheme of W with Z, : Zy as its ideal sheaf. To
apply Horace method as in [6] it is important to control the residual schemes of
our unreduced objects with respect to hyperplanes.

Remark 2. We call any scheme T'U xn(P) with T" a line, N a plane and
P € T C N a pointed line or the pointed line associated to the flag (P, T, N).
Indeed, T'U xn(P) is uniquely determined by the flag (P, T, N), while any such
flag gives a unique pointed scheme. The scheme T'Uy y(P) is a flat degeneration
inside NV of a family {T"U {P\}} with P, € N\ T.

Lemma 2. Let H C P*, n > 4, be a hyperplane and B C P" a double line
such that T := Byeq C H and B ¢ H. Then Resy(B) =T and BNH =T U
XN (P) for some P € T and some plane N C H (scheme-theoretic intersection).
Conversely, for any hyperplane H, any line T C H, any P € T and any plane
N such that T C N C H there is a double line D such that D,.q = T and
DNH=TUxn(P).

PROOF. Let M := (B) C P" be the 3-dimensional linear subspace defining
B. Let Q C M be a smooth quadric such that B C (). Choose homogeneous
coordinates xg,...,x, such that M has equations x; = 0 for all i > 4, Q has
equations zgri+xox3 = 0, z; = 0 for all ¢« > 4, and T has equations z; = 9 = 0
inside M. Hence N := H N M has the equation axi 4+ bxe = 0 for some (a,b) #
(0,0), say a # 0, inside M. Hence N has the equation z; = cxa, ¢ := —b/a,
inside M. The scheme B has equations x% =x1Ty = x% = xor1+z2x3 = 0 inside
M. Hence BN H = BN N has equations ¢®z3 = cx3 = 23 = cxozrs + 2023 =
x1 — cxo = 0 inside M, i.e. it has equations x% = xo(cxg + x3) = 21 — cxe = 0.
Write z; = x;, for all i ¢ {1,3}, 21 = 21 — cxo and z3 = cxp + x3. Hence
Resy(B) = T and BN H = BN N has equations 25 = 2923 = 21 = 0, i.e. the
equations of T'U xn(P).

The converse part follows from the following observation. For a fixed pair
(T, H), any two planes N, N’ containing 7" and contained in H and any auto-
morphism h : H — H such that h(P) = P, h(T) = T and h(N) = N’ the
morphism h maps T'U yn(P) isomorphically onto T'U x n/(P). QED

The proof of Lemma 2 gives the following result, which justifies the intro-
duction of ¢-pointed linear subspaces.

Lemma 3. Fiz integers n,t such that 1 <t < n—2, N € G(t,n) and
H € G(n —1,n) such that H D> N. Let M be a general (t 4+ 1)-dimensional
linear subspace of P™ containing N. Let Z C M the degree 2 Cartier divisor
with N as its support. Then Resy(Z) = N and Z N H is a general t-pointed
linear subspace of H with N as its support.
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We may change the previous statement first fixing M containing N and then
taking H general among the hyperplanes containing N.

Lemma 4. Let Z C P" be any pointed linear subspace. Set T := Z,..q. We
have h%(Z, Oz(y)) = h%(T,Or(y)) + 1 and h'(Z,0z(y)) = 0 for every integer
y > 0 and every integer 1 > 0.

PRrOOF. Since x(Oz(z)) = x(Or(x)) + 1 for all x € Z, it is sufficient to
prove h'(Z,0z(y)) = 0 for all i > 1 and all y > 0. Let n be the kernel of the
surjection Oz(y) — Or(y) induced by the closed embedding T' < Z (for y = 0
it is the nilradical of Q). The sheaf 7 is a 1-dimensional vector space supported
by the non-reduced point of Z. Hence h/(Z,n) = 0 for all j > 1. Use the exact
sequence

0—=n—0z(y)— Or(y) =0 (1)

and that h*(T,Or(y)) = 0 for all y > 0, and i > 1. QED

Proposition 1. Fix integers n > t+2 > 3, a closed subscheme U C P" and
T € G(t,n) such that T € U. Let Z C P™ be a general pointed t-linear subspace
such that Zyeq = T.

(i) If every quadric hypersurface Q € |Zyur(2)] is a cone with vertex
containing T, then h°(Tyuz(2)) = h°(Zyur(2)).

(i) If some quadric hypersurface Q € |Iyur(2)| is not a cone with vertex
containing T, then h®(Zyuz(2)) = R (Zuur(2)) — 1.

PrOOF. If h°(Zyur(2)) = 0, then part (i) is obvious, while the assumption
of part (ii) is not satisfied. Hence we may assume h"(Zyur(2)) > 0. Since T is
not contained in the scheme U, a general P € T is not contained in U,4. Fix
a pointed t-linear space Z' with T as its reduction and associated to a point
P € T\ T NUpq4. As in (1) call n the kernel of the surjection Opyyz(2) —
Opur(2). As in the proof of Lemma 1 we get h°(U U Z', Oyyz(2)) = h°(U U
T,Oyur(2)) + 1. The coherent sheaf Zyur(2)/Zyyz(2) is supported by P’ and
WO (P, Tyur(2) /Tyuz:(2)) = 1. Hence either h(Zyuz(2)) = h°(Zyur(2)) or
RO (Zyuz:(2)) = h°(Zuur(2)) — 1. Fix any Q € |Zyur(2)|. The quadric Q is a
cone with vertex containing O € P" if and only if ypn(O) C Q. Notice that
xpn(O) UT contains any pointed linear subspace with T as its reduction and
O as the support of its nilpotent subsheaf. Hence we get (i). Now assume that
@ is not a cone with vertex containing T and fix P € T \ U,¢q such that Q
is smooth at P. Since the tangent space Tp@ of @) at P is a hyperplane of
P, there is a (¢t + 1)-dimensional linear subspace N of P" containing 7', but
not contained in TpQ. Set Z; := T U xn(P). Since Q ¢ |Zyuz, (2)|, we get
hY(Zyuz, (2)) = h%(Zyur(2)) — 1. The set of all schemes Z; as above covers a
non-empty open subset of the set of all pointed linear spaces with 7' as their
reduction. Hence we get part (ii) for a general Z. QED
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Lemma 5. Let I be a linear subspace of the projective space |Opn(2)| of all
quadric hypersurfaces of P". Set m := dim(II).
(i) There is no integer x such that x > 0, (”52) < m —1 and every
Q € II(-T) is a cone with vertex containing T for a general T € G(x,n).
(11) Assume m < (y;2) for some integer y > 0 and that TI(—A) # 0 for a
general A € G(y,n). Then for a general A € G(y,n) the general Q € II(—A) is
not a cone with verter containing A.

ProOOF. Take the set-up of (i). Assume the existence of such an integer x.
Fix a general z-dimensional linear subspace 7' C P™ and a general @ € II(—T).
By assumption @ is a cone with vertex containing 7T'. First assume that @ is
integral. Let ), be the set of all x-dimensional linear subspaces of (). Let I' be
any irreducible component of @, containing T'. Fix a general 7" € I'. Since T’
(as a deformation of T') may be seen as a general z-dimensional linear subspace
of P" and Q € TI(—T"), Q is a cone with vertex containing 7”. Since we may find
T’ € T passing through a general point of @), we get that @ is the double of a
hyperplane, contradiction. Now assume that @ is reduced, but not integral, say
Q = HU M with H and M hyperplanes and H # M. Since H N M C Sing(Q),
@ is general and we work in characteristic zero, H N M is contained in the base
locus of IT. Since T' C Sing(Q), we have ' C HNM. Take as I' the family of all x-
dimensional linear subspaces of H. Since I is irreducible, a general 7" € T is not
contained in H N M and H N M is the vertex of @), we get a contradiction. Now
assume that @ is the double of a hyperplane. Since we work in characteristic
= 2, this implies m = 0, contradicting the inequality (5'3;2) < m — 1 even when
z = 0.

In the set-up of (ii) we use that we may move A € G(y,n) preserving the
non-emptiness of II(—A). QED

Proof of Theorem 1. Our assumptions on n,m;,t; imply the existence
inside P" of a disjoint union of a disjoint linear spaces of dimension my, ..., m,
and b pointed linear spaces of dimension #1,...,t.

Fix integers ui,...,u, for which P" contains a disjoint union of z linear
spaces of dimension u1, ..., U, i.e., assume u; +u; < n for all ¢ # j and u; < n.
Let E C P™ be a general union of x linear spaces of dimension uy, ..., u,. Hence
E has z connected components. Since x(Og(2)) = h(E, Og(2)) = 35, (“’;2),
[2], Theorem 4.3, says that either h®(Zg(2)) = 0 (case Y7, ("’;2) > (”;2)) or
W(Z6(2) = 0 (case S, (“5) < ("32)).

Let F C P" be any disjoint union of linear subspaces and of pointed lin-
ear spaces. Call y the number of the unreduced components of F. We have
hi(F,0p(2)) = 0foralli > 0and x(Op(2)) = h%(F, Or(2)) = h%(Feq, OF,.,(2))
+y (Lemma 4). Hence h%(Zp(2)) — h1(Zr(2)) = (";2) — x(Or(2)). Hence if we
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know y and the dimension of the connected components of Fj..4, then knowing
hY(Zr(2)) is equivalent to knowing h!(Zp(2)).

Since the case b = 0 is true ( [2], Theorem 4.3) we may prove Theorem 1
by induction on b. Assume b > 0 and that the result is true for the integer
b’ := b — 1 and all integers a’ > 0. Let U C P" be a general union of a linear
spaces and b — 1 pointed linear spaces of dimension t1,...,t,_1. Let T'C P" be
a general tp-dimensional linear subspace. Notice that both U and U U T have
b—1 unreduced components. By the inductive assumption we know the integers
RO(Zy(2)) and h°(Zyur(2)). If hO(Zyur(2)) = 0, then h°(Zyyuz(2)) = 0 for any
pointed tp-linear subspace with 7" as its reduction. Since UU Z is a general union
X of a linear subspaces of dimension mz,...,m, and b pointed linear subspaces
of dimension t1, ..., t, we get h%(Zx(2)) = 0.

Now assume h®(Zyu7(2)) > 0. Since T and Z are general, the support of the
nilpotent sheaf of U does not intersect 1" and the support of the nilpotent sheaf of
Z is not a point of U,..q. Hence the proof of Lemma 4 gives that the coherent sheaf
Tuur(2)/Zyuz(2) is supported by a point, that h®(P™, Tyur /Zyuz(2)) = 1, and
that h°(UUZ, Opuz(2)) = h°(UUT, Opur(2)) + 1. Hence either h(Zyu2(2)) =
R (Zyur(2)) or h%(Zyuz(2)) = h°(Zyur(2)) — 1. To prove Theorem 1 for the
integer b it is sufficient to prove h®(Zyuz(2)) < h°(Zyur(2)). By Proposition 1
it is sufficient to prove that not every element of |Zyur(2)| is a cone with vertex
containing 7T'. Since T is taken general after fixing U, we may apply Lemma 5.

Since h°(U U Z,0puz(2)) = h°((U U 2)red; Owuz),.,(2)) + b, we get the
explicit values of h'(Zx(2)), i =0, 1. QED

2 The other results

Proposition 2. Fiz a closed subscheme U C P". Let E be the base locus of
the linear system |Zy7(2)|. Let A C P™ be a general line.

(i) If E contains a hyperplane, then h®(Tyua(2)) = max{h®(Zy(2)) — 2,0}.

(ii) Assume that E does not contain a hyperplane. Then h®(Zyua(2)) = max
{h°(Zr(2)) - 3,0} and h'(Zyua(2)) = WM (Zy(2)) +max{0, 3 — 1°(Zy(2))}-
PrOOF. We have h°(Zy(2)) = h%(Zg(2)) and h(ZTyua(2)) = A% (Zeua(2)).
Since any 2 points of P are contained in a line, the inequality h°(Zyua(2)) <
max{h" (Zy(2)) — 2,0} is obvious. Hence we may assume h°(Z;;(2)) > 3. Since

any quadric hypersurface containing 3 points of A contains A, we have h°
(Zrua(2)) = 1 (Zpua(2)) - 3.

(a) Here we assume dim(E) = n — 1. In this case the (n — 1)-dimensional
part of the scheme E must be a hyperplane, because h(Zg(2)) > 2. Since
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dim(E) > n — 1, we have EN A # (). Taking a point of E,.q N A and two
general points of A we see that h%(Zgua(2)) > h°(Zg(2)) — 2. Hence (i) is
true.

(b) Here we assume dim(E) < n — 2. We may assume h®(Zpua(2)) > 3
and we need to prove h®(Zpua(2)) < h°(Zg(2)) — 3. Since A is general,
we have EN A = (). Hence h°(E U A,Opua(2)) = h%(E,0g(2)) + 3.
Hence h°(Zyua(2)) — h°(Zuy(2)) + 3 = A (Zyua(2)) — h1(Zy(2)). Since
RO (Zrpua(2)) > h%(Zg(2)) — 3, it is sufficient to prove h°(Zyua(2)) <
hY(Zy7(2))—3. Fix a general P € P". Hence P ¢ E,..q. Hence hO(IEU{p}(2))
= h%(Zg(2)) — 1. Fix a general Q € |Zpy(py(2)|. The case z = 0 of Lemma
5 gives that @) is not a cone with vertex containing P. It is also obvious
that @ is irreducible. Hence a general P’ € @ is not in the base locus of
[ Zuugpy(2)]. Hence hO(Zyygppy(2)) = h%(Zy(2)) — 2. Let A be the line
spanned by P and P’. Since @) is not a cone with vertex P and P’ is general
in Q, A ¢ Q. Hence h%(Tuua(2)) < A(Tyugppy (2)) — 1 = hO(Ty(2)) — 3.
Since HO(U U A, Opyua(2)) = HO(U,0p(2)) @ H°(A,04(2)), we also get
BN (Tuoa(2)) = b (Tp(2)) + max{0,3 — hO(Tu (2))}.

QED

Proposition 3. Fiz a closed subscheme U C P™ such that the base locus
E of the linear system |Zy7(2)| does not contain a hyperplane. Let T C P™ be a
general reducible conic. If h°(Zy(2)) < 5, then hY(Zyur(2)) = 0. If hO(Zy(2)) >
5, then h(Tyur(2)) = KTy (2)) — 5 and b (Tyur(2)) = b (Tp(2).

PRrOOF. We have h%(T, Or(2)) = 5. We may assume h°(Zg(2)) = h°(Zy(2))
> 2. Hence the assumption on F implies dim(F) < n — 2. Hence for a gen-
eral T we have TN E = (. Hence TNU = (). Hence H'(U U T, Oyur(2)) &
HY(U, Oy (2)) @ HY(T, Or(2)). Hence h°(Zyur(2)) > h°(Zy(2)) — 5 and
W (Tour(2) = BNTu(2)) + 5 — BTu (2) + W (Tuur(2).

Let A C P™ be a general line. Proposition 2 implies h%(Zyya(2)) = max
{h%(Zy7(2)) — 3,0}. We may take as T the union of A and a general line A’
intersecting A. We may take such a line with the additional condition that A’
contains a general point of P*. Hence h®(Zyyaua(2)) < max{0, h(Zyua(2)) —
1}. Hence the lemma is true if h°(Zy(2)) < 4. Now assume h%(Zy(2)) > 5.
Hence h°(Zyua(2)) = h%(Zy(2)) — 3 > 2. Fix a general Q € |[Zyya(2)|. First
assume that (@ is not a cone with vertex containing A. Since h®(Zya(2)) > 2, a
general P € @Q is not in the base locus of |Zyyuar(2)]. Hence h%(Zyoaugpy(2)) =
hO(Zyua(2)) — 1 > 0. Since @ is not a cone with vertex containing A and
P is general in @, there is a line A’ C P" such that P € A’, AN A # () and
A" ¢ Q. Since Q € |Zyuaugry(2)], but Q ¢ [Zyua(2)], we have A (Zyuauar(2)) <
hO(Zy(2)) — 5. We may take AU A’ as T.
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Now assume that @) is a cone with vertex containing A. The case x = 1 of
Lemma 5 gives a contradiction. QED

Remark 3. For any closed subscheme M C P" let M) denote the first
infinitesimal neighborhood of M in P", i.e. the closed subscheme of P" with
(Zr)? as its ideal sheaf. If M is smooth, then for all integers d > 2 the pro-
jective space |Z,,1)(d))| parametrizes all degree d hypersurfaces whose singular
locus contains M. Hence |Z,,x1)(2)| parametrizes all quadric hypersurfaces whose
vertex contains the linear space (M) spanned by M. Assume M # () and set
z = dim((M)). We get h°(Z,;1)(2)) = ("_;C+2). Hence if n —z = 2 (resp.
n —x < 1), then h°(Z,;1)(2)) = 6 (resp. h%(Z,;1)(2)) < 3).

Example 1. Fix an integer n > 3 and an (n—3)-dimensional linear subspace
M of P*. Remark 3 gives h"(Z,,(1)(2)) = 6. Let A C P" be a general line. Fix any
Q € |Z,;0)(2)|. Since @ has rank at most 3, every line contained in @ intersects
the vertex of Q. Hence for a general line A C P" every element of |Z,,1),4(2)]
is singular at some point of A.

Proposition 3, Remark 3 and Remark 1 give the following improvement of
the case z = 1 of Lemma 4.

Proposition 4. Fiz a closed subscheme U C P". Let B (resp. D) denote
the set-theoretic (resp. scheme-theoretic) base locus of the linear system |Zy(2)].
Assume h%(Zy7(2)) > 5 and that B does not contains a hyperplane. Let A C P"
be a general line. A general element of |Zyua(2)| is smooth at every point of
A if and only if there is no (n — 3)-dimensional linear subspace M C P™ such
that either D = MM (case h®(Zy(2)) = 6) or D = MM U L for a uniquely
determined line L C P™ such that LN M # 0, L & M (case h°(Zy7(2)) = 5).

PRroOOF. Notice that U,eq € B, U C D and that the inclusion U — D
induces an isomorphism H®(Zp(2)) — H°(Zy(2)). Set T’ := |Zy(2)| and v :=
dim(T"). Proposition 2 gives dim(I'(—A)) = v — 3 for a general A € G(1,n).
Set A := {A € G(1,n) : dim(I'(-=A)) = v — 3}. By semicontinuity A is a
non-empty open subset of the Grassmannian G(1,n). Let ¥; be the closure
of Ugeal'(—A). Assume that for general A the general element of I'(—A) is
singular at some point of A. Since v > 3, a general F' € G(1,n) is contained
in some @ € I'. Fix any such @ and call © any irreducible component of the
set of all lines in Q. A general F’ € © may be seen as a deformation of F' and
hence F/ € A. Hence @Q must be singular at some point of F’. Hence every
element of O intersects the vertex of ). This is true if and only if @) has rank
at most 3. Hence every element of I has rank at most 3, i.e., its singular locus
has dimension at least n — 3. By Bertini’s theorem the intersection M of all
the vertices of @ € T' is contained in B. Notice that M is a linear space. We
got dim(M) > n — 3. Since h°(Zy(2)) > 5, Remark 3 gives dim(M) = n — 3
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and that either H°(Z;;(2)) is a hyperplane of H°(Z,,11)(2)) and h°(Zy(2)) = 5
or H(Zy(2)) = H%(Z,,1(2)) and h°(Zyy(2)) = 6. Hence if h%(Zy(2)) > 6,
then D = M™ and hence h°(Zy(2)) = 6. Now assume h%(Zy(2)) = 5, i.e.
hY(Zp(2)) = 5. Since MMV C D and h°(Z);)(2)) = 6, we have M) C D. Since
|Z,y)(2)] is the set of all quadric cones with vertex containing M, M®) S D
and D is the scheme-theoretic base locus of |Zp(2)], there is a unique line L C P"
such that LN M # 0, L ¢ M and D= MM U L. QED

In the last sentence of the statement of Proposition 4 we cannot use U
instead of D, because too many schemes U have the same scheme-theoretic
base locus (3 collinear points or a line have the same scheme-theoretic base
locus; the union of 4 general lines of a 3-dimensional subspace N or N give the
same scheme-theoretic base locus, and so on).

Proposition 5. Fir a closed subscheme U C P". Let B denote the set-
theoretic base locus of the linear system |Iy(2)|. Assume h°(Zy(2)) > 5 and
that B does not contain a hyperplane. Let C C P™ be a general unreduced conic.
Then h(Zyuc(2)) = hO(Zy(2)) — 5.

PROOF. Set I' := |Zy(2)| and dim(T") = ~. It is sufficient to prove the in-
equality dim(I" (—C)) < v—5. Set A := C}¢q. Proposition 2 gives dim(I'(—A)) =
v — 3. Let A’ C P" be a general line intersecting A. Proposition 4 gives dim
(T(=(AUA’)) =~v—5.Set M := (AUA’). Since M is a plane containing AUA’,
either I'(—M) =T'(—(AUA)) or dim(T'(—M)) = v—6. If dim(I'(-M)) = v—6,
then dim(I'(—E)) = v — 5 for any conic £ C M. In this case we may take
as C' any unreduced conic of M. Now assume I'(-=M) = T'(—(A U A)), i.e,
assume that I' induces a 4-dimensional linear subspace II of |Op(2)]. Since
char(K) # 2, |Op(2)] is spanned by the unreduced conics of M. Hence there is
C € |Op(2)] \II. Fix any such unreduced conic C. Since C' imposes 5 indepen-
dent conditions to II, we have dim(I'(—C')) < v — 5.

Proposition 6. Fix any closed subscheme U C P* and any unreduced conic
T. Let Z be a general pointed conic containing T .

(i) If every Q € |Zyur(2)| is a cone with vertex containing the line Tyeq, then
h(Zuuz(2)) = h(Zuur(2)).

(ii) If some Q € |Zyur(2)| is not a cone with vertexr containing the line T4,
then h°(Zyuz(2) ) = h*(Zvur(2)) — 1.

PROOF. Since the singular locus of a quadric hypersurface is its vertex, some
Q € |Zyur(2)| is not a cone with vertex containing the line 7,4 if and only if

W Ty rixen () (2)) < B (Zuur(2))
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for a general P € T,¢q. Since Z = T U xp(P) with P general in T,.4 and
M a general 3-dimensional linear subspace of P containing the plane (T") and
R (Z,04(2)) = h%(T, Or(2)) + 1, we get both parts of Proposition 6. QED

Definition 1. Fix an integer x > 1. A chain of x lines in P™ is a con-
nected and nodal curve Y C P™ such that Y has x irreducible components,
each irreducible component is a line, and there is an ordering Aq,..., A, of the
irreducible components of Y such that A; N A; # 0 if and only if |i — j| < 1.
Any such ordering of the irreducible components of Y is called a good ordering.
Since Y is assumed to be nodal, its Hilbert polynomial satisfies py (t) = at + 1
for all t € Z. Now assume 2 < z < n. A brush of x lines in P™ is a reduced and
connected curve X C P" which is the union of z lines, it has a unique singular
point and it spans a linear space of dimension x. The latter assumption implies
that the singular point of X is a seminormal singularity, that p,(X) = 0 and
that px(t) = at + 1 for all t € Z. A nodal tree of z lines, z > 1, is a nodal and
connected curve £ C P" with z irreducible components, each of them being a
line, and with arithmetic genus O.

Notice that for a fixed = the set of all chains of z lines (resp. brushes of x
lines) in P" is parametrized by an integral variety. Hence it makes sense to use
the words “ general chain of x lines ” (resp. “ general brush of x lines ”) in P™.
If z > 4, then the set of all nodal trees of z lines in P" is parametrized by an
equidimensional variety of dimension 2nz with several irreducible components.
To specify each irreducible component it is sufficient to consider instead of
nodal trees triples (E, <,7), where E C P" is a nodal tree of z lines, < is a total
ordering of the irreducible components of F and 7: {2,...,z} — {1,...,z2 — 1}
is a map such that 7(i) < ¢ for all ¢ € {2,...,2}. Indeed, if we use the total
ordering < to call Ay,..., A, the irreducible components of E, then associated
to 7 there is the set of nodal trees of z lines A U---U A, C P" such that
A;, i€ {2,..., 2}, intersects Aj, j < ¢, if and only if j = 7(¢). With any such
ordering Aj,..., A, and any integer x € {1,...,z} the curve A3 U---U A, is
connected and hence it is a degree x nodal tree.

Proposition 7. Fiz an integer x > 2 and a closed subscheme U C P™ such
that the base locus of the linear system |Zi7(2)| does not contain a hyperplane
and h%(Zy(2)) > 2z + 1. Let Y C P" be a general chain of x lines. Then
RO (Zyoy (2)) = K2 (Zy(2)) — 22 — 1 and b (Zyuy (2)) = R (Zy(2)).

PROOF. Since h%(Y,0y(2)) = 22+ 1 and Y NU = (), the two assertions
(on kY and on h') are equivalent. Hence it is sufficient to prove the first one.
We use induction on z, the case x = 2, being true by Proposition 3. Now
assume z > 3. Take a good ordering A1, ..., A, of the irreducible components
of Y. Hence A1 U---UA,;_1 is a chain of x — 1 lines. The inductive assumption
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gives hY(Zyua,ue-a, ,(2)) = h°(Zy(2)) — 22 + 1. Then we repeat the proof of
Proposition 3 taking A, instead of A and A, instead of A’, except that we
need to do again the case in which a general Q € |Zyua,u.-4, ,(2)| is a cone
with vertex containing A, 1. To get from A; U--- A, _1 a chain of x lines we
may also take a general line intersecting A;. Hence we conclude, unless @ is
a cone with vertex containing (4; U A;_1). The proof below is a variation of
the case x = 1 of Lemma 5, because the line A, 1 which we are adding to
AjU---UA,;_o is not general, but it is general among the lines which intersects
Az_a. Set II := |Zyua,u--ua, ,(2)]. Notice that every @@ € II contains A,_s.
Fix a general line T' C P" intersecting A,_2 and a general ) € II(—T'). By
assumption () is a cone with vertex containing 7. First assume that the vertex
of @ has dimension at most n — 4 (it may be empty). In this case a general
line contained in @ is contained in Q4. Hence we may deform A,_, inside @
until it is contained in Qr¢y. We may simultaneously deform A,_3 in a family
preserving the condition A, o N A;_3 # (). If x > 5 we do that simultaneously
for all lines of the chain A; U --- U A,_o preserving the condition that two
components with consecutive indices meet. Since TN Ay_2 # 0, Az—2 C Qpeg
and 7" C Sing(Q), we get a contradiction. Now assume that the vertex Vg
of @ has dimension n — 3. Let R,R" C Q be lines such that R # R’ and
RN R # (. Then every chain A; U---U A, 1 of x — 1 > 3 lines has the
property that Ao U---U A,_3 C Vg. We assumed A; U A,_1 C V. Hence
AjU---UA; 1 C V. We may deform A;U---UA;_ toachain AjU---UA!_,
with A, = A; if ¢ € {2,...,2 — 2}, while A} and A/,_, intersects V only at one
point. With the new chain A} U---U A}, some Q € |Tyya,u..ar,_ (2)] is not
singular at a general point of A/, contradiction. Now assume that the vertex
Vg of @ has dimension n — 2, i.e. assume that () is not integral. By assumption
A1UA,_1 C V. But again we may move A,_1 outside Vg moving A1U---UA,;
inside the codimension two linear space V(, contradiction. QED

Remark 4. A nodal tree Y C P" n > 3, of z lines is a flat degeneration
of a family of smooth degree = rational curves. Hence Proposition 7 gives the
corresponding result taking as Y a general smooth degree x rational curve. How-
ever, if reducible curves are only used as a tool to prove something concerning
smooth rational curves, then it is often easier to work with arbitrary nodal trees
of lines, instead of using only chains of lines.

Proposition 8. Let IT be a linear subspace of |Opn(2)|. Fix an integer x
such that 2 < x < n and assume m := dim(Il) > 2z + 1. Let Y C P" a general
brush of = lines.

(i) If p(Il) < z, then dim(II(=Y)) > m —xz — 1 — p(II) > m — 2z.
(ii) Assume II = |Zy7(2)] with U a closed subscheme of P™. Then dim(II(—Y"))
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=m — 2z — 1 if and only if p(II) > x and the base locus of 11 does not
contain a hyperplane.

PROOF. Let B the base locus of II and ¢ : P \ B — P™ the morphism
associated to II. Set { P} := Sing(Y"). Let M := (Y') be the a-dimensional linear
subspace of P" spanned by Y. Let Aq,..., A; be the irreducible components of
Y. Notice that xp/(P) C Y and that from the point of view of the postulation
with respect to any linear system of quadrics we may substitute Y with xas(P)U
{Py,..., P}, where each P; is an arbitrary point of A; \ {P}. For general YV
the point P is a general point of P and M is a general z-dimensional linear
subspace containing it. Since P ¢ B, the integer m —dim(II(—yas(P)))—1is (up
to the addendum —1 coming from dim(II(—P)) —m) the rank of the restriction
to M of the differential di)(P) of 1) at P. The generality of P and M gives
dim(II(—xam(P))) = m — 1 — min{x, p(II) }. Hence we get part (i) and one half
of the “ only if 7 part of (ii). Assume II = |Z;7(2)|. If B contains a hyperplane,
then it is easy to check that dim(II(—Y")) = m —min{p(II), z}. Hence we get the
other half of the “ only if ” part of (ii). Now assume p(II) > x and that B does
not contain a hyperplane. We saw that dim(II(—xas(P))) = m —x — 1. Hence it
is sufficient to prove dim(II(—(xa (P)U{ P, .., P}))) = dim(II(—xam (P))) — .
Now we fix P and M, but take as Y a general brush spanning M and with P
as its singular point. Hence Ay, ..., A, are x general lines of M passing through
P. Since dim(M) = z, for general Y the set {Py,..., P} is a general subset of
M with cardinality x. Hence it is sufficient to prove dim(II(—M)) < m—2z —1.
This is true for instance because we may take as M the linear span of a general
chain of z lines and we may apply Proposition 7. QED

PrOOF OF THEOREM 2. By semicontinuity and Lemma 2 it is sufficient
to prove Theorem 2 for a general pointed unreduced conic E. Let T be the
unreduced conic associated to E. Proposition 5 gives h(Zyur(2)) = h%(Zy (2)) —
5. By Proposition 6 to prove Theorem 2 it is sufficient to prove that a general
element of |Zyur(2)| is not a cone with vertex containing the line A := T.q.
Assume that this is the case. We have h%(Zyua(2)) = h%(Zy(2)) — 3. We get
RY(Zy a0 (2)) = h%(Zy(2)) —5. Let B denote the base locus of I1 := |Z;(2)| and
Y P*\ B — P™ m:= h°(Zy(2)) — 1, the morphism associated to II. Set m :=
dim(IT). Fix a general P € P". Hence P ¢ B and diy(P) has rank p(II) > 4. Fix a
general 3-dimensional linear subspace M of P" containing P. Since M is general,
as in the proof of Proposition 7 we get dim(II(—xas(P))) = m —4. Since m > 5,
II(—xa(P)) is a non-constant linear system and hence p(II(—xa(P))) > 1.
Hence for a general P; € P and a general tangent vector v to P™ at P} we have
dim(Tl(—xar (P)) (=) = dim(Il(—xas (P))) — 2, i.e., dim(II(—(xas(P) U)) =
m — 6. Since the pair (P, Py) is general, the line A spanned by {P, P, } is general.
Since x7(P) Uv € A, we obtained a contradiction. QED
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