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Abstract. For natural numbers » > 1 and n > 3 a complete classification of natural

transformations A : T*T — T*T() over n-manifolds is given, where T is the lincar
r-tangent bundle functor.
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In this paper let M be an arbitrary n-manifold.

In [3], Kolaf and Radziszewski obtained a classification of all natural trans-
formations T*T'M=TT*M — T*TM. In [1], Gancarzewicz and Kolaf obtained
a classification of all natural affinors T*T")M — T*T")M on the linear r-
tangent bundle T M = (J"(M,R)o)*.

This note is a generalization of [1] and [3]. For natural numbers n > 3
and r > 1 we obtain a complete description of all natural transformations
A:T*TOM — T*T M. Tt is following.

By [4], we have an (explicitly defined) isomorphism between the algebra
of natural functions T*T" M — R and the algebra C*®°(R") of smooth maps
R" — R. In Section 1, we cite the result of [4].

Clearly, the set of all natural transformations T*T("M — TUM is (in
obvious way) a module over the algebra of natural functions T*T"M — R. In
Section 3, we prove that if n > 3, then this module is free and r-dimensional,
and we construct explicitly the basis of this module.

Let B : T*TM — T M be a natural transformation. A natural trans-
formation B : T*T" M — T*T() M is called to be over B iff o B = B, where
q:T*TM — T M is the cotangent bundle projection. (Of course, any nat-
ural transformation B : T*T("M — T*T) M is over B = g o B.) Clearly, the
set of all natural transformations T*T" M — T*T")M over B is (in obvious
way) a module over the algebra of natural functions 7*T ("M — R. In Section
5, we prove that this module is free and (r + 1)-dimensional, and we construct
explicitly the basis of this module.
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In Sections 2 and 4, we cite or prove some technical facts. We use these facts
in Sections 3 and 5.

Throughout this note the usual coordinates on R™ are denoted by z',. .., 2"
and 9; = %,z’zl,...,n.

All natural operators, natural functions and natural transformations are
over n-manifolds, i. e. the naturality is with respect to embeddings between
n-manifolds.

All manifolds and maps are assumed to be of class C*°.

1. The natural functions T*T")M — R

Example 1. ([4]) For any s € {1,...,r} we have a natural function A<%> :
T*T"M — R given by A<*>(a) =< (A<*> o 7)(a),q(a) >, where the map
q: T*TM — T)M is the cotangent bundle projection, A<*> : (T()M)*
— (T M)* is a fibre bundle morphism over idy; given by A<5>(j7~) = j7 (v,
v:M — R, y(z) =0, ¥° is the s-th power of v, z € M, and 7 : T*T" M —
(T M)* is a fibre bundle morphism over idy; by 7(a) = a|Vq(a)T(’")M£Ta(;T)M,

e (T*T" M), M, z € M.

Proposition 1. ([{]) All natural functions T*T")M — R are of the form
fo (WS> . X<">), where f € C®(R").

Hence (since the image of (A<'>,... A<">) is R") we have the algebra iso-
morphism between natural functions 7T M — R and C®(R").

2. The natural operators lifting functions from M to
T M

Example 2. ([5]) Denote S(r) = {(s1,s2) € (NU{0})? : 1 <s1+s3 <7}
For (s1,59) € S(r) and L : M — R define A<*»52>(L) : T*T(WM — R by
ASSL82> () =< (A<512> (L) o 7)(a), g(a) >, where ¢ : T*T" M — T M and
7 T*TM — (T M)* are as in Example 1 and A<*052> (L) : (T M)* —
(T M)* is a fibre bundle morphism over idy; given by A<51°2>(L)(jiv) =
Jo((L — L(x))®2~%), v : M — R, 7y(z) = 0, z € M. Clearly, given a pair
(s1,82) € S(r) the correspondence A\<1:52> : [ — A<S152>([) is a natural
operator T(0) ~ 7O (T*T()) in the sense of [2].

We see that A<0%> = A\<> for s = 1,...,r, where A<*> is as in example 1,
and the operators A<*!> for s = 0,...,r—1 are linear (in L) and A<%1>(1) = 0.

Example 3. Given L : M — R we have the vertical lifting LY : T*T(") M —
R of L defined to be the composition of L with the canonical projection T*T(") M



The natural transformations T*T(") — T*T() 83

— M. The correspondence L — LY is a natural operator
7(0,0) _ 7(0,0) (T*T(T)).

Proposition 2. ([5]) Let C : T0) ~ TOO(T*T (")) be a natural operator.
If n > 3, then there exists the uniquely determined (by C) smooth map H :
R5") x R — R such that C(L) = H o (A=s1522) O ves@)» LY) for any n-
manifold M and any L : M — R.

Corollary 1. Let C : TO0) « TOO(T*T(")) be g linear natural operator
with C(1) = 0. If n > 3, then there exists the uniquely determined (by C') smooth
maps HO,...,H"™' : R" — R such that C(L) = Y)\_3 H® o (\<1>,... A<™>) .
A<®1>(L) for any n-manifold M and any L : M — R.

PROOF. We have A\<51:52> (L) = 52\<51:52> (L) and (tL)V = tLV for any
L:M — Rand any t € R, and 1V = 1. Then the assertion is a consequence of
Proposition 2 and the homogeneous function theorem, [2]. QED

3. The natural transformations 77" M — T M

3.1.

Every natural transformation B : T*T" M — T M induces a linear natu-
ral operator ®(B) : TOOM ~s TOO(T*T) M) by &(B)(L)(a) =< B(a), j5(L—
L(z)) >, a € (T*T™"M),, = € M. Clearly, ®(B)(1) = 0. On the other hand
every linear natural operator C' : TO0) M ~s 7O (T*T() M) with C(1) = 0 in-
duces a natural transformation ¥(C) : T*T"M — T M by < U(C)(a), jiy >
= C(y)(a), a € (T*T"M),, v : M — R, v(z) = 0, z € M. (¥(C) is well-
defined as C is of order < r because of Corollary 1.) It is easily seen that ¥ is
inverse to ®.

3.2.

The set of natural transformations T*T(") M — T()M is (in obvious way)
a module over the algebra of natural functions T*T")M — R. Similarly, the
set of natural operators C' : TOOM ~s TOO(T*T) M) with C(1) = 0 is (in
obvious way) a module over the algebra of natural functions T*T "M — R.
Clearly, the (described in 3.1.) bijection ¥ is an isomorphism of the modules.
Hence from Corollary 1 we deduce.

Theorem 1. If n > 3, then the U(A\<'>) for s = 0,...,7 — 1, where

A<$1> are as in Example 2, form the basis (over the algebra of natural functions
T*T"M — R) of the module of natural transformations T*T"M — TTM.
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4. The natural functions B/(TT" M) — R

Let B : T*T™ M — T M be a natural transformation.

4.1.

Let B'(TT™ M) be the pull-back of the tangent bundle TT M of T) M
with respect to B. Any element from B'(TT") M) is of the form (a,vy), where
aeT*T"M and y € TB(G)T(T)M. Clearly, B'(TT") M) is a vector bundle over
T*TM and B (TT(") M) is a natural bundle over n-manifolds M.

Example 4. The natural functions A<*> : T*T("WM — R for s = 1,...,r
(see Example 1) determine (by the pull-back with respect to the bundle pro-
jection B(TTMM) — T*T(")M) the natural functions A<*> : B'(TT") M)
— R. Clearly, they are fibre constant with respect to the bundle projection
BNTT"M) — T*T" M.,

Example 5. We have a natural function v : B (TT") M) — R such that
v(a,y) = vy, a € (T*T"M),, y € TE(G)T(’”)M, x € M,v=Tply) € T,M, p:
T M — M is the bundle projection, v : M — R, jiy = n(a), 7 : T*T" M —
(T M)* is as in Example 1. Clearly, v is fibre linear with respect to the bundle
projection B'(TT" M) — T*T(") M.

Example 6. For s =2,...,r 4+ 1 we have a natural function
v B(TTT M) — R

such that v<°7(a,y) = dp@u)(C(v*))(¥), a € (T*T"M),, y € TE(Q)T(T)M,
reM, v:M—R,~yx) =0, iy =mn(a), 7: T*TM — (TTM)* is as
in Example 1, 4° is the s-th power of v and C' : T M ~s TO (T M) is a
natural operator defined as follows. If L : M — R then C(L) : T"M — R,

C(L)(w) =< w,ji(L — L(z)) >, w e T\" M,z € M. (If s = 2,...,r + 1 then

jr1(v%) is determined by a because of jiv = w(a) is determined and v(z) =
0. Hence j%%(a) (C(v%)) is determined by a. Then the differential dp(,)C(v*) :

Tp@)T ("M — R is determined by a. Consequently v<*> is well-defined.) The
v<*> are fibre linear with respect to B'(TT"M) — T*T") M.
The purpose of this section is to prove the following proposition.

Proposition 3. Let g : B'(TT"M) — R be a natural function. Then
there exists the uniquely determined (by g) smooth map f : R**! — R such
that g = fo (A< A< p<2> . p<rT> ),

We have the following corollary of Proposition 3.
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Corollary 2. Let g : B' (TT(T)M) — R be a natural function such that g is
fibre linear with respect to the bundle projection B (TT™ M) — T*T") M. Then
there exists the uniquely determined (by g) smooth maps 2 LR —
R such that g = fo (A<, .. A>) v 4 320E) f5 o (ASI> L AS>) LS,

PROOF. The assertion is a consequence of Proposition 3 and the homoge-
neous function theorem.

The proof of Proposition 3 will occupy the rest of this section.

Lemma 1. Let g,h : B'(TT" M) — R be natural functions. Suppose that
gla,y) = h(a,y) for any a € (T*TR™)y and any y € TQ(G)T(T)R” with m(a) =
ib (') and < a,T"d;(q(a)) >= 0 for i = 1,...,n, where T\") is also the
complete lifting of vector fields to T") and where q : T*TR™ — TR™ and
7 T*TR" — (TR™)* are as in Example 1. Then g = h.

SCHEMA OF THE PROOF. The proof is quite similar to the proof of Lemma 5
in [4]. In [4], functions g and h depend only on a from T*T(") M. Now, functions
g and h depend on a (also from T*T() M) and y. Clearly, we can “trivialize”
a in the same way as in the proofs of Lemmas 2-5 in [4]. Roughly speaking, in
this way we obtain the proof of our lemma.

PROOF OF PROPOSITION 3. Let g : B'(TT")M) — R be a natural func-
tion. Define f: R” x R” x R — R by (€, p,n) = g(ae, ye,pn)s € = (€1,...,€7) €

R", p=(p?,...,p ") € R",n € R, where ag E (T*T(’”))o is the unique form sat-
isfying the conditions 7(a¢) = j5(z'), < ag, T d;(g(a)) >=0 for i = 1,...,n,
< qlag),j5(x*) >= 0 for all @ = (av1,...a,) € (NU{0})" with 1 < |a| < r

and ap + -+, > 1 and < q(ag),jg((ajl)s) >=¢% for s=1,...,r, and where
Ye pn = nT(T)al\Q(ag) =+ (E(af)’ Z;:1 pp+1(]6(($1)p))*) € Tﬁ(ag)T(r)Rn (We use
the standard identification VT "M = T M x5, T M). Here (j§(z*))* for
a=(a1,...,0pn) € (NU{0})" with 1 < |a| < r is the basis dual to the jj(z).

It is easy to compute that /\<S>(a§,y§7pm) =¢ for s =1,...,r, v (a,
Yepm) = p°+8E° Infors=2,...,7r+1, and v(ag,ye,pn) = n- Hence gag, ye pn)

= fo(AS1Z, . AP v <’“+_1> v)(ag,ye,pm), where (&, p,n) = f(& (p°
—sg51 )’::r%,n) We prove that g=fo (A L ASTE <> <> ),
Let (a,y) be as in the assumption of Lemma 1. Let ¢; = (2!, t2?,... ta") :

R" — R™, t # 0. It is easy to see that (T*T"¢;(a), TT"¢;(y)) tends (as t tends
to 0) to some (ag, Y py)- By the invariance with respect to ¢; we get g(a,y) =
(T TOey(a), TT ey (y)) amd Fo (A\1>, . AST> 2> y/<r+1> ) () y) =
Fo(AS1Z L NS> ps2> s, ) (T*TMep(a), TTM ¢i(y)) for any t # 0.
Hence g(_a y) = g(a$7 yg,p,”l) = f o ()\<1>7 R 7A<r>’ Ij<2>7 ety V<T+1>7 I/) (a$7
Yepn) = o A1 L AT 0= L v W) (a, y). Therefore

_ 7 <1> <r> _ <2> <r+1>
g=fo (A7, . AT ST V)
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because of Lemma 1.

Since the image of (A<1> ... A<"> v<2> _  v<rT> 1) is R¥ ! the map
f is uniquely determined by g.

5. The natural transformations T*T"M — T*T) M
over T*T N — T Af

Let B : T*T")M — T M be a natural transformation. A natural trans-
formation B : T*T" M — T*T(") M is called to be over B iff o B = B, where
q: T*TM — T M is the cotangent bundle projection.

5.1.

Every natural transformation B : T*T"M — T*T(" M over B induces
a natural function ©(B) : B(TT" M) — R by O(B)(a,y) =< B(a),y >,
(a,y) € B(TT"M). (B(a) and y are over B(a) and therefore we can take
the contraction.) Clearly ©(B) is fibre linear with respect to the bundle pro-
jection B(TT" M) — T*T")M. On the other hand every natural function
g : B(TT" M) — R such that g is fibre linear with respect to the bundle
projection B (TT" M) — T*T")M induces a natural transformation Q(g) :
T*TM — T*TTM over B by < Q(g)(a),y >= g(a,y), a € T*T"M,
RS TQ(Q)T(’")M. It is easily seen that () is inverse to ©.

5.2.

The set of natural transformations T*T"M — T*T( M over B is (in ob-
vious way) a module over the algebra of natural functions T*T"M — R.
Similarly, the set of natural functions g : B'(TT") M) — R such that g is fibre
linear with respect to the bundle projection B(TT"M) — T*TM is (in
obvious way) a module over the algebra of natural functions T*T("M — R.
(We identify any natural function 7T ()M — R with the natural function
BY(TT" M) — R by using the pull-back with respect to the obvious projec-
tion. Then the module operations are obvious.) Clearly, the (described in 5.1.)
bijection 2 is an isomorphism of the modules. Hence from Corollary 2 we deduce.

Theorem 2. The Q(v<*>) for s = 2,...,r + 1 and Q(v), where v and
v<SZ are as in Examples 5 and 6, form the basis (over the algebra of all natural
functions T*T ") M — R) of the module of natural transformations T*T"IM —
T*T) M over B.
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