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Introduction

In the paper [1] M. Becker studied approximation problems for functions
f € Cp and Szasz-Mirakyan operators

e = (nx)F (k
Sp(fix) =™ -,
(Fia) =™y o f | (1)
k=0
x € Ry = [0,400), n € N := {1,2,...}, where C}, with fixed p € Ny :=
{0,1,2,...} is polynomial weighted space generated by the weighted function

wo(z) :=1, wy(z):= (1 +aP)" !, it  p>1, (2)

i.e. Cp is the set of all real-valued functions f, continuous on R and such that
wp f is uniformly continuous and bounded on Ry. The norm in C), is defined by
the formula

1Fllp = 17 C) llp := sup wp() [f(2)]- 3)

€ Ry

In [1] theorems on the degree of approximation of f € C), by the operators
Sy were proved. From these theorems it was deduced that

lim S, (f;z) = f(), (4)

n—oo
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for every f € Cp, p € Ny and x € Ry. Moreover the convergence (4) is uniform
on every interval [x1,z2], x2 > z1 > 0.

In this paper we shall modify the formula (1) and we shall study certain
approximation properties of introduced operators.

Let C), be the space given above and let f € C; ={feC,: f € C,}, where
f' is the first derivative of f.

For f € C, we define the modulus of continuity wq(f;-) as usual ([2]) by
formula

wi(f; Cpit) = sup [|Anf()lp; t € Ry, (5)
0<h<t
where Ay, f(z) := f(x + h) — f(x), for ,h € Ry. From the above it follows that

Jim wi(f3 Gpit) =0, (6)

for every f € C),. Moreover if f € C; then there exists My = const. > 0 such
that

w1 (f; Cp§t) < M-t for t € Ry. (7)

We introduce the following

1 Definition. Let Ry := [2,400) and let r € Ry and p € Ny be fixed
numbers. For functions f € C), we define the operators

An(firsa) i e~ kD) i naz+1 (n(mfl)r—l)’ )

k=0

xr € Ry, n € N.

Similarly as S, the operator A,, is linear and positive. In § 2 we shall prove
that A,, is an operator from the space C), into itself for every fixed p € Ny.
From (8) we easily derive the following formulas

An(l;r;x) =1, (9)

e _ 1 2. .. _ 1 ? 1
An(t,r,x)—az+n, An(t,r,:n)—<m~l—n> [1+(n1‘+1)’l

A (t?"r'x)— x+l ’ 14+ 5 + !
mAT n (nx+1)"  (nx+1)2]’

for every fixed r € Ry and for all n € N and x € Ry.
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1 Main results

From formulas (8), (9) and A, (t*;7;2), 1 < k < 3, given above we obtain
2 Lemma. Letr € Ry be a fivred number. Then for all x € Ry and n € N
we have
Ay (t—xyrx) =

™
n

Ay ((t = )% ) :% [1+m},

1 3 1
A ((t—2)rmx) = = |1+ + .
((t =) rsz) n3 [ (nx+1)m2  (nz+ 1)2”_3]

Next we shall prove

3 Lemma. Lets € N andr € Ry be fivzed numbers. Then there exist positive
numbers As j, 1 < j < s, depending only on j and s, such that

S. e _ 1 RN )‘Svj
An(t ,r,x) = <$+ E) ;m (10)

for allm € N and x € Ry. Moreover A\s1 = s s = 1.

PrOOF. We shall use the mathematical induction on s.

The formula (10) for s = 1,2, 3 is given above.

Let (10) holds for f(z) = 2/, 1 < j < s, with fixed s € N. We shall prove
(10) for f(z) = x*TL. From (8) it follows that

An (5t —(na+1)" i nx + 1 k? -

n T (7”L$ + 1)r71)s+1
k=1
B (nz+1)" —(nat1)" i nx—i—l k+1)5_
- 1 1€ -
(n(nz +1)r=1)s —
_ (nx 4+ 1)" —(na+1)" i (na:—i— i (s) o —
(n(nz+1)r—1 5+1 prd = \K

(nz + 1)’ Z() (na + 1)V Ay (¢4 7; ).

:( (nIJrlrlerl

By our assumption we get

(nxz+1)" _
(n(nx + 1)r—1)s+1

An (T 2) =
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I

S
S
1+ +1) -
;31(#) " an+1(;1

~(e+3)” 5 Bl ) Fr T—
N n na: —|— TLJJ + 1 (s+j—p—1)r (
J=1p=j
1\ 1 a 1 s 5
pu— —_— — A . —
<x * n) (nz+1)rs + Jz::l (nz +1)0-br Z (M) Hoptj—s

p=s—j+1

1\ s+ st Aer1i
_ - S 5]
- ( i n) 2 s o
j=1
and As11.1 = Ast1,s+1 = 1, which proves (10) for f(z) = 2°7!. Hence the proof
of (10) is completed. QED
4 Lemma. Let p € Ng and r € Ry be fized numbers. Then there exists a

positive constant My = Ma(p,r), depending only on the parameters p and r such
that

[An(1/wp(t);rs-)|lp < Ma, neN. (11)
Moreover for every f € C, we have
[An(firs)llp < Mol fllp,  neN. (12)

The formula (8) and inequality (12) show that A, n € N, is a positive linear
operator from the space C), into Cp, for every p € Ny.

ProoF. The inequality (11) is obvious for p = 0 by (2), (3) and (9).
Let p € N. Then by (2) and (8)-(10) we have

wy(2) An(1/wy(t); 5 2) = wp(z) {1+ Ap(tPr;2)} =
p
1 ++(w+1/n)pz( Ap.j

- <
1+ P 1+ xP — nx -+ 1)(]—1)7’ >~
p )\ '
<1 P,J : < M
<1+ Z < > 14 2P JZ; (n:z + 1)(]—1)7" > 2(]?, 7’),

for x € Ry, n € N and r € Ry, where Ms(p,r) is a positive constant depending
only p and r. From this follows (11).
The formula (8) and (3) imply

1A (f@); 5 )lp < NfllpllAn(L/wp(®);m5)llp,  n €N, 1€ Ry,

for every f € Cp. By applying (11), we obtain (12). QED
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5 Lemma. Let p € Ny and r € Ry be fixred numbers. Then there exists a
positive constant M3 = Ms(p,r) such that

(i)

PRrOOF. The formulas given in 2 Lemma and (2), (3) imply (13) for p = 0.
By (2) and (9) we have

3

M:
<— for all n e N. (13)
, N

Ay ((t = 2)* fwp(t);rs ) = Ay ((t— 2)%5m52) + Ap (P8 — 2)% 73 2)
for p,n € N and r € Ry. If p =1 then by the equality we get
Ay ((t—2)?/wi(t);riz) = Ay ((E—2)%m2) + Ay (tH(E—2)%m52) =

— An ((t —x)3;7‘;1‘) —+ (1 —|—gj)An ((t—l')Q;T‘;x) ’

which by (2) and (3) and 2 Lemma yields (13) for p = 1.
Let p > 2. By applying (10), we get

wp(z) Ay (F(t — )% 2) = wy(x) {Ap (725 2) — 224, (T r2) +

2 1)+ = Apt2,j
P. . — _ >
+a” Ay, (t ,T,l‘)} - wp(:c) (.CL‘ + n> = (nx + 1)(j71)r +
1 p+1 p+1 \ .
-9 - p+1,7
xT (l‘ + n> ]Z; (’I’lf + 1)(jfl)r
1\? A
2 1 P.J _
e (I + n> Z (nz + 1)U-br
7j=1
N\ | 1 1\2E2 Ay
= wp(x) <$ + E) — + (13 + E) - (nz + 1)(3—1)1“

N P Ay
B 1 p+1,j 2 D.j
2z <$ + n> Z (nz +1)U-1r T JZ: (nz +1)-1r

which implies

1 (1+a2)P 1
= 14 = Aoro s
n2 1+ aP * (nx +1)r—2 jz_; vh2g F

wy(z) Ay (tP(t — z)% z) <
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p+1 p

M3 (p7 T)
+ Z Ap+1,5 + Z Ap,j = n2
7j=2 Jj=2
for x € Ry, n € N and r € Rs. Thus the proof is completed.

Now we shall give approximation theorems for A,.

6 Theorem. Let p € Ny and r € Rg be fized numbers. Then there exists a
positive constant My = My(p,r) such that for every f € C’; we have

My
n

1An(f575) = FOlly < — 1 lpy neN. (14)

PRrROOF. Let x € Ry be a fixed point. Then for f € Cp} we have

f(t) — fla) = / f(u)du,  te R

From this and by (8) and (9) we get

A (f(t);32) — F(2) = Ay ( ; £ (w)dus x) onen

But by (2) and (3) we have

! / / 1 1
[ rand <1 (o + o )1t te R

which implies

wp(x)[An(fi752) — f(2)] < (15)

<INy {An (|t — z|;m;2) + wp(2) Ay (%;r;m) }

for n € N. By the Hélder inequality and by (9) and 2, 4, 5 Lemmas it follows

that
An (t = aliri2) < {An ((t = 2)%752) An (520} 7 < @

wp()An (;p;(;';r;a < :

for n € N. From this and by (15) we immediately obtain (14). QED
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7 Theorem. Let p € Ny and r € Ry be fixed numbers. Then there exists
Mg = Mg(p,r) such that for every f € Cp and n € N we have

I4n(7575) = 1Oy < M (652 ). (16

Proor. We use Steklov function f, of f € C),

1 h
ful(@) = E/ fle+t)dt, zeRy h>0. (17)
0
From (17) we get
1 h
fula) = 1) = 3 [ Aus(@yi

file) =y Bnf(e), v € Ry, h>0,
which imply
1fn = Flly < w1 (f; Cpih), (18)
1 f7llp < h7lw (f; Cpih), (19)

for h > 0. From this we deduce that f, € C; if f € C,and h > 0.
Hence we can write

wp ()| An(f;2) = f ()] < wp(@) {|An (f = fa; 2)| +

+ | An (fas 2) = fr(@)| + [fa(@) = f(@)[} := Li(z) + La(z) + L(z),
for n € N, h > 0 and = € Ry. From (12) and (18) we get

[ L1llp < Ma||fo — fllp < Maws (f;Cpih),

[L3llp < w1 (f; Cps h).-
By 6 Theorem and (19) it follows that

My My
”L2||p < 7||f}/z“p < n—hwl (f?CPE h).

Consequently
My
1A (f3rs) = fOllp = {14 M2+ =~ ) wi(f3 Cpi ).
Now, for fixed n € N, setting h = %, we obtain

I40(7575) = Ol < Moo rhon (£:G3i )

and we complete the proof. QED
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From 6 Theorem and 7 Theorem we derive the following two corollaries:

8 Corollary. For every fized r € Ry and f € Cp,, p € No, we have
Jim [[An(f;75) = fO)llp = O-
9 Corollary. If f € C’;, p € Ny and r € Ra, then

[An(f575-) = FO)llp = O(1/n).

Finally, we shall give the Voronovskaya type theorem for A,,.
10 Theorem. Let f € C; and let v € Ry be fixed number. Then,

Tim 0 {4, (f5ri2) - f(@)} = (@) (20)

for every x € Ry.
PrOOF. Let z € Ry be a fixed point. Then by the Taylor formula we have

ft) = f(@) + fl@)(t —2) +e(t;2)(t — o)
for t € Ry, where €(t) = ¢(t;x) is a function belonging to C), and e(x) = 0.
Hence by (8) and (9) we get
An(fimiz) = f(z)+ f(2)An(t—z;r;2) + Ap(e(t) (t— )5 73 ), n e N, (21)

and by Holder inequality

An(e()(t — 2); 75 2)| < {An (2(1);2) }? { A, ((t— 2)%2) }2.
By 8 Corollary we deduce that

lim A, (£2(t);r;2) = &*(z) = 0.

n—oo

From this and by 2 Lemma we get

lim nA,(e(t)(t —x);r;z) = 0. (22)

n—oo
Using (22) and 2 Lemma to (21), we obtain the desired assertion (20). QED
11 Remark. It is easily verified that the operators

o0

. yr (k+147)/(n(nz+1)""1)
An(firx) = e (o) Z ”x“ n(nz+1)""1 / Ft)dt,
k=0 (k+r)/(n(nz+1)r=1)

p € Nog, x € Ry, n € N and r € Ry, have analogous approximation properties
in the space Cp.
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12 Remark. In [1] it was proved that if f € C), p € Ny, then for the Szasz-
Mirakyan operators S, (defined by (1)) is satisfied the following inequality

UMMWAﬁ@—f@NSMw@Qw%VE>, v Ry ne N,

where Mg = const. > 0 and wa (f;-) is the modulus of smoothness defined by
the formula

wa(f; Cpst) := sup [|ALF()]lps t € Ry,
0<h<t

where A f(x) := f(z) —2f(z+h) + f(z+2h). In particular, if f € C}, p € Ny,
then

wﬂmSAﬁm—f@MSMm¢§

for z € Rg and n € N (Myy = const. > 0).

7 Theorem and 10 Theorem and 9 Corollary in our paper show that operators
Apn, n € N, give better degree of approximation of functions f € C), and f € C;
than .5,.
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