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1 An index of convergence for double sequences

In this paper we consider a general index of convergence for multiple sequences of real
numbers. This index turns out to be useful in the description of non converging sequences and
in some cases it can give complete information of the behavior of these sequences. This is the
case for example of some phenomena in interpolation theory where we have at our disposal
some results on the failure of the convergence at points of discontinuity of the function but
a complete behavior has not yet obtained. In particular we shall concentrate ourselves on
double sequences of real numbers and on the Lagrange and Shepard operators in the bivariate
case, where we shall be able to furnish complete description on their behavior at points of
discontinuity of the first kind of a function in terms of the index of convergence.
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We start with the definition of the index of convergence for multi-indexed sequences of
real numbers, which generalizes in a natural way that of index of convergence for a sequence
of real numbers given in [2].

In general, if K C N™, m > 1, the lower density and, respectively, the upper density of K
can be defined by

m m
0_(K) := liminf [K{L...,n )" ,  04(K) :=limsup [KO{L,...,n}" .

n—+oo nm n—s+4oo nm

In the case where 0_(K) = §4(K) the density of K is defined as follows

The equalities 0—(K) = 1 — 04(K°) and d4+(K) = 1 — §_(K°) remain true and can be
shown as in [2].

It follows the definition of index of convergence.

Definition 1. Let (n;,....nm )ny,...,nm>1 be a multi-indexed sequence of real numbers. If
L € R, the index of convergence of the sequence (Tny,... nm)ni1,...,nm>1 to L is defined by

i (Tny,omm; L) =1 —=supds+({ (n1,...,nm) EN" | 2y, n, €]JL —e,L+¢[ }).

e>0

Moreover, we also set
i (Tnynm s +00) =1 — sup 04 ({ (N1, ,mm) €EN™ [ @0y in,, E]M, +00[}),
MER
@i =00) = 1= 5up B ({ (01,0 1) € N [0y ] = 00, M}).
€

Finally, we can also define the index of convergence of (Tn,,....nm)ny
R as follows

.....

W(ZTny,..onm, A) =1 — sg{gtﬁ({ (n1,...,nm) € N | a2,
€

where Be :=| —¢,e[™.

In the case m = 1 we obtain exactly the index of convergence considered in [2]. Since all
results can be easily extended from double sequences to multi-indexed sequences, for the sake
of simplicity in the sequel we shall consider only the case m = 2 of double sequences of real
numbers.

Remark 1. If necessary, we shall use the following explicit expressions of the index of
convergence of a double sequence (Zn,m)n>1

(Tnm; L) =1— 31;%) o4 ({ (n,m) € N? | Tnm €L —e, L + 6[})

=1+ inf (<04 ({ (n,m) €N’ | 2o €JL — &, L +2[}))

_Eir>1g (1-04 ({(n,m) € N? | zpm ¢]L — e, L +¢[}))

— ] 2 —
= info- ({(n,m) EN" | znm €|L —e, L+¢[}),

and if A C R

i(@n,m, A) = inf 5 ({ (n,m) € N? | Zpm € A+ B: }).
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Example 1. As a simple example, we can take z, m, := cosnmw/2 cosmn /2. It is easy to
recognize that
3 1
UTn,m;0) = =, UTnm;l) = 2, UBnm;—1) = 2.
(Enmi0) = 2, i(@nmi 1) = g, iwnmi—1) = g
In the next proposition we point out some relations between the index of convergence and
the density of a suitable converging subsequences.

Proposition 1. Let (Zn,m)n,m>1 be a double sequence of real numbers and o €]0,1]. Then
(Tn,m, L) > o if and only if there exists a subsequence (xk(nym)) converging to L such
that

n,m>1

~({k(n,m) | n,meN}) >o.
PROOF. =») For every k > 1, we consider the set M, = {(n,m) € N° | |zn,m — L| <
1/k}. From Remark 1, for every k € N there exists 7y, such that

’Ml/km{17277.]}2| 1
7 =77 %

whenever j > ;. At this point we define recursively the sequence (vi)r>1 by setting 11 = i
and v, = max{ Jg,vk—1 + 1 }. We have

‘Ml/kﬂ{17277.7}2‘ >
7 =

— % for all j > vy. (1)

Consider the set of integers

K= U (Ml/kﬂ{l,Q,...7l/k+1}2)
k>1

and the subsequence { zn,m | (n,m) € K }.

For every € > 0, let £ € N such that 1/¢ < e. Then for every (n,m) € K satisfying
n,m > vy we have (n,m) € U, (Ml/k N{1,2,...,Vkt1 }2) and hence |Zn,m — L| < % <e.
This shows that the subsequence { zn,m | (n,m) € K } converges to L.

On the other hand, for every j > v, there exists £ > ¢ such that vy < j < v, and thanks
to (1) we have

IKN{1,2,...,5}% ‘Ml/zﬂ{1,2,-..,z/g+1}20{1,2,...,]'}2

J? - J?
‘Ml/zﬂ{17277.7}2 1 1
= - >0—=20——-2>0—¢
J? 1 1
that is )
Kn{l,2,...,5
liminfl { ’,2’ 1] > 0.
n—oo ]

<) We suppose that there exists a subsequence (Zj(n,m))n>1 converging to L such that

~ ({k(n,m) | n,m € N}) > 0. For every ¢ > 0 there exists v. € N such that |zy(,m) —L| <€
whenever n, m > v.. Hence

5—-({(n,m) € N2 | |Znm — Ll <e})>d-

=4_

o_

and therefore, from Remark 1, we obtain i(zn,m, L) > o. QED
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Proposition 2. Let (Tn,m)n,m>1 be a double sequence of real numbers and (A;);>1 a
sequence of subsets of R such that Ay N A; =0 for all k # j. Then

—+o0
0< Y i(@nm, Ar) < 1.
k=1

In particular, if (Li)r>1 s a sequence of distinct elements of [—00, 00| such that, for every
m>1

U(Tn,m; L) = a,

for some ai > 0, then

+oo
0<) o<1,
k=1

PROOF. Let N > 1; since Ay, N A; = () whenever k # j, we can choose ¢ such that
(Ak —+ Ba) n (A] + BE) =0

forall k,j=1,...,N, k # j.
Now consider the set

M* = {(n,m) € N? | 2pm € Ax + B. }

and observe that Mék) N Mg(j) = () whenever k,j = 1,..., N, k # j. Then we can conclude that

N N
0<> i(@nm, Ax) <Y 6 ({(n,m) €N’ | 2 € Ay + B. })
k=1 k=1
N (k) (k)
N M A, 0y IME) A {1, )2
=2 liminf w < lim fnf Z m

‘UkN,l MP {1,

2 N
— Tim S - _ (k)
_hnnilonof 2 =0_ (UME )§1

k=1

Remark 2. Observe that if in the preceding proposition we have Z;:“i ay = 1, then every
subsequence (a:k(n m))n m>1 of (Zn,m)n,m>1 which converges to a limit L different from each
Ly, k > 1, necessarily satisfies d_({ k(n,m) | n,m € N}) = 0 and therefore i(zn,m; L) = 0.

Indeed7 if a subsequence (xk(n,m))n,,,pl of (Tn,m)n,m>1 exists such that é_({ k(n,m) |
n,m € N}) = a > 0, then by Proposition 1 we get i(n,m, L) > « and therefore

oo
iEnm, +Z7/-T'nm7 >Oé+ZOék>1
k=1 k=1

which contradicts Proposition 2.

Proposition 3. Let (Tn,m), ,,>; be a double sequence of real numbers and (yn),>, a
sequence of real numbers. If there exists a subsequence (k(m))m>1 such that lim,, e Tn, g(m) =
yn uniformly with respect to n and if §{ k(m) | m € N} = « then

i(Tn,m; A) > ai(yn; A)

for every A subset of R.
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PROOF. Let us consider K1, K5 C N; since
5-({(i,4) €N | (i,j) € K1 x K2}) = 6-({(1,5) € N’ | i € K1,j € K2 })
1{(i,j) e N*[i € K1,j € Ko} n{l,...,n}?|

= lim inf >

n— oo n
:liminf|{ieN|ieK1}m{1,...,n}||{jeN|jeKz}m{1,...,n}|

n— oo n n
thinf|{ZEN|2€K1}O{1,...,7L}|hminf|{j€N|j€K2}ﬂ{1,...,n}|

n— oo n n—00 n

=6_({ieN|ieKi})0_-({jeN|jeK2}),

we have

6,(K1 X KQ) 2 6,(K1)5,(K2) (2)

For every ¢ > 0 there exists n € N such that |2, y(m) — yn| < € whenever m > n and n € N.
Then

{(n,k(m)) eN* |m >n,yn € A+ B:} C{(n,m) €N [z € A+ Bac }
and consequently
5 ({(nm) €N [ 2o € At Bac}) 25 ({(nk(m)) € N* | m >y, € A+ B.})

>0-{neN|y, € A+ B })o-({k(m) | m>n})
=ad_({neN|y, € A+ B:}) > ai(yn; A).

Taking the infimum with respect to € we obtain the desired result.

Proposition 4. Let (zn)n>1 and (yn)n>1 sequences of real numbers, let f : [0,1] —
[0,1] and g : [0,1] — [0,1] be injective differentiable functions with differentiable inverses. If
i(xn; A) = | fHA)| and i(yn; A) = |g~*(A)| for every Peano-Jordan measurable set A C [0, 1],
then

i(@nym, A) = |G (A)],
where G(z,y) = g(z)f(y)-

PrROOF. Firstly we prove that i(zn;I) = 6({n € N | z,, € I'}) for every interval I C R.
Notice that for every interval [a,b] C R and for all € > 0

dI_({neN|z, €la—e,b+e[}) >d_({neN|z, €a,b]})
and then, taking the infimum over € > 0,
(3 [a,b]) > 6_({n € N|z, € [0,8]}). (3)
On the other hand, for every § > 0 we have that
If " ([a+8,b—9])] =infd ({neN|an€latds—cb-d+e})
<d_({neN|z, €la,b]}).

Since f~! is continuous, the function & + |f~!([a + 6,b — 4])| is continuous at 0 and taking
the limit as 6 — 0 we have

(@ni [0,8]) = 17~ ([ B)] < 6 ({n € N|zn € [a,8]}),
which jointly with (3) yields
(xn;I)=6-{neN|a,€1})
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for every interval I. Finally we have

+({neN|z,€l})=1-0-({neN|a, €I°}) =1—|f (I
=l Dl=6-({neN|aa €1}),

SO
i(@a; 1) = |f M (DI =6({neN |z, € 1}).
Let I, J be real intervals, we have
6({(n,m) eN[(zn,ym) €I x J}) =0({neN|z, € I})6({meN|ym € J}),
indeed

8({(i,5) € N* | (zs,y5) € I x J}) = 6({ (i,5) € N* | zs € Ly; € J })

{6 eNmiely; € J3n{l,...,n}’

= lim 3
n—oo n

— lim HieN|z;eI}n{l,....n}{jeN|y; €JJ}n{l,...,n}
n—oo n n

- lim HieN|z,eI}n{l,...,n} lim {jeN|y;eJ}n{l,...,n}
n—o0 n n— 00 n

=6({ieN|z; €I})0({jeN]|y; € J}).
Then we have

8 ({(n,m) € N* | (wn,ym) € I x J}) = |fH(Dllg™ (DI =1(fr9)" U x I)];

moreover, thank to the linearity of the limit, if Q is a pluri-interval of R? we have

g ({ (nvm) € N? | (xnvym) € Q}) :‘ (f?g)_l(Q) | .

Now let A be a Peano-Jordan measurable subset of [0, 1}2 and fix € > 0. Since F := (f,g)~'
is a diffeomorphism from [0, 1]? into [0, 1]2, the subset F'(A) is measurable and therefore there
exist pluri-intervals Y1, Y2 such that Y1 C F(A) C Y2 and |Y2| — [Yi| <& Let Q1 = F~'(v1)
and Ys = Ffl(Qg); these set are pluri-intervals and Q1 C A C Q2. We have

5 ({(n,m) € N* | (2n,ym) € Q1 }) < ({(n,m) € N* | (wn,ym) € A})
< 6({(77':771) enN? | (Tn,ym) € QQ})7

from which
Vil = IF(@)] <6 ({ (n.m) €N | (w,ym) € A}) < |F(Q2)] = |Yal.

On the other hand ~
V1| < [F(A)] < |Ye

and therefore
8 ({(n,m) € N | (@aym) € A}) = | F(A) || < Y2 | = | Vi |<e

and we get

6 ({(n,m) € N | (@, ym) € A}) = [F(A)].
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Finally we consider a Peano-Jordan measurable set A C [0, 1] and the function P : R* — R,
P(z,y) = zy. We have

{(n,m) e N’ | zpym € A} ={(n,m) € N* | P(zn,ym) € A}
{(n,m) € N*| (xn,ym) € P (A)}

and hence
5({ (n,m) € N? | &pym € A}) =6 ({(n,m) € N’ | (2n,ym) € P71 (A)})
=[(f,9) ' PTHA) = (- 9) 7 (A)]

where (f - g)(z,y) = G(z,y) = f(x)g(y). Therefore for every Peano-Jordan measurable set
A C [0,1] we have

(@nym; A) = i0f 6({ (1) € N*| cuym € A+ B2 }) = inf |G (A + B2)|
> |G (A)): (4)

To prove the converse inequality, we argue by contradiction and suppose that i(aznym;Al>
|G1(A)|. So there exists § > 0 such that i(znym;A) = |G7'(A + Bs)|. Notice that A N
(A+ Bsj2)¢ =0 and, by Proposition 2, we get

WTnYm; A) + 1(Tnym; (A+ Bs2)) < 1.
Since G~'([0,1]%) C [0, 1], by (4) we have
|GTHA+ Bs)| <1—|GTH((A+ Bsy2))| = |G (A + Bs2)|.

This leads to a contradiction since the map § > 0 — |G~*(A + Bs)| is monotone increasing.
Then our claim is achieved.

Example 2. As a further example, let o,y € [0, 1) be irrational, 3,0 € [0,1) and consider
Tnm 2= (na+ 8 — [nov+ B)(rmy + 5 — [y +8])

where [z] denotes the integer part of x.
We already know that (see [2, Example 1.4)-ii)])

i(na+ B —[na+ Bl A) = [A]

for every Peano-Jordan measurable set A C [0, 1], where || denotes the Peano-Jordan measure.
Now, applying Proposition 4 with the identity function in place of f and g, we get

i(Tnm; A) =6 ({ (n,m) EN? |znm € A}) = |G (A)

for every Peano-Jordan measurable set A C [0, 1], where G(z,y) = zy.

2 Bivariate Lagrange operators on discontinuous
functions

We begin by considering the univariate Lagrange operators (L,)n>1 at the Chebyshev
nodes of second type, which are defined by

Lof(@) = o s(@)f(@n),
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where f is a suitable function from [—1,1] to R,

T,k = COS O 1, Onr = bis k=1,...,n,

)

are the Chebyshev nodes of second type and

b o) = T 2Bt

i£k Tn,k — Tn,i
are the corresponding fundamental polynomials.

Setting « = cos 6, with 6 € [0, 7], the polynomials ¢,, ; can be rewritten as follows

(—1)* sin((n — 1)0) sin 6
(n—=1)(1 + k1 + Ok,n) cosO — cosbn i

Ly k(cos) =

where §; ; denotes the Kronecker symbol, that is
{0 if i £ 7,
bij = e
1 ifi=yj.

Our first aim is to study the behavior of the sequence of Lagrange operators for a particular
class of functions having a finite number of points of discontinuity of the first kind. This will
simplify the subsequent discussion on the bivariate case.

We consider the function hgg,q : [—1,1] — R defined by

0, T < xo,
hzo»d(x) = d, T = To, T e [_171]7 (5)
1, T > xo,

where d is a fixed real number.
We also need to define the function g :]0, 1[— R by setting

sin (7x)

g(x) =

where J(s,a) denotes the Lerch zeta function

J(1,2), ifze€)o,1], (6)

™

+oo n
J(s,a) := Z %, a €]0,1], R[s] > 0.

n=0

The following result describes the behavior of Lagrange operators at the point ¢ in terms
of the index of convergence defined in [2] and corresponding to the case m = 1 in Definition 1.

Theorem 1. Let zo = cosfy €] — 1,1[ and consider the functions h := hgy.q defined
by (5). Then, the sequence of functions (Lnh),~, converges uniformly to h on every compact
subsets of [-1,1] \ {0 }-

As regards the behaviour of the sequence (Lnh(xo))n>1 we have the following cases.

i) If%(’ = % with p,q € N, ¢ # 0 and GCD(p,q) =1, then

1 m 1
i (Lnh(zo);d) = —, i | Lnh(xo); — =—, m=1,...,q—1.
(Lataoyid) =% i (Lontaogia (2)) =3 g

i) If 070 is trrational and if A C R is a Peano-Jordan measurable set, then
i (Luh(zo); A) = g~ (A)],

where | - | denotes the Peano-Jordan measure.
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PROOF. Let a = cos6, € [—1,x0[ and = cos 6 € [—1, al; for sufficiently large n > 1 there
exists ko such that 0 < 0, 1y < 0o < On ko+1 < 01 <0 < 7 and therefore

0 < cosBy — cos b1 < cos by K, — cosb.

. We have Lyh(cos8) = 3K " 4, 1 (cos ) + dln ky(cos0) if 0,5, = 0o, and Ly, h(cos8) =
300 i (cos ) if Ok, < Bo; hence

Lyh(cos0)
o —1)F sin((n — 1)0) sin 0
-2 (n— 1()(?4- Ok.1) C(Eié? - (1:()>s)9n,k +(d=1)xgo, 4, } (00)bn ko (cos )

k=1

_ sin((n — 1)) sin6 i (—1)*= sin((n — 1)) sin 6
" 2(n—1)(cosf — 1) i~ n—1 cosOpy —cosf

+ (d — 1)X{9n,ko}(00)£"’k0 (COS 9).

The function ¢ — ——2—— is positive and monotone increasing on the interval [0, §[; since
0 <Ok <Opr+1 <0 forevery 1 <k < ko, we have

|Lnh(x)| = [Ln(h)(cos 0)|

< 1 sin((n — 1)0) sin 6 1
~ 2(n—1)(1 —cosb) n—1 cos Oy, — cosf
sin((n — 1)6) sin 6 1
+ld—1] -1 cos O, ko, — cos
1 14]d—1| 1
= 2(n—1)(1 —cosb) n—1 cosfy—cosbr’

It follows that (L,h),~, converges uniformly to h in [—1,a].
Now let b = cosfs €|zo, 1] and z = cos0 € [b, 1]. For sufficiently large n > 1 there exists
ko such that 0 <0 <03 < 8,1, <00 < On,ky+1 < 21 and consequently

0 < cosfz — cosBy < cos — cosbOp ky+1-

Then

n ko
[1=Loh(@)] = [1 = Lah(cos 0)] = | Lo k(cos0) — > £ k(cos 0)h(cos O, )
k=1 k=1

_ ‘ (=)™ sin((n —1)0) sin @
2(n —1) cosf+1

n —1)* sin((n — in
N Z Eﬁbl)1 sin(( 1)0) sin 6 _(d_1)X{0nw0}(90)£n7k0(cos9)

cosf — cos 6
k=ko+1 nk

< 1 |: 1 1 +ld—1] 1 :|
“n—1[2(cosf+1) cos O — cos O ky+1 cos @ — cos On i,
- 1 1+ |d—1| 1

= 2(n—1)(cosfs + 1) n—1 cosfs —cosby’

since the function ¢ — _——5=—— is positive and monotone decreasing in 10, 7] and 6 < 0, k-1 <
On,x < m for every ko +1 < k < n. So (Lnh), -, converges uniformly to h also in [b, 1].
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Now, we study the behavior of (Lnh(zo))n>1.

We identify xo = cos by, 0o € [0, 7]. For sufficiently large n > 1 there exists ko such that

n—1
On,ky < 0o < O ky+1. Let us denote o, = —(

have that 0 < 0, < 1; then
n—1= 2 (on +ko— 1)
0o

and moreover
n—1

ko—1< Oo < ko,

that is kg — 1 = ["7*100} and

-1 -1
on =" 0o — |:n 90] .
T T
If z¢ is a Chebyshev node, that is 8y = 6, 1, and o, = 0, then

Lyh(cosby) =d.

If zo is not a Chebyshev node we have 6, 1, < 6o, 0 < 0, < 1 and

ko
Lnh(cosbo) = Z U k(cos ).
k=1

Let us consider the case where o is not a Chebyshev node and observe that

sin((n — 1)60) = (—=1)* "' sin((n — 1)6p — (ko — 1)7)

= (=¥ 'sin (7r ("; L0 — (ko — 1)))

= (=) sin(no,).

Then we can rewrite L,h(xo) in the following way
ko —k . .
(-1) sin((n — 1)) sin Oy
L.h =
(o) Z (n—=1)(1+ k1) cosby—cosby i

k=1

sin((n — 1)) sin Oy n f: (=1)7* sin((n — 1)) sin fo
2(n —1)(cosfy — 1) (n—1) cosby —cosby, i

ko—1

6o — Gn,ko). From ky?%llﬂ < By <

sin((n — 1)0p)sinfy  sin(mo,) < m sin 0

2(n —1)(cosfp — 1) n—1 7;::0(71) ;
. y y ko=l , \m

_sin((n — 1)) sin Oo n sin(wop) Z (-1)

" 2(n —1)(cosfp — 1) ™ = ontm

+sm(7r%)"§:1(_1)m{ sin 0o  n-1 ]

n—1 €080 kg—m —cosby  m(on +m)

_sin((n — 1)) sin o n sin(wop) koz_:l (—1)™
" 2(n —1)(cosfp — 1) T on+m

m=0
. ko .
sin(mon) m sin 6o 1
SO ) 1 _
+ n—1 Z (=1) Los On,kg—m —cosbo B0 — Op ky—m

€08 O, kyg—m — cos 6o

|

m™ We
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where
00— 0 g R i+ - = - (o4 m)
0 n,kg—m — V0 n—1 — Vo n,ko n—1 _Tl*l n .
If we consider the function
sin90 1
= — 0,6,
900 () cosx —cosbly Oy —z’ @ € (0,60,

we can write

. . . ko—1 m
:sm((n —1)6) sin 6y + sin(mor,) Z (-1)

Lnh 10
(wo) 2(n —1)(cosfy — 1) ™ — ont+m (10)
sin( ) ot
TOon
Z (_1)mg00 (Qn,ko*m)'
n—1
m=0
The function gy, is monotone decreasing and bounded since gg, (0) = 1iicnozoeo — % and

. 1
lim gg,(z) = 5 cot (o).

z—0,

For all n > 1 and o € [0, 1], consider the function f, : [0, 1[— R defined by setting

sin((n — 1)f) sinfy |, sin(mo) ’“‘f (-1)™

2(n —1)(cosfp — 1) T Ao+ m
fulo) == sin(ro) "
) S ) g Oy ), i €01,
m=0
d, if o =0;

taking into account (8), (9) and (10) we have L,h(cosfp) = fn(on).
For all o €]0,1]

|fn(o) = g(0)|
sin(ro) -~ (=)™ 1 sin(mo) (1
Bl & mgko o+m - 2(n —1)(1 — cosfo) T n—1 (%'*‘ \990(971,1%)\)
sin(mo) | (~1)™ 1 sin(mo) (1
ST r otk 2m -1 —cosho) T m—1 (g + 1960 (9n,ko)l>

1 1 1
- il 0, :
ko + n—1 <00 + 1960 ( ,ko)|>

the right-hand side is independent of o €]0, 1] and it converges to 0 as n — co since

IN

. . 1
lim go, (On,ko) = lim go,(x) = = cot(bp) < 0.
n—o0 1%907 2

Then we can conclude that the sequence (fn)n>1 converges uniformly on [0, 1] to the function
g :[0,1[— R defined as follows

o= {40 L
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Now, we will construct ¢ subsequences (Lkm(n)h(xo))n>1, m=0,...,q=1,0f (Lph(z0))n>1
with density % such that

lim Ly, myh(zo) =g <E> forallm=0,...,q—1.
n— oo q

Fix m = 0,...,q — 1; since GCD(p,q) = 1 we can set kn(n) := | + ng + 1, where
1€{0,...,g—1} is such that I[p = m mod g, that is there exists s € Z such that Ip = sqg+m.
So, consider (Lkm(n>h(a:o))n>l and observe that forallm = 0,...,¢g—1, we have 6({ km (n) |

neN}) = %. It follows, for all n > 1

Oy = (ki (n) = 1)¥ — {(km(n) - 1)9]

q q
= (1 +ng)? - {(an)g} _sgtmtngp [8(1+m+nqp]
q q 7
m m m
=s+np+— — {s—i—np—&——] -
q q q

since s,np € Z, while 0 < % < 1. Then

lim L, (mh(zo) = lm_fu (0k,,m) = lim fn (E) =3 (@) :

Therefore, by [2, Proposition 1.6] we have that for all m =0,...,¢—1

(eors(2) 1

Now, we have ¢ different statistical limits with index %, so by [2, Proposition 1.7] it necessarily

follows
i (th(xo);g (@» .
q q

This completes the proof of part i).

The case where 970 is irrational is similar to the analogous case considered in the proof
of [2, Theorem 2.1 ii)] QED

At this point, we extend Theorem 1 to a larger classes of functions, namely on the space
C+ H where C denotes the space of all f € C([—1,1]) such that f is either monotone on [—1, 1]
or f satisfies the Dini-Lipschitz condition w(f,d) = o(|logd|™*), and H is the linear space
generated by

{hag.a | m0 €] = 1,1], d€R}.

Observe that if f € C + H there exists at most a finite number of points x1,...,zx of
discontinuity with finite left and right limits f(z; — 0) and f(x; +0),i=1,...,N.

Then we can state the following theorem.

Theorem 2. Let f € C+ H with a finite number N of points of discontinuity of the first
kind at x1,...,xn €] — 1,1[. For every i =1,..., N consider 0; €]0, [ such that z; = cosb;,
d; := f(x;) and define the function

gi(x) := f(zi — 0) + (f(zi +0) — f(zi — 0))g(x).
Then, the sequence (L"f)nZI converges uniformly to f on every compact subset of

] - 1,1[\{231,...,1’]\/}.
Moreover for alli=1,..., N the sequence (L f(x;))n>1 has the following behavior
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i) if %= & withp,q €N, ¢ #0 and GCD(p,q) =1, then

™

i (Loh(zs);ds) = 1, i(th(xi);gi (T»:l, m=1,.  .q—1.
q q

i) if % is irrational and if A C R is a Peano-Jordan measurable set, then
i (Lnh(z:); A) = lgi " (A)],
where | - | denotes the Peano-Jordan measure.

PROOF. We assume z1 < --- < xn. We can write f = F + ij:l ckhi, where F' € C and
hi:=h, ;. forevery i =1,...,N.
Since F' is continuous we have

f(mi+0)fickfci:F(wi+0):F(mi*O):f(mz‘*O)*ZCky

from which
ci = f(xi +0) — f(z:i — 0)

and _
F(z:) = f(zi —0) = > ck. (11)
k=1
Moreover
i—1
di = f(x:) = F(z:) + Y cxhe(@s) + cads
k=1
= Pl + S en+ (i 4 0) — f(ai — 0)) d
k=1
= f(&i = 0) + (f(zi +0) — f(z; — 0)) d.
and hence

di = .

f(@i +0) = f(zi — 0)
The first part of our statement is a trivial consequence of the linearity of Lagrange inter-
polation operators. Indeed F' € C and therefore L, F — F uniformly in compact subsets of

] —1,1] (see e.g. [13, Theorem 3.2, p. 24] and [10] in the case in which F' is monotone, while
we refer to [12, Theorem 14.4, p. 335] in the case F' satisfies the Dini-Lipschitz condition);

3 dl — f(:l:'l — 0)

moreover for every k = 1,..., N, by Theorem 1 L,hy — hji converges uniformly to hy on
compact subsets of [—1,1] \ {xx }. Then L, f = L,F + Zi\;l ¢k Lnhy converges uniformly to
f on compact subsets of | — 1, 1[\{ z1,...,zn }.

Now we establish property i). We fix a point z; of discontinuity and following the same
line of the proof of Theorem 1 we construct the subsequences (km(n))n>1, m =0,...,q — 1.
Since

N
L) f(@i) = L, ) F(2:) + Z ek L, (nyhi(x:) + i L, (nyhi(24)
k=1

ki
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and taking into account (11) and that F' € C, from Theorem 1 the right-hand side converges
to

i1
F(z;) + Z crhy(z:) + cigi (%)
k=1

= f(zi — 0) + (f(z: +0) — f(zi — 0)) g (@)

q
m
q
form=0,...,q—1.

Finally, we prove property ii). For every i = 1,..., N we have

N
k=1
ki
For the sake of simplicity let us denote
N
Yn = Lof(@:), 2ni=LoF(x:)+ Y ckLnhi(w:), @n = c;iLnhi(x:)

k=1
ki

(thus yn = zn + =) and

z = F(x;) + ickhk(xi) = f(z: = 0)
k=1

(see (11)).

Since (11) and that F' € C we can apply [13, Theorem 3.2, p. 24| (or [12, Theorem 14.4, p.
335]) and from Theorem 1 we obtain z, — z and moreover i(c; 'zn; A) = |g~*(A)]| for every
bounded Peano-Jordan measurable set A C R. Hence i(z,; A) = |g7*(c; ' A)|, that is

lg™" (¢ A)| = 12%5_({71 EN|z, € A+ B.Y).
Fix € > 0; if x,, € A+ Be, from the equality =, = yn — 2z, We get

Now, let v € N such that |z, — z| < ¢ for all n > v, then for every n > v we have z, — z € B,
and consequently y, € A 4+ Bac + z. Therefore

{nZV|$n€A+Bg}C{nZV\yn€A+Bzg+Z}a
that is
5 ({neN|az, € A+B.}) <5 ({neN|yn€ A+ B +2}). (12)

On the other hand, if y, € A+ Ba. + z, then z,, = y,, — 2, € A+ Bac + z — 2. In this
case for every n > v, we have z — z, € B. and therefore x, € A + Bs.; hence

0-({neN|z, € A+ Bz })>0-{neN|y, € A+ Bac +2}. (13)
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Taking the infimum over € > 0 in (12) and (13) we can conclude that i(zn, A) < i(yn, A+
z) <i(xzn, A) which yields

i(yn, At 2) = i(wn, A) = g~ (¢ A)].

We conclude that i(yn, A) = |g~(c; H(A—2))| = ‘g_l (%) ’ = g7 (A)] for every
Peano-Jordan measurable set A C R. QED

Now, we can consider the bivariate Lagrange interpolation polynomials (Lyn,m)n,m>1 on
the Chebyshev nodes of second kind plus the endpoints 1 defined by

L (f)(@y) = D wni(@)wm; (1) f (@n.i, Ym.s) (14)
i=1 j=1
where f is a suitable function defined on [—1,1]* and

1—1

-1

Tp,; = COS T, t=1,...,n.

Moreover, setting © = cos 6,

(—=1) sin@sin((n — 1)0)
(14051 +0in(n—1) T — Tn,i ’

wn,i(x) =

Consider zo = (z0,y0) €] — 1, 1[x] —1, 1] and define the following function h., : [0,1] x [0,1] —
R,

.7 17 (1‘7 ) € [Io,l} [ 071]’
heo (@) '_{ 0, (x,Z) c [—1,1]Xx g[/—1,1] \ [0, 1] % [50, 1]. (15)

In order to state the convergence properties of the sequence (Ln,mhz,)n>1, we consider the
function G :]0,1[x]0, 1[— R defined by
G(z,y) := g(x)g(y),

where ¢ :]0,1[— R is the function defined in (6).

In the following result we describe the behavior of the bivariate Lagrange polynomials
evaluated at the function h.,, using the index of convergence for double sequences of real
numbers.

Theorem 3. Let zg = (zo, yo) = (cosbo,cosyo) €] —1,1[x]|—1,1[ and h := h, be defined
by (15). Then the sequence (Ly mh)n>1 converges uniformly to h on every compact subset of
(=1, 1) % [~1, 1\ Q, where Q = ([0, 1] X {30 }) U ({0} X [yo, 1]).

As regards the behaviour of the sequence (Lyn,mh(z,y))n,m>1 where (z,y) € Q, we have:

1) if x = x0 and y €]yo, 1], we have to consider the following cases:

i) if 970 =2 withp1,q1 €N, 1 #0, GCD(p1,q1) = 1, then

q1
. mi 1
? L”"mh(wo7y);g = mi = 07 ceeq1r — 17
q1 q1

1) if 070 is irrational, we have
i (Ln,mh(0,y); A) = |9~ (A)]

for every Peano-Jordan measurable set A C R.
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2) If x €]xo,1] and y = yo, we have to consider the following cases:

i) if =22 with pa,q2 €N, g2 # 0, GCD(p2,q2) = 1, then

q2
. mo 1
( (Ln,mh(w,yo);g (*)) =—, m2=0,...,q2 — 1;

q2 q2
ii) if 2 is irrational, we have
i (Lnmh(z,90); A) = |97 (A)]
for every Peano-Jordan measurable set A C R if s > 1.
3) If x = zo and y = yo, we have to consider the following cases:

i) z'f%o =2 gnd © =22 withp;,q; €N, ¢ 20, GCD(ps,q:) =1, 1= 1,2, then

q1 = q2

. 1
7 <Ln,mh(xo,y0);g (m1> g (@)) -
q1 q2 q1492

formi=0,....,¢a — 1 and ma =0,...,q2 — 1;

i) if 970 = % with p1,q1 €N, q1 #0, GCD(p1,q1) =1 and 1° is irrational, then

. ] 1 .
? (Ln,mh(l’(),yo); |:ng (i):|> > ) J= 07' s q1 — 17
q1 qn

1) if 970 is irrational and 22 = Z—j with p2,q2 € N, g2 # 0, GCD(p2, q2) = 1, then

. ] 1 .
Z<L"amh’(x07y0); [Oag(i)}) Z Dl ]:0,,(]2_1,
q2 q2

w) if 970 and 22 are both irrational, then
i (Ln.mh(zo,y0); A) = |G~ (A)]
for every Peano-Jordan measurable set A C R.

PROOF. We define the functions hi, he : [-1,1] — R as follows

[ 0 ift <o, | 0 ift <y,
ha(t) := { 1 ift> o, ha(t) = { 1 if t > yo, (16)
then we can write
h(z,y) = hi(z)ha(y),
and consequently we have
Ly mh(z,y) = Lphi(z) Lha(y). (17)
Moreover, by Theorem 1, it follows that
lim L,h1 = hy uniformly on [—1,1]\ {zo } (18)
n— o0
and
lim Ly he = ho uniformly on [—1,1]\ {yo }. (19)

m— oo
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Let us consider a compact set K C [—1,1] x [—1,1]\ Q; there exist —1 < a1 < zo < az <1
and —1 < b1 < yo < b2 <1 such that

K c[-1,1] x [-1,b1] U [-1,a1] x [-1,1] U [az, 1] X [be,1].
First let us consider (z,y) € [—1,1] x [—1,b1] and write z = cos 6 and y = cos~y; then
L nmh(29)] < |Lnha (@) Emha(y)] (20)
For sufficiently large n,m > 1 there exist ko, o > 1 such that
Tnko+1 < T0 < Tikgs Ym,to+1 < Yo < Ym, o,

then we can observe that

. . ko k
| sin(n — 1)0sin 0| (-1)
L, <
[ Enha(@)] < n—1 kz::l (1 + 0,1)(cos@ — cosbr.k)
| sin(n — 1)0sin 0] |sin(n — 1)0sin 6|
~ 2(n—1)|cos@ —cosbn,1| (n—1)|cos® — cosbp k|
wWn,1(x
= Lot @l 4 (@) (21)

where, in the last inequality, we have used the fact that the following function

1

telom— cosf — cost
is monotone decreasing.
Let us observe that for £k = 1,..., ko we have
e (2)] sin(n — 1)@ sin 6 sin((n —1)(0 — 0nk) + (K — 1)7) sin @
n,k = . N = _
(n —1)(cos@ — cos ) 2(n — 1) sin (6 Zn,k) sin (9+92n,k)
_ sin ((n —1)(6 — 0y,,)) sin 6
2(n — 1) sin (9_2"”“) sin (9+92"”“)
_2sin0 [sin((n—1)(0—0,4))| ! ook
o — _ . (00,4 . (046,
o0 (5 ()
_ 2sin0 [sin (0= 1)(0 — 0i])| =5 St0nk
- 0 (n—1)|0 — 01 Sin“’*in,k sin (9+92n,k)‘
<20 (22)

where the existence of the constant C' > 1 is a consequence of the boundedness of the functions
sina/a on [0,nr] for alln > 1 and a/sin v on [a, b] C [0, 7[; in particular, observe that =2= <1

gfen,k' ‘ 9+0n,k
’

while 2~ > 1 and ‘T 5 # m, since 0 < 0, < m for all k; notice also that (22)

does not depend on the particular choice of k¥ > 1 and it holds for all x € [—1,1]. Then (21)
becomes

|Lnhi(z)] < 3C (23)

and this estimate is uniform with respect to n > 1 and z € [-1,1].
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‘We can conclude that
|Ln,mh(z,y)| < 3C|Lmh2(y)|

where, by (19), the last term converges to 0 as m — co. So we can conclude that

lim Lpnh=h uniformly in [—1,1] X [—1, b1].

n,m— 00

Arguing in a similar way, we can get the uniform convergence of (Lyn mh)n,m>1 to hin [—1,a1]x
[—1,1].
If (z,y) € [az2,1] X [b2, 1], then

|Ln,mh(z,y) — 1| = |Lnhi(z) Limha(y) — 1]
which is uniformly convergent to 0 as n, m — co. Therefore we can conclude that

lim Lpmh=nh uniformly in [a2, 1] X [be, 1].

n,m— o0

We start with the proof of property 1). Let y €]yo, 1]. From equation (17) we have
an’mh(mo7 y) = L’ﬂhl (IO)Lth (y)7

and thank to (19) we have
lim Lpmh(z,yo) = Lnhi(zo).

m—r o0
From (23) we have that L,hi(xo) is bounded, then the previous limit is uniform with respect
n € N. Therefore we can apply Proposition 3 with k(m) = m (and consequently @ = 1) and
Theorem 3 with h replaced by h1, and conclude the proof of 1).
The proof of property 2) is at all similar to that of property 1) interchanging the role of
z and y.
Now we prove 3). From (17) we have

Ln,mh(zo,y0) = Lnhi(zo)Lmh2(yo).

Arguing as in Theorem 3 and taking into account that the value d is set to 1 and g(0) = 1,
we can consider (L”(n)hl(:co))nx, t=0,...,q1—1and <L5j<m)h2(y0))m>1, j=0,...,q2—1,
subsequences respectively of (Lnh1 (20))n>1 and (Lmhz(yo))m>1 with density respectively 1/q
and 1/g2 such that B B

lim Lh(n)hl(l’o):g<i> 5 iZO,---an—l»
n—o0 ! q1
and

lim sz(m)h1(:Co) =g (i) , J=0,...,¢2— 1.

n— oo q2

Therefore we can consider g1g2 subsequences of (Ln,mh(zo,%0)),, m>1s let us say (Lri(n),sj'(m)
h(zo,40)),, u>q Withi=0,...,q1 —1and j =0,...,g2 — 1 such that §({ (ri(n), s;(m))|n,m €

_ 1
N}) = 4, and o
. vt )
lim L, ()5 (m)h(Zo, =G| —,=
n,m—oo0 i(n), J( ) ( 0 yO) (q17q2>
where it =0,...,q1 — 1, 5 =0,...,¢92 — 1. From Propositions 1 and 2 we have the result.

Now, let us prove 3) case ii). Suppose that 970 =B pi, ¢ €N, 1 #0, GCD(p1,q1) =1
and 2 is irrational, from (17) we have

Lymh(z0,y0) = Lnhi(zo) Lmha(yo).
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We can consider (L”(n)hl (:L‘o))
density 1/¢q:1 such that

s 0= 0,00,q0 — 1 subsequences of (Lphi(xo))n>1 with

nlLII;O LTj(n)ymh(ilZo,yo) g (q > L hg(yo) i = 0, ey g1 — 1.

Applying Proposition 3 we have

1 dag) (A
(0,0 4) 2 i daLmha(yo); 2) = (20 (24)
1 1
and
L )
i(Ln,mh(mmyO);A) > —1 (9 <i) Lth(yO);A)
q1 q1
-1
|G M”, i=1,...,q. — 1. (25)
q1

where G;(t) = G (é, t) =g (é) g(t). Since the sum of indices can’t exceed 1 in inequalities
(24) and (25) we have equalities.

The proof of 3) case iii) is at all similar to the previous one interchanging the role of z
and y.

Let us conclude the proof of our theorem, conmdermg the case in which both 9“ and 10
are irrational. In this case, we have i(L, hl(wo), = g7 (A)| and i(Lmha(yo); A) = \g l(A)|
for every A Peano-Jordan measurable set, apply Theorem 4 to the sequences (Lnhi(z))n>1
and to (Lmh2(yo))m>1 and taking into account that L, mh(xo,yo) = Lnhi(zo)Lmh2(yo) the
claim easily follows. QED

3 Bivariate Shepard operators on discontinuous func-
tions

Among all different kinds of bivariate Shepard operators (see e.g. [9]), for the sake of
simplicity we concentrate our attention to the bivariate Shepard operators obtained as tensor
product of univariate Shepard operators

—s

|z — a4 ”° ly — sl
nmexy fxiay': 26
Zzzk o= STy — el ) (26)

=0 7=0

where f is a suitable function defined in [0, 1] x [0,1], s > 1, n, m > 1 and ((z:,y;)), ; is the
matrix (n + 1) x (m + 1) of equispaced nodes in [0,1] x [0, 1] that is
mizzi,izo,...7n, yj::i7j:0...
n m

The aim of this section is the study of their behavior on a particular class of bivariate
functions having suitable discontinuities defined as follows.

Consider zo = (zo,y0) € [0,1] x [0,1] and define the following function h.,q : [0,1] X
[0,1] =R,

_J L (z,y) €[0,20] x [0, 0],
heo.a(z,y) = { 0, otherwise, (27)
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In order to state the convergence properties of the sequence (S, m,shzy,d)n>1, for every s > 1
we consider the function g, : [0, 1[— R defined as follows

(s, t)
, t €]0, 1],
00 = { o0+ 51— D ol
1, t=0,
where ¢ denotes the Hurwitz zeta function:
+oo 1
= —_— 2
(s, a) nz:;) (n+a)* (28)

for all s,a € C such that [s] > 1 and R[a] > 0. The previous series is absolutely convergent
and its sum can be extended to a meromorphic function defined for all s # 1.
We consider also G : [0,1[x[0, 1[— R defined as follow
Gs(@,y) = gs()gs(y)-
We have the following result.

Theorem 4. Let zo = (z0,y0) € [0,1] x [0,1] and h := h.,.a be defined by (27). Then for
every s > 1 the sequence (Sn,m,sh),~, converges uniformly to h on every compact subset of
10,1 x [0, 1]\ Q, where Q := ([0, 0] X {90 }) U ({0 } x [0,50]) -

As regards the behavior of the sequence (Sn,m,sh(Z,y))n,m>1 where (x,y) € Q, we have:

1) if x € [0,z0] and y = yo, we have to consider the following cases:
1) if yo = 5—2 with p2,q2 € N, g2 # 0, GCD(p2, q2) = 1, then
. m 1
i (Sn,m,sh(m,yo);gs (J>) == ma=0,....q020—1

q2
if s > 1; while

. 1 . 1
St ) = i (Swnahlo)i 3) =1 &
q2 2
ifs=1;
it) if yo is irrational, we have
i (Snom,sh(, 90); A) = g2 (A)]

for every Peano-Jordan measurable set A C R if s > 1; while
. 1
2 (Sn,m,sh($7y0)§ 5) =1

if s=1.

2) If x =x0 and y € [0, yo[, we have to consider the following cases:

1) if xo = % with p1,q1 € N, g1 # 0, GCD(p1,q1) = 1, then

1
7 <Sn,m,sh($0,y);gs <@)> = — Mm1 = 0, ceeyq1 — 17

q1
if s > 1; while

ifs=1;
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1) if xo is irrational, we have
i (Snym,sh(zo,y); A) = |95 (A)]
for every Peano-Jordan measurable set A C R if s > 1; while
) (Sn,m,sh(mo,y); %) =1

if s=1.
3) If x = x0 and y = yo, we have to consider the following cases:

1) if xo = % and yo = ’;—; with pi,q; €N, ¢ #0, GCD(pi,q;) =1, i =1,2, then

1
i (Sn,m,sh(w(), yo)a GS (@a @)> = I
q1 g2 q1q2

where m1 =0,...,qg1 —1, me=0,...q20 — 1, if s > 1. While, if s =1,

1 .
g2’

. 1 . 1
i (Sn,m,sh(xo,yo); 5) = i (Sn,m,sh(fﬂmyo); Z) =1-

g’

1) if xo = % with p1,q1 € N, g1 # 0, GCD(p1,q1) = 1 and yo 1is irrational, then

. j 1 ,
Z<5n,m,sh(ﬂf/‘o7yo); {O,g(iﬂ) > —, J=0,...,¢2—1
q1 q1

. 1 1 . 1 1
2 (Sn,m,sh(mmyo) ) =— 1 <Sn,m,sh(x07y0); Z) =1-—

while

) 5 oA
ifs=1;
11) if xo is irrational and yo = % with p2,q2 € N, g2 # 0, GCD(p2,q2) = 1, then

. ] 1 .
1 (Sn,m,sh(anyO); [0,9 <i>:|> 2 ) J = 07 s q2 — 17
q2 q2

. 1
2 (Sn,m,sh(-r()yyo); 5) =

while

1 1 1
—, @ Sn,m,sh Zo, = | = 1- =
. < (0, 0) 4)

if s=1;

w) if o and yo are both irrational, then
i (Sn,m,sh(zo,y0); A) = |G (A)]
for every Peano-Jordan measurable set A C R if s > 1, while
i (Sn,m,sh'(‘r07y0); i) =1

if s=1.
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PRrROOF. We define the functions hi, hs : [0,1] — R as follows

1 ift < o, 1 ift <y,
hl(t)"{o if t > o, hQ(t)"{o if t > yo, (29)

then we can write
h(z,y) = hi(z)h2(y),

and consequently we have
Sn,mh(my y) = Snhi (UC)Smhz(y), (30)

moreover using [2, Theorem 3.1], it follows that

lim Sphi = hq uniformly on [0,1]\ {zo } (31)
n—oo

and
lim Sy he = he uniformly on [0,1]\ {yo }. (32)

Let us consider a compact set K C [0,1] x [0,1]\ Q; there exist 0 < a1 < 2o < a2 < 1 and
O§b1 <yo<b2§13uchthat

K C[0,a1] x [0,b1] U [a2,1] x [0,1] U [0, a2] X [b2, 1].
Firstly, let us consider (z,y) € [0,a1] X [0, b1]; then
|Snmh(2,y) — h(z,y)| = [Sn.mh(z,y) — 1|

which is uniformly convergent to 0 as n,m — oo by (31) and (32). Therefore we can conclude
that
lim Shmh=nh uniformly in [0, a1] x [0, b1].

n,m—00

Let us consider now (z,y) € [a2,1] x [0,1]; for sufficiently large n,m > 1 there exist
ko, €o > 1 such that

k k 1 Y4 Y4 1
ko <2< o+ ’ to <yo < o+ '
n n m m
Notice that
Lo J|—s Lo J|—s
i—0 1Y — m i—0 1Y — m
Sy = Doy = Sioly = 4| )

— < = — — <
Yoy =l T e ly = A i ly = A
and this estimate is independent of y € [0,1] and n > 1. Then

|Sn,mb(z, y)| < [Snha(z)]
where, by (31), the last term converges uniformly to 0 as n — co. So we can conclude that

lim Spmh=~h uniformly in [az, 1] % [0, 1].

n,m— o0

Arguing similarly, exchanging the role between = and y, we get also that

lim S, mh=nh uniformly in [0, as] X [be, 1].
n,m— oo
The proof of the claims 1

)-3) is at all similar to the one of Theorem 3, we have only to
use the decomposition (30) and [

2, Theorem 3.1] in place of Theorem 1.
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In particular, in the case 3)-i), if s = 1, using [2, Theorem 3.1], we can consider two
subsequences (Sk, (n),171(20))n>1 and (Skyn),171(20))n>1 of (Sn,1h1(20))n>1, converging re-
spectively to 1 and %, with density respectively i and 1 — i. Then

im Sk, (n),m,10(x0,y0) = Smha(yo),

n—00

. 1
lim Skg(n),7n,1h(m07y0) = 7Smh2(y0)
n— 00 2

and the previous limits are uniform with respect to m > 1 by (33). So we can apply Proposition
3 and we get
. 1 1. 1 1
i (Sn,m,lh(ﬂﬁo,yo); 5) z <5m,1h2(y0); 5) =0

and
1 1

. 1 At 1
7 <Sn,m,1h(l'0,y0); Z) > (1 — q71> 2 <§Smylh2(y0)’ Z) =1 qT
Finally, the previous inequalities become equalities by Proposition 2.
Arguing similarly the others cases of our claim can be proved. QED
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