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Abstract. In this paper we present some results on [N, p, gk, (1 < k < 2) summability of
orthogonal series.
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1 Introduction

Let »°°7 , an be a given infinite series with its partial sums {s,}. Then, let p denotes the
sequence {pn }. For two given sequences p and g, the convolution (p * q)» is defined by

n n
P*q)n = Z Pmin—-m = Z Pn—m{gm-
m=0 m=0

When (p * ¢)n # 0 for all n, the generalized Norlund transform of the sequence {s,} is the
sequence {t2?} obtained by putting

1 n
t%q = Z Pn—mqmSm.
(P*qn 2=

The infinite series > -, an is absolutely summable (NV,p, q)x of order k, if for k > 1 the series

')

>ont e —

n=0

converges, and we write in brief
oo
> an €N, p,qlk.
n=0
We note that for k = 1, | N, p, ¢ summability is the same as | N, p, ¢| summability introduced
by Tanaka [3].
Let {¢n(z)} be an orthonormal system defined in the interval (a,b). We assume that f(z)
belongs to L*(a,b) and

F@) ~ 3 anpn(a), (1)
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where a, = f; f(@)eon(x)dz, (n=0,1,2,...).
We write (see [4])

Ry := (p* q)n, RgL = Z Prn—mgm
m=j

and
R =0, R® = R,,.

Also we put
P,:=(px*1), = me and Qn:=(1%q)n = qu,
m=0 m=0
Our main purpose of the present paper is to study the | N, p, q|x summability of the orthogonal
series (1), for 1 < k < 2, and to deduce as corollaries all results of Y. Okuyama [4].

Throughout this paper K denotes a positive constant that it may depends only on k, and
be different in different relations.

2 Main Results

We prove the following theorem.
Theorem 2.1 If for 1 < k < 2 the series

- 2-2 S R% RZLA ’ 2 :
AT R ) ol

n=0 Jj=1

converges, then the orthogonal series

Y ann(2)

is summable | N, p, q|r almost everywhere.

Proof. For the generalized Norlund transform ¢%9(z) of the partial sums of the orthogonal
series >0 an¢n(x) we have that

1 n m
tﬁ’q(x) = R Z Pn—mdm Z%"F’j (x)
™ m=0 =0
1 n n
= R Z ajp;(x) Z Pn—mQdm
n < —.
Jj=0 m=j
1 —
=~ R Z Rlajp;(x)
n =0

where > a;jp;(x) are partial sums of order k of the series (1).
As in [4] page 163 one can find that

(R, Rj_
A a) =t (a) ~ 2 (@) = 3 (R R 1) et

Jj=1
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Using the Holder’s inequality and orthogonality to the latter equality, we have that

k

3
/ |At2 (z)|Fda < (b— a)t (/ [t (z tfl’fl(a:)|2dx>

k

Hence, the series

o] b oo n 1 J 2 %
k-1 , k -k k-1 R, R, 2
S [llanrortas < o-w i S| S (B2 ) wr| @

converges by the assumption. According to the Lemma of Beppo-Levi the proof of the theorem
ends. QED

For k =1 in theorem 2.1 we have the following result.
Corollary 2.2 [4] If the series

oo n i j 2 2
n=0 \ j=1 Bn  Rno

converges, then the orthogonal series

D anpn(z)

is summable |N,p, q| almost everywhere.
Let us prove now another two corollaries of the Theorem 2.1.
Corollary 2.3 If for 1 < k < 2 the series

e} 1_% k n P P 2
n Pn 2 n n—j 2
PR N a;
g(PnPnl> {Zp J (pn pn7‘7> | j‘ }

Jj=1

converges, then the orthogonal series

Y angn()
n=0

is summable |N,p|r almost everywhere.

Proof. After some elementary calculations one can show that

R}, sz 1 Pn (&7Pn*j) )
Rn Rn-1 PnPn—l Pn Pn—j Py

for all ¢, = 1, and the proof follows immediately from Theorem 2.1.

Remark 2.4 We note that:
1. If pp, = 1 for all values of n then |N, p|x summability reduces to |C, 1| summability
2. If k=1 and pn = 1/(n+ 1) then |N,p|i is equivalent to |R,logn, 1| summability.
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Corollary 2.5 If for 1 < k < 2 the series

Z(QHQH%Z) {ZQH‘”Q}

=0 j=1

converges, then the orthogonal series

> ann(z)

is summable |N, q|i almost everywhere.

Proof. From the fact that

@ Ri L qnQj—1
R, Rn—1 Qnanl
for all p, = 1, the proof follows immediately from Theorem 2.1. QED

Also, putting £ = 1 in Corollaries 2.3 and 2.5 we obtain
Corollary 2.6 [1] If the series

[e) n 2
Dn Z 2 (Pn Pnfj) 2
S SR (B i) g
n=0 PnPn—l { =1 Pn pn—]
converges, then the orthogonal series

> anpn()
n=0

is summable |N, p| almost everywhere.
Corollary 2.7 [2] If the series

1

a
> g Tt}
converges, then the orthogonal series

3 anpa(a)

n=0

is summable |N, q| almost everywhere.
If we put

[e5s} ; J 2
")y . L 2 (R, Ry, 3
v j%ﬂ;" Ru  Ros ®)
then the following theorem holds true.

Theorem 2.8 Let 1 < k < 2 and {Q(n)} be a positive sequence such that {Q(n)/n}
is a nmon-increasing sequence and the series Y oo, n%(n) converges. Let {pn} and {qn} be
non-negative. If the series > o, |an\2ﬂ%71(n)w(k>(n) converges, then the orthogonal series
Yoo o anpn(x) € N, p, gk almost everywhere, where w® (n) is defined by (3).
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Proof. Applying Holder’s inequality to the inequality (2) we get that

o b
St At ()| de <
n=1 a
- 3
N R 2
<x Y| (F- i)
n=1 j=1
s 1 2_ 1 = R} RZLA 2 2
=K — [nQF T (n) <" - |,
2 (o) S\ R
2=k &
oo 1 oo P n R R]71 )
< K Qk n n
o I Pl of CLr ey
n=1 n=1 Jj=1
j 5
- 2 - 2_1 R}, R,
SK{ZWH Z”Q’“ (n) (Rn_Rn1> }
Jj=1 n=j
o Q(]) k—l (e} 5 RJ R]_l 2
< 2 2222 E[ 2 _
K{Zm( ) N SULY EC
j=1 n=j
o 5
2_q,. )
—K{Damm 1(J)w(k>(9)} :
j=1
which is finite by assumption, and this completes the proof. QED

Finally, as a direct consequence of the theorem 2.8 is the following (k = 1).

Corollary 2.9 [4] Let {Q(n)} be a positive sequence such that {2(n)/n} is a non-increasing
sequence and the seriesy . | ﬁ(n) converges. Let {pn} and {qn} be non-negative. If the series
S0 an P Q(n)w™ (n) converges, then the orthogonal series 300 ann(x) € |N,p, q| almost
everywhere, where w™ (n) is defined by

. 2
1 & Ry R]_
D) (s — 2 ftn  “tn-1
w' () : jzn (Rn Rn—l)

n=j
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