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Irrational sequences of rational numbers
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Abstract. The main result of this paper is a criterion for irrational sequences which consist
of rational numbers for which the corresponding convergent series does not converge very fast.
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1 Introduction

One approach to proving the irrationality of sums of infinite series is due to
Mabhler. A nice survey of this kind of result can be found in the book of Nishioka
[7]. Other methods are described in Badea [1], [2], Sandor [8] and Duverney [3].

In 1975 in [4] Erdés proved the following theorem.

1 Theorem. (Erdds) Let a1 < az < az < --- be an infinite sequence of
integers satisfying
lim sup a}/Qn =00
n—oo
and
an > n'te

for some fized € > 0 and n > ng(e). Then

=1
C)Z:Za

n=1

18 1rrational.

In this paper he also introduced the notion of irrational sequences of positive
integers and proved that the sequence {22"}°° , is irrational. Later in [5] the
author extended this definition of irrational sequences to sequences of positive

real numbers.
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2 Definition. Let {a,}>2; be a sequence of positive real numbers. If for
every sequence {c,}72; of positive integers the sum > 7 -~ is an irrational
number, then the sequence is called irrational. If the sequence is not irrational

then it is called rational.

In this paper he also proved the following theorem.

3 Theorem. Let {r,}>2, be a nondecreasing sequence of positive real num-
bers such that lim,,_,o rn, = 00. Let B be a positive integer, and let {a,}5> ; and
{bn}22, be sequences of positive integers such that

bn+1 < 7’5
and
ap > r,%n
hold for every large n. Then
o0
A=yt
n=1 n

o0

mey 15 irrational.

is irrational. Furthermore the sequence { 3™
n

2 Main results

Theorem 4 deals with a criterion for irrationality of sums of infinite series
and sequences consisting of rational numbers which depends on the speed and
character of the convergence. In particular it does not depend on arithmetical
properties like divisibility.

For notational convenience we define the sequence of iterated logarithm func-
tions by Lo(x) = z and Lj1(z) = logy Lj(z) j =0,1,....

4 Theorem. Let o and € be positive real numbers with 0 < a < €. Suppose
{an}e and {by}22 | are two sequences of positive integers such that {an}>>
is nondecreasing. Assume also that for a positive integer s

L
n

limsup LZ" (ay) > 1, (1)

n—oo

an > ([ Li(n) Li(n). (2)
j=0

and
bn < Lg (an) (3)

for all sufficiently large positive integers n. Then the sequence {‘Z—Z 1 and the

series y 4 Z—" are irrational.
- n
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5 Remark. Theorem 4 does not hold if s = 0. To see this let ag be a positive
integer greater than 1 and for every positive integer n, a, = a%_l —ap—1 + L.

N
Then limsup,,_,, a2’ > 1 and the series a = Y 00 (L = aoal is a rational
- n

number.
6 Example. Let {d,}72, be a sequence of positive integers such that d; =

dn
22" and for every positive integer n, dp4+1 = 22" Let {an}72, be a sequence
of positive integers such that a; = di and for every positive integer n and
k=d,+1,...,dpt1, ap = 922 dn+1 + k. Then the sequences

an [e%] Qn [e’¢) an [e’e)
{———=1= | bz, and {————-}2,

[v/1og, 7] [(2)7] [(logs n)3]

are irrational, where [z] is the greatest integer less than or equal to x, p,, is the
number of primes less than or equal to n, and g, is the number of divisors of
the number n. It follows that for every sequence {c, }5° ; of positive integers the

series
3

s Whomnl S IGT - § 00ma0)7)

anCn anCn

'

n=1 n=1 n=1

are irrational numbers.

Open problem. Let the sequence {d,}°°, be defined as in Example 6. Let
{an}s, be a sequence of positive integers such that a1 = di and for every
positive integer n and k = dp+1,...,dp11, ap = 22dn 92" dns1+k. It is an open
problem to determine if the sequence {an}22  is irrational or not.

3 Proof

PROOF. (of Theorem 4) Let {c,, }72 ; be a sequence of positive integers. Then
the sequences {anc,}o2, and {b,}2° | also satisfy conditions (1)-(3) and there
exists a bijection ¢: N — N such that the sequence {a,(n)Cp(n)}ne1 is nonde-
creasing. From the definition of the bijection ¢ and the fact that the sequences
{an}ply and {ap(n)Com)tne1 are nondecreasing we obtain that a,(,)Cpmn) >
an holds for all n € N. This implies that the sequences {aw(n)cw(n)}zozl and
{bym) tnz1 will satisfy (1)-(3) also. Thus it suffices to prove that the series
B=>, Z—Z is an irrational number, where the sequences {ay }°° ; and {b,}5,
satisfy all the conditions of Theorem 4. Arguing as in Theorem 3 of [6], for every
6 > 0 we find a positive integer n such that

n (e 9]

QL3 24 <6 (1)

o
j=1  j=1"""
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Inequality (1) and the fact that s > 0 (for s = 0 Theorem 4 does not hold)

imply that )
limsup a2" = oc.
n—oo

From this we obtain that for infinitely many n
1

1
3nFl 37
a > max a: .
ntl T G<n

A on+1_
)3n2 1:

Thus s P
2 33 \——F5— 37

a > (max a: 2 > (max a?

ntl (1§j§n J (1§j§n J

()

1 n
Byt T oy,

(20, |
j=1
From (1) we also obtain that there is a real number ¢ > 1 such that for infinitely
many n
1
L" (an) >c> 1. (6)
Now the proof falls into two parts.
1. First assume that
an > 2" (7)

for every sufficiently large n. From (3) we obtain that for every large positive

integer n
L (aj) 5
Loy B

I
J logy an+1<j

) a; . a; .
j=n+1 "7 Jj=n+1 J n<j<logy an+t1
Now we will estimate these summands on the right hand side of inequality (8).

For the first summand. The facts that the function g(x) = L (z)z~! is
decreasing for sufficiently large « and the sequence {a,}5°; is nondecreasing

imply that for every sufficiently large positive integer n
Z L (ay) < LS (an+1) logy Ant1 ()
n<j<logy an+1 4 Ont1
For the second summand. The fact that the function g(z) = L%(x)x1 is
decreasing for sufficiently large « and (7) imply that for every sufficiently large

positive integer n

L2 (a; L2 © _ logg ™t

slog) oy K@D S s
Gp+1

2. TS =5 |
logy an+1<j logy an+1<j

logs an+1<j
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From (8), (9) and (10) we obtain that for every sufficiently large positive
integer n

o0

b L%(a;) L% (ay)
_J < S J S J <
She oy He),oy k)
j=n+1 n<j<log, an+1 logg an+1<J
L (an+1) logy ant1 n logs ™ ant1 < logg ™ (1 (11)
an+1 an+1 o an+1
The inequalities (5) and (11) yield
n o] 2
bt 1 log$™ angy 1
(Haj)z T g e <y
. — An+j An+1
7=1 7j=1
for infinitely many n and (4) follows.
2. Now assume
an < 2" (12)

for infinitely many n. A brief sketch of the proof is following. First we prove that
for some real number K with 1 < K < 2 there exist infinitely many positive
integers ¢ such that a; > 25 H§;11 aj. Then we will estimate > 2, Z’i—:', and
finally we will prove (4) for every positive real number .

Let k be a sufficiently large positive integer satisfying (6). It follows that
Ly(ay) > & = 2(log2)2" (13)

Let ko be the largest positive integer not greater than k& and satisfying (12). Let
t be the least positive integer greater than kg such that

S 1 3

2 27

afy > 1+ t_2) k?i%')ét ai’. (14)

(By the way the factor (1+ t%) can be substitute by (14 %) where 1 < 7.) Such
a number ¢ must exist with ¢ < k, otherwise from (12), (6) and (13) we obtain
that

l<e< L?

k
1 1 1
a? << JJa+ P)a,i(’)“o =D(k).  (15)

1 -
U+ G, I, % = S

From (12) and the definition of the number ky we obtain that a,‘g’go — 1 as
ko — oo with k. This and the fact that the product [[;Z, (1 + j%) is convergent
imply D(k) — 1 as kg — oo with k, a contradiction with (15).
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It follows that for every r = kg, ko +1,...,t —1

1 1

2r+1 2J

a <(l14+ —=) max a? <
r+1 ( 7“2)k0<j§7“ J

Thus ) )
a1 < (D(k))? " = 2es(DR)27 (16)

The fact that the sequence {a,}7° is nondecreasing and the definition of the
number kg imply that for every 7 =1,2,... kg

a; < Ay < Qko.
Hence

ko

2
[T <2%. (17)
j=1

From this and (16) we obtain that

ko t t
[Tai=1]a I @<2% ] (D&)* =
Jj=1 Jj=1 j=ko+1 Jj=ko+1
248 (D (k) Zi=ro+1 2 < o gloma(D(RN2T (18)

On the other hand (14) implies

Gl > (1 n %)Qtﬂ (kgliéjﬂét a;%)Qtﬂ
1 e+t QLJ 9t 1ot—14 .41 1 gt t 2% 27
(1+5)" ((max o) >0+ ]I (max af)”.
j=ko
From this and (17) we obtain that
1 ot+1 i L 27 1 9t+1 ! ul -1
o1 > (4 T (max o> (14 2" ([T o) >
Jj=ko+1 j=1 j=1
1 2t+1 ¢ —k‘2
1+ )" [Tz (19)
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We have i}
[e'e) —1
betj bj bj bj
E — = E — 4+ E — 4 E —.
j=1 ] j=t+1 a; 1 a; I a;

We now estimate the summands on the right hand side of equation (20).
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(20)

For the first summand. The facts that aj, > 2F and kg is the largest positive

integer less than to k and satisfying (12) imply that for every j = ko +1,...,

From this and (11) we obtain
k-1
by < logg+? at+1

it Y Gi+1

k

(21)

For the second summand. Inequality (3) and the fact that the function
g(z) = L%¥(x)x~! is decreasing for sufficiently large x imply that for every k

large enough

b; 1L0‘a _1
Z J<ak S(k)<ak4'
a; Qg

k<i<a}
For the third summand. From (2) we obtain that for k large enough
by, L% a, L¢ L{(n
S by Elo) g BT L)L)
an an (ITj=o Li(n)) L§(n)

1 1 1 Jj=0
a,f <n a,?<n a,f <j

> dz 2
2 1 S €E— = 1 e—a
/ —1 (=0 Li(@) L (@) (¢ — a)LE (a2 — 1) - L7 (ap)

and so (13), (20), (21), (22) and (23) imply that

00 2 2
biri  logsapii 1 _ea logs asi1 1
j=1 t+j t+1 t+1 Ls4 (ak)
2
logs at+1 1
a1 9<5* (logy c)2*

Now we consider two cases.
2a. Let us assume
2t
agy < 2

(22)
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From (24) we obtain

t 00 t (1o 2at t'_ .
<Haj>Z%§ g, L (26)
=1 =1

api1 9% (logy )2k

We will estimate these summands on the right hand side of inequality (26).
For the first summand. Inequality (19) implies

t
(Hj:l a;) log3 at41 < log3 a1
an (AT R

From this and (25) we obtain

2t+1

(H§:1 a;) log% at+1 < log2 as41 log3 2
ag41 T (1+ t%)2t+12_k3 (1+ t%)?tJrlQ—k%

22(t+1)
(L s
This and the fact that

_ 22(t+1)+k(2)710g2(1+%2)2t+1 < 22(t+1)+t27ti32t+1'

1
lim (2(z + 1) + 22 — —32x+1) = —00
T—00 T
imply that

(H;:1 aj) log3 a1 - é (27)
at41 2

For the second summand. From (18) and the fact that ¢ < k we obtain that

15— a; kg 9loga(D(k)2H! okd+log, (D(k))25 1
95 (logye)2k = 952 (logye)2h T 9% (logy ¢)2F
ohf— (7 logy e~2log, (D(K))2" < gh? (3 log, c~2logy(D(K)))2" (28)

If k tends to infinity then D(k) tends to 1. Hence

. 2 (-«
g~

log, ¢ — logy(D(x)))2") = —cx.

From this and (28) we obtain that

(29)
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Inequalities (26), (27) and (29) imply (4).
2b. Let us assume

a1 > 20" (30)
From (24) we obtain
LSy ([Ta)logda  [Tiya
(Ha.)z_ﬂ < U= %) P2 BtdL =% 1)
j=1 ’ j=1 aj Ai+1 9<5% (logy ¢)2F

Now we will estimate these summands on the right hand side of inequality (31).
For the first summand. Inequality (18) and the fact that log3z < 22 for
every sufficiently large z imply

(]_[;:1 a;)log3 ai+1 _ ]_[;:1 o _ 9k 9logy (D(k))2+1
= 1 -~ 1 .

a1 3 3
Ay Aty

From this and (30) we obtain that
(H;:1 a;)log3 aii1 - ki 9loga (D(k))2!+1 - ok 9(loga (D(k)))2!+1

> a% = 22t
t+1

a1

okg+(2logy (D (k))—1)2* < ot? —(1-2logy(D(k)))2* (32)
If k tends to infinity then ¢ tends to infinity and D(k) tends to 1. Hence

lim (2 — (1 — 2(logy(D(k)))2}) = —oc.

k—o0

From this and (32) we obtain that

(H§:1 a;) log% Aty

at41

< g (33)

For the second summand. Inequality (18) and the fact that kg < ¢ < k imply

[Ti—ia; kG0 (D)2 gk®g(loga (D2
27 (logy )2k 957 (logy c)2k - 957" (log, c)2k
2k2+(210g2(D(k))7% logy 0)2’“. (34)

If k tends to infinity then D(k) tends to 1. Hence

lim (22 + (2logy(D(x)) — <2

Tr—00

(logy €))27) = —oc.
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From this and (34) we obtain that
H;:l a; 0
55 (logy 02 2 (35)

Inequalities (31), (33) and (35) imply (4). This completes the proof of Theo-
rem 4.
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