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Abstract. Let {Y;,—co < i < oo} be a doubly infinite sequence of identically distributed
p-mixing random variables, {a;,—co < i < oo} an absolutely summable sequence of real
numbers. In this paper, we prove the complete convergence and Marcinkiewicz-Zygmund strong

law of large numbers for the partial sums of the moving average processes { Y. a;Yiyn,n > 1}.
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Introduction and Main Results.

Let {Y;, —0co < ¢ < 400} be a doubly infinite sequence of identically distributed random
variables and {a;, —00 < i < 400} be an absolutely summable sequence of real numbers. Next,
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let
Xn = Z ai)/;+n7n > 1

1=—00

be the moving average process based on the sequence {Y;, —o0o < i < +00}. As usual, we denote
Sn = r_1 Xk, n > 1, the sequence of partial sums.

Under the assumption that {Y;, —oo < i < +0o0} is a sequence of independent identically
distributed random variables, many limiting results have been obtained for the moving average
process {X,,,n > 1}. For example, Ibragimov [3] established the central limit theorem, Burton
and Dehling [4] obtained a large deviation principle assuming E exp{tY1} < oo for all ¢, and
Li et al. [5] obtained the complete convergence result for {X,,n > 1}.

Certainly, even if {Y;,—co < i < 400} is the sequence of independent identically dis-
tributed random variables, the moving average random variables {X,,n > 1} are dependent.
This kind of dependence is called weak dependence. The partial sums of weakly dependent
random variables {X,,,n > 1} have similar limiting behaviour properties in comparison with
the limiting properties of independent identically distributed random variables.

For example, we could present some the previous results connected with complete conver-
gence. The following was proved in Hsu and Robbins [1].

Theorem A. Suppose {X,,n > 1} is a sequence of independent identically distributed
random variables. If EX1 = 0, E|X1]* < 0o, then Y. P{|Sn| > en} < oo for all e > 0.
n=1

Hsu-Robbins result was extended by Li et al. [5] for moving average processes.

Theorem B. Suppose {X,,n > 1} is the moving average processes based on a sequence
{Yi,—00 < i < oo} of independent identically distributed random wvariables with EY: = 0,

E|Y1|> < 0o. Then Y P{|Sn| > en} < oo for all € > 0.
n=1

Very few results for a moving average process based on a dependent sequence are known.
In this paper, we provide a result on the limiting behavior of a moving average process based
on a p-mixing sequence.

Let {Z;, —00 < i < 0o} be a sequence of random variables defined on a probability space
(Q, F, P) and denote o-algebras

Fu=0(Zin<i<m), —oo<n<m< +oo.

As usual, for a o-algebra F we denote by £2(F) the class of all F-measurable random variables
with the finite second moment.

A sequence of random variables {Z;, —00 < i < oo} is called p-mizing if the maximal
correlation coefficient

p(m) = sup sup
k>1

{ cov(X,Y)
v/ Var(X)Var(Y)

X e L} (FEL),Y e ./:Q(f;mk)} -0

as m — oo.

The following maximal inequality can be found in Shao ([7], Theorem 1.1) and plays a
crucial role in the proof of our main result. As usual, the notation [-] is used for the integer
part function.

Maximal Inequality. Assume that {Z,,n > 1} is a sequence of p-mizing random vari-
ables with EZ, = 0 and E|Z,|? < oo for alln > 1 and some q > 2. Then there is a positive
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constant K = K(q, p(-)) depending only on q and p(-) such that for any n > 1,

k [log ]
19 < q/2 i 2\q/2
ElglggnIZ;Zzl <K [n"?exp K Z; p(2) o | max (E|Zif*)
[log n] )
q/2 1t q
+nexpl K Z; p?7(2") 1rgnkaéan|Zk| .

Recall that a measurable function h is said to be slowly varying if for each A > 0

. h(Az)
AR

We refer to Seneta [6] for other equivalent definitions and for detailed and comprehensive study
of properties of such functions.

Now we can present the main result of the paper.

Theorem 1. Let {Y;,—co < i < oo} be a sequence of identically distributed p-mizing
random variables, and {X,,n > 1} be the moving average process based on the sequence
{V;, —o0 < i < 00}

Let h(x) be a positive slowly varying function and 1 < p < 2,r > 1. Ifrp =1,
additionally assume that 3 52 |ai|® < oo for some 6 € (0,1). If rp < 2 take ¢ = 2, and if

rp > 2 take any q > %;1). Set
[log t

]
o) = 3 072,

Let K = K(q,p()) be the constant defined in the Mazimal Inequality presented above.
If EY:1 =0 and E|Y1|"Ph(|Y1|?) exp{ K&(|Y1|")} < oo then for alle > 0

Z nr72h(n)P{r]£1<aX 1Sk| > en/?} < oo,
n=1 =n

In particular, if EY: = 0 and E|Y1|? exp{K¢(|Y1|P)} < oo, then the following Marcinkiewicz-
Zygmund strong law of large numbers

nYPS, 0, a.s.

holds.
Remark 1. If °°° / p*/7(2") < oo, then

EM"PR(Y1]") exp{K$(IY1[")} < oo and  EYi|""h(IY1]") < o0

are equivalent. Hence the first statement of Theorem extends and generalizes Theorem 3.1 of
Shao [7]. Marcinkiewicz-Zygmund strong law of large number presented in Theorem generalizes
Theorem 5.1 of Fazekas and Klesov [2] and Corollary 3.1 of Shao [7].

By the following Proposition, the function exp{K¢(t)} is a slowly varying function. Hence
the assumption about exp{K¢(t)} in Theorem 5.1 of Fazekas and Klesov [2] is excessive

Proposition 1. Let {b,,n > 0} be a sequence of real number with lim,— . b, = 0 and set
D(t) = Zﬁ‘fot] bn. Then for any constant K > 0 the function exp{ K®(t)} is a slowly varying
function.
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Proofs

Proof of Theorem 1. Note that

i+n

ZXk—Z > avi= Y Yy

k=1i=—c0 i=—00 j=itl
and since > o0 lai] < oo,

i+n

n~V?|E Z ai Y YVI{[y;] <n'/?}

1=—00 Jj=i+1

i+n
nr Z lail Y EIY;I{]Y;] < '/}
1=—00 Jj=i+1
<nlTHP ( > |az|> EY;|H{|y1| > n'/"}

< CE@Y?yP Vil I{|va] > n'/7)
< CEMWPI{|Y1] > n'/P} =0, as n — oco.
Hence for n large enough we have

i+n

n/?| Z ai Y VI{|y;] <n'/P} < e/a.

1=—00 j=i+1

Let Yo; = Y;I{|Y;] < n'/P} — EY;I{|Y;| < n'/?}. Then

Zn’“ *h(n) P{ max || > en'/"}

oo i+k
r=2p 1/p 1/p
SCZn h(n )P{lgl3§| Z a; Z Y;I{|Y;| >n'P}| > en/?/2}
n=1 1=—00 Jj=i+1
%) i+k
r—2 1/p
+CZn h(n P{11;I132(H| Z a; Z Yoi| > en/?/4}
n=1 1=—00 Jj=i+1
=: 1+ J, say.
For I, if rp > 1, by Markov inequality we have
oo 1+k
r—2 -1/p 1/p
ISCZ h(n)n Elrgggn\ z a; Z Y;I{|Y;| > n"'P}|
n=1 - - i=—00 Jj=i+1
< Czn” L=V h(n)E|Y: | I{|Y3] > n'/P}

1

an =P p(n Z EVi|I{m < [Yi|P <m+ 1}

m=n

S BYilIm < Vi <m+1} S 0" k()

m=1 n=1
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<O m TPR(m)EY;|[I{m < [Vi[” < m+ 1}
m=1

S CEM|h(N1]") < CEYVA[A([V1]") exp{ K¢(|Y1]")} < oc.

If rp = 1, by Markov inequality and the same argument as the case rp > 1 we have

oo i+k
< r—2 y 1/p
I1<C Eln h(n)n El?)?%( | E a; E+1YI{\Y|>n He
n= i=—00 Jj=t

oo

Z T ()BT > 0Py < oo

I /\

For J, if rp < 2, by Markov, Holder, and Maximal inequalities we have

oo i+k
< r—2 —2/p
J < Cz:ln h(n)n E1glkagxn| Z a; z;l Yo, |?
n= i=—00 Jj=1t
%) %) i+k
r—2 —2/p 1= 1/2 11/2
< CZn h(n)n™"'PE ( Z (\az| ) <a1| max | Z Ym|>>
n=1 i=—00 - T j=i+1
%) i+k
gCZnT 2=2/rp(n Z lai]) Z \aZ|E max. | Z Yo
n=1 i=—00 1=—00 Jj=i+1
oo [log n]
<C> ¥ Ph(n) | nexp{ K Z EiI{|y1] < n'/?}

n=1

=C i n""'72Pp(n) exp {K¢(n)} B|Y12I{|Y1] < n'/?}

<CY n T T Ph(n) exp {Kp(n }ZE\Yll H{(k—=1)Y? < v < k7Y

n=1

<O EWVPI{(k -0 < W] < KPS w2 ) exp (K o(n)}

k=1 n==k

<CY K TYPh(k) exp {K(k)} B[P I{(k — )7 < V1| < kV/P}
k=1
< CEWA[™h(|Vi[") exp{K¢(|Y1[")} < co.

If rp > 2, by Markov, Holder, and Maximal inequalities we have

%) i+k
JSC;nr *h(n)n q/pElglkasx |Zzwalj;lYm\q
%) o) i+k
< Cznr—zh(n)n—q/pE ( Z (‘a”l— 1/q) (ai|1/q 1mka§ | Z Ym|)>
n=1 i=—00 =i+1
%) i+k
<C> P Ph(n Z lai)?" Z jas| B max | R TIE
n=1 i=—00 i=—00 Jj=i+1

[log n]

2 q/p+q/2h n)exp 4 K Z E\Y1|21{|Y1| Snl/p})qh

IA
Q
M8

1

3
Il
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+C Y 0" h(n) exp {K¢(n)} EV|"I{|Y1] < n'/7}
n=1

=: J1 + Ja, say.

For Ji, since r —2 — q/p+ q/2 < —1, we can take ¢ > 0 small enough such that r —2 — ¢q/p +
q/2 +tq/(2p) < —1. Then

oo [log n]

J=CY T e d KOS p(21) b (BT < 0P
n=1 i=0

) [log n] _
<C Z n/~2ma/p a2t/ C) () exp { K p(2) Y (EW P H{va| < n'/P})?? < .
n=1 i=0
For J5, we have
Jo= O3 TP h(n) exp {K(n)} EIYi[TI{|Ya] < n'/7}
n=1

IN

CY T Ph(n)exp {K¢(n)} Y E|"I{k — 1 < |[Yi[" <k}

k=1

= CY EM['I{k—1< V1]’ <k}> 0" Ph(n)exp {Kp(n)}
k=1 n=k

< O KTPh(k)exp{Ko(k)} EIV1|'I{k — 1 < [V < k}
k=1
< CEM[h(IY1|”) exp {K¢(|Y1|")} < o0.
Now we show the almost sure convergence. By the first part of Theorem, EY; = 0 and
EY1[P exp{K¢(|Y1]")} < oo imply
anlP{ max |Sp| > snl/p} < oo, for all e > 0.
— 1<k<n

Hence

oo
-1 1/p
oo>Zn P{lglyg%(n\Sm|>En }

n=1

o] 2k
= Z Z n~'P{ max |Sn|>en'/?}
1<m<n

k=1p=20k—1

>1/25 P S| > 2%/
_/; {, max_ |Sn|>e2%7}

By Borel-Cantelli lemma,

2757 max |S;m| — 0 almost surely

1<m<2Fk
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which implies that S,/ n'/? — 0 almost surely.dJ

Proof of Proposition 1. Since lim,,—, b, = 0, for all € > 0 there exists a positive integer

N = N(g) such that
—e <by, <eforaln>N.
For any A > 1
(log(At)]
exp{K®(\t)}/exp{K®(t)} = exp{K > ba}.
n=[log t]+1

Note that for ¢ > 1

[log(At)] — [logt] < log(At) — (logt — 1) =log A + 1.

Hence for t large enough

exp{—K(logX + 1)e} < exp{ KP(\t)}/ exp{k®(t)} < exp{K(log A + 1)e}

and by the arbitrariness of € > 0

tlggo exp{ K®(A\t)}/exp{K®(t)} = 1.0
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