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Abstract. Let E, F and G be Banach spaces. Let V' a balanced open subset of F. The
reflexive and Montel composition operator Ts(f) := f o ® acting between the Fréchet spaces
of all G-valued holomorphic functions of bounded type on FE is studied in terms of ®, where
® is a G-valued holomorphic functions of bounded type on V.
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1 Introduction

Let E and G be complex Banach spaces. For an open subset U of E, Hy(U, G)
denotes the space of all holomorphic functions from U into G which are bounded
on U-bounded subsets of U. It is endowed with the topology 7 of uniform
convergence on U-bounded sets. It is known that Hy(U, G) is a Fréchet space.
As usual, we will always omit G in the notation in case G = C. So, for instance,
we will write Hy(U) for Hy(U, C).

If ' is a complex Banach space and V an open subset of F', given a holo-
morphic mapping of bounded type ® : V — E with ®(V') C U we will consider
the composition operator To : Hy(U, G) — Hy(V, G) defined by T (f) = f o ®.
Recently the study of composition operators has deserved some attention. Sev-
eral results of composition operators between the Fréchet spaces Hy(U,G) of
holomorphic functions of bounded type have appeared when G = C (see for
example [2], [4]). For instance, in [3] and [4] M. Gonzdlez and J. Gutiérrez
have found results relating the (weak) compactness of holomorphic function
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of bounded type ® € H,(F,E) with the (weak) compactness of composition
operator T from Hy(E) into Hy(V).

It seems natural to study Montel and reflexive composition operators be-
tween the Fréchet spaces Hy,(U, G) of all vector valued holomorphic functions of
bounded type.

In this note we study reflexive and Montel composition operators Tp between
the Fréchet spaces of all G-valued holomorphic functions of bounded type in
terms of .

Let us mention that if G is a complex Banach algebra the space Hy,(U, G) en-
dowed the 73, topology of the uniform convergence on U-bounded set is a Fréchet
algebra and the composition operator Ty is a continuous homomorphism.

Preliminaries. Our notation is standard and we refer to the books of
Dineen [1] and Mujica [7] for background information on holomorphic functions
on infinite dimensional Banach spaces, to Jarchow [6] and Horvath [5] regarding
locally convex spaces theory.

Let E and G be complex Banach spaces. If U is an open subset of F, then
aset A C U is said to be U-bounded if A is bounded and is bounded away from
the boundary of U.

If X and Y are complex Hausdorff locally convex spaces and T : X — Y is
a linear map, then 7% : Y* — X* defined by T™(y*) = y* o T" is a well defined
linear map, it is called the algebraic adjoint of 7. Under some conditions T
induces a map 7" : Y’ — X’ and we call T” the adjoint or transposed map of T
A continuous linear map from X into Y is called Reflexive (resp. Montel),

if it transforms bounded sets into relatively weakly compact (resp. relatively
compact) sets.

Let us recall that a continuous linear mappings 1" from X into Y is called
weakly compact (resp. compact), if it maps some O-neighborhood into relatively
weakly compact (resp. relatively compact) sets. If X and Y are normed space T'
is weakly compact (resp. compact) if and only if 7" is Reflexive (resp. Montel).

Let now X be a complex Hausdorff locally convex space and let X’ be its
topological dual. As usual o(X, X’) is the weak topology on X and o(X’, X)
is the weak-star topology on X'. 73 denotes the strong topology on X, 7, de-
notes the Mackey topology on X’ and 7. denotes the topology of the uniform
convergence on compact subsets of X on X'.

We will denote Bx(0) a fundamental system of neighborhoods of 0 of the
Hausdorff locally convex space X.

Let A a bounded set in Hy(U, G), we associate the following neighborhood
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of 0 in (Hb(U, G)/, Tﬁ)t

Uoae={f € Hy(UG)'/ sup 1f'(F)l < e} € B, w,ay,ms)(0).
c

For each finite subset { g1, ..., g, } of Hy(U, G) and for each ¢ > 0 we consider
the following neighborhood of 0

Vogr,gre = {1 € Ho(U,G)'/If'(g)l <e,....[f (gr)l <€}

in B, w6y o(H,U,a),(H,U,a)) (0). To simplify the notation from now we use
w* instead of o(Hy(U, G, (Hy(U, @))).

2 Composition operators

In this section we study Montel (resp. reflexive) composition operators.

1 Lemma. Let E and G be Banach spaces. Let a € G and o' € G’ such that
lall =1, 'l =1 and a'(a) = 1. Then:

(i) Jo : (E|) — Ho(E,G) given by Jo(2')(z) = 2/(x)a, for all 2’ € F’
and for x € E is a continuous linear mapping. Moreover, the transposed
mapping J}, : (Hy(E,G) ,73) — (E",||||) is continuous.

(ii) Let V be an open set of E and let 6y : V — (Hp(V,G),w*) defined by
dar (W) (g9) = d'(g(v)), for ally € V and for g € Hy(V,G). Then §y is a
continuous mapping and 6, maps V-bounded sets into bounded sets for
the topology 15 on Hy(V,G)’.

PrOOF. (i) It is clear that .J, is linear. Now, let B be a bounded set of E
and € > 0. So, there is Ap > 0 such that ||z]| < Ag for all x € B. If 2/ € F’
with ||2/]| < %, We have ||Ja(2")|| B < € and consequently J, is continuous
at the origin. For the continuity of J/ we consider B, (0) € Bg~(0) and the
unit ball Bg: of E’. Then J,(Bg/) is a bounded set in Hy(E, G) and we have
|f'(Ja(2'))] < € for all 2/ € Bgs and f' € Wo,0u(By ), € B(H;,(E,G)’,Tﬁ)(o)'
So J,(f') € B.(0) for all f' € Wy j.(5,)e-

(ii) Letyo € V and Vs, (yo).g1.....9r¢ € By (v,ay w*)(0ar (Y0)) with g; € Hy(V, G).
Since each g;,1 <1 < n is continuous in yg € V, there exists By, (yo) C V
such that for each y € By, (yo) we have [|g;(y) — gi(vo)| < € for each
1 <i<n Let A = 12121{)\@-} and y € B)(y0). So y € By, (yo) and
162 () (i) — 64 (y0)(gi)| < € for each i = 1,...,r. Consequently 8, (y) €

Vs 1 (40),91,.rsgrie @0 Oq is continuous.
a
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To complete the proof it suffices to show that §,, maps V-bounded sets of
V' into bounded sets of (Hy(V,G)’,73). Let B C V be a V-bounded and
VO,91,s90¢ € B(Hb(V,G)/M*)(O) with g; € Hp(V,G). So there exist \; > 0
such that sup [|g;(y)|| < A for 1 < ¢ < r. Let A = max{\; } and ¢ €
yeB 1<i<r

550 (B). Then |¢'(g:)| < €,i=1,...,7 and ¢’ € Vj 4, ,...g,.c. Consequently
5500/ (B) C Vo,g1,....9,,« and it is wx-bounded. Since Hy(V, G) is a barrelled
space we have that o (B) is bounded in the space (Hy(V,G)’,73), thus
completing the proof.

QED

In the next theorem we study the Montel composition operator.

2 Theorem. Let E, F and G be Banach spaces. Let V C F an open subset,
® € Hy(V,E) and Tg : Hy(E,G) — Hy(V,G) a composition operator. Consider
the following conditions:

(a) Te is a Montel operator

(b) The adjoint operator Ty : (Hy(V,G),178) — (Hy(E,G)',15) is a Montel
operator

(¢c) ® maps V-bounded sets into relatively compact sets in E.

Then (a) = (b) = ().
PROOF. (a) = (b) First we show that Ty, : (Hy(V,G)',7.) — (Hy(E,G)',73)
is continuous. Let X C Hy(E, G) be a bounded set and

Voxe={f" € Hy(E,G) / If'llx < €} € B, p.6y.r5)(0)-

Since Ty is a Montel operator we have that Tg(X) is a relatively compact set
of Hy(V,G). Then the closed absorbing convex hull I'(T (X)) is compact, since
Hy(V, Q) is a Fréchet space.

Now, if we consider
Word@am). = 1F € B(V.G)' [ INllpammmy) < €} € Bu,way,)(0),

we have that T&,(WO’F(W)’E) C Vo,x,, since for each h' € WO,F(W)@ we
get [W/(h)| < e for all h € I'(Te(X)). So |W (Te(f))] < € for all f € X and
Ty (W) € Vo,xe. Therefore Ty, : (Hy(V,G)', 1) — (Hp(E,G)’, 73) is continuous.

Now, let A C Hy(V,G)" a 7g-bounded set. Since Hy(V,G) is barrelled we
have that A is an equicontinuous set and consequently o(H,(V,G), Hy(V,G))-
relatively compact. By Banach-Dieudonné theorem we have that A is 7.-rela-
tively compact. As Ty, is 7. — 73 continuous we have that Ty (A) C Hy(E, G) is
Tg-relatively compact on Hy(E,G)’.
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(b) = (¢) Let a € G with [Ja|]| = 1. By Hahn-Banach theorem there exists
a € G' with ||d’|| = 1 and d/(a) = 1. Now, let ¢ : V. — (E”,||||) defined by
Y = J, oT}y o dy. By Lemma 1 we have that ¢ maps V-bounded sets into
relatively compact set of E”.

As Y(y)(a') = 2/(P(y))d'(a) = C(P(y))(2'), for all y € V, for all 2’ € E
where C': E — E” is the natural inclusion, we have that ¢(y) = C(®(y)) for all
y€V.So Co® =1 and ® maps V-bounded sets of V into relatively compact
sets in E”.

In [3] Gonzélez-Gutiérrez proved these conditions of Theorem 2 are equiv-
alent when G = €. However, in the general case, the following example shows
that the assertions of Theorem 1 are not equivalent.

3 Example. Let ® be a identity on €, which is a trivially Montel mapping.
Give an infinite dimensional Banach space G, we consider the composition oper-
ator Ty : H(C,G) — H(C, Q) given by Te(f) = fo® = fforall f € H(C,Q).
Let (yn) be a sequence of norm one vectors in G such that ||y, — ym|| >0 > 0
for all n # m. Define f, : C — G by fn(\) = Ay,. Then the sequence (f,) is
bounded in H(C,G) but is not relatively compact, since (f,(1)) = (yn) is not
relatively compact.

4 Corollary. Let E,F and G be Banach spaces. Let U C E, V C F an
open set, ® € Hy(V,E) and let Ty : Hy(U,G) — Hy(V,G) be a composition
operator. Then ® maps V bounded sets into relatively compact sets of U if Ty
18 compact.

PrOOF. It suffices to observe that the composition operator A : Hy(E,G) —
Hy(V,G) given by A(f) = fo ® for all f € Hy(FE,G) is compact if Tp :
Hy(U,G) — Hyp(V,G) is compact.

The next theorem studies, in the same cases, when the composition operator
To is reflexive.

5 Theorem. Let E, ' and G be Banach spaces. Let V be a balanced open set
of F, ® € Hy(V,E) and Ty : Hy(E,G) — Hp(V,G) be a composition operator.
Consider the following conditions:

(a) Ty is a reflexive operator

(b) The adjoint operator Ty, : Hy(V,G) — Hy(E,G) maps Tg-bounded sets into
relatively o(Hy(E,G)', (Hy(E,G)',73)")-compact sets

(c) ® maps V-bounded sets into relatively weakly compact sets in E.

Then (a) = (b) = (c).
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PROOF. (a) = (D) First we show that Ty : (Hy(V,G)',7,) — (Hy(E,G)',73)
is continuous. Let X C Hy(FE, G) be a bounded subset and let

Vove={f € Hy(E,G) / |f'llx <e}

be a 7g-neighborhood of zero in Hy(E,G). Since Ty is a reflexive operator it
follows that T (X) is a relatively weakly compact set of Hy(V,G). As Hy(V,G)
is a Fréchet space we have that the closed convex absolutely hull of T4 (X),
I'(Tg(X)), is a weakly compact set of Hy(V,G).

Now, we consider W, ) ={N € Hy(V,G) / Hh/”r Ta(a) < €} €
Bw,v,ay 7, (0). Then it is clear that Te(Wy ) C Vo,x,e. We claim that

0, (T@(X)),e
T<I> (Hb(v G) ) (Hb(Ev G)/7J(Hb(E7 G)/v(Hb(E7 G)/vTﬁ)/))
is a continuous mapping. Indeed let

Vot ottt € Bty (B,GY o(Hy(B,GY (Hy(E,GY,5))) (0)

with f/ € (Hy(E,G)',73) for each i = 1,2,...,k. Then we have that Tg(f/) €
(Hy(V,G)', 7). Thus there exist f; € Hb(V G) such that T¢(f/)(f") = f'(fi)
for all f’ € Hb(V G) and i =1,2,... k. If we consider

WO, f1,veefse € By (viGy oty (V.G Hy (v,G))) (0)

it is easy to see that T4 (Wo f,...5.c) C Vo Sl e and consequently Ty is
o(Hy(V,G), Hy(V,G)) — o(Hy(E,G), (Hy(E, G) 3)’) continuous.

Now, let X C Hy(V,G)" be a 73-bounded set. As Hy(V,G) is barrelled we
have that X is a w*-relatively compact.

So Ty(X) is o(Hy(E,G)', (Hy(E,G)’, 15)")-relatively compact, and the im-
plication (a) = (b) follows.

(b) = (c¢) Let a € G with ||a|]| = 1. Then there is @’ € G’ such that ||d|| =1
and a/(a) = 1.

First we show that

J, . (Hy(E,G) ,o(Hy(E,G), (Hy(E,G)' ,78)")) — (E",0(E", E"))

is a continuous mapping at origin, where J/, is the adjoint operator of J, defined
in the Lemma 1.

Let Voo, are € Bign o(pr gy)(0). For each i = 1,2,...,r, we consider
z, ®a € Hy(E,G) defined by 2 ® ( ) = ;( Ja for all x € E and f/ :
(Hy(E,G)',13) — C given by f/'(f") = f'(z} ® a) for all f' € H,(E,G)". Now,
it holds that W()J{’ e € B(Hb(E G) o(Hy(E,G) (Hy(E,G) ,75)" ))( ) and we have
JQ(WOJ{/W’ 1) € Vour, . ae S0 by Lemma 1 (i) the mapping ¢ : V —
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(E",o(E",E")) given by ¢ = J, 0 Tg o 6, maps V-bounded set into o(E”, E')-
relatively compact set in E”.

Let (yn)nen C V be a bounded sequence. Since v is o(E", E')-relatively
compact and ¢ (y)(z') = C(P(y))(z’) for all y € V and 2’/ € E’ where C' is the
natural inclusion from FE into E”, there exist a subsequence (yp, )i of (y,) and
z” € E” such that 2/(®(yp,)) — «”(2’) for all 2/ € E'. Consequently, ® maps
bounded sets of V into o(FE, E')-relatively compact sets in E.

6 Remark. Slight modifications of example 1 give an example that shows in
general the assertions of Theorem 2 are not equivalent. Indeed, let ® be a reflex-
ive mapping and let G be a non-reflexive Banach space, and choose a sequence
(yn) of norm one vectors in G without any weakly convergent subsequence.
Define (f,) as the example 1. Then (f,,) is not relatively weakly compact.

In [4] M. Gonzélez and J. Gutiérrez showed that the conditions of Theorem
2 are equivalent if G = C and FE has Dunford-Pettis property.
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