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Abstract. We define the reflection object of a simplicial object and the notion of a reflection
simplicial map, which can be realized geometrically, too. Using the inversion in a group G,
there is an interesting canonical reflection involution on the classifying space BG. We study
its fixed point set and quotient space. As an application, we show that inversion invariant
cohomology is isomorphic to the usual group cohomology if the coefficients are local away
from 2. Then we construct reflection involutions on Eilenberg-MacLane spaces and simplicial
pseudogroups which are local away from 2.
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1 Survey of results

First, we show that there is a unique non-trivial involutive automorphism τ
of the simplicial category ∆ which is induced by the flip x 7→ n−x of the object
sets [n] := { 0, 1, . . . , n }. Using τ we define for a given simplicial object X•
its reflection simplicial object Xτ

• . In general, both objects are not isomorphic,
but have homeomorphic geometric realizations. We define a reflection simplicial
map as a simplicial map X• → Y τ

• .

In the third section, we show that group inversion defines an involutive
reflection simplicial map γ on the classifying space BG• of any group G. We
show that its geometric realization Γ is homotopic to the identity. We consider
inversion invariant group cohomology and show that it coincides with usual
group cohomology if the coefficients are local away from 2. Then we show that
the fixed point set BGΓ is a homeomorphic deformation retraction of BG if G
does not have 2-torsion. Furthermore, we show that the fundamental group of
the quotient space BG/Γ is isomorphic to G if G does not have 2-torsion. In
particular, for a finite group G of odd order, the space BG/Γ is a natural new
construction for the classifying space of G which has a smaller number of cells
than BG.

In the last section, we introduce reflection involution λ on Eilenberg-MacLane



2 S. Klaus

spaces K(A,n)•. Using our results on minimal Postnikov systems of H-spaces
and simplicial loops [7], we prove that any connected minimal simplicial loop
which is local away from 2 carries some reflection involution ρ generalizing λ.
This raises the question if there is a similar result for inversion invariant gener-
alized group cohomology as for usual group cohomology.

2 Reflection objects and reflection simplicial maps

Let ∆ be the simplicial category, i.e. objects are the finite totally ordered
sets [n] := { 0, 1, . . . , n }, n ∈ N and morphisms are the monotonic maps [9]. We
denote by ∆n

m the set of monotonic maps φ : [m] → [n]. By the fundamental
lemma for ∆, monotonic maps are generated by the standard maps di ∈ ∆n

n−1

and si ∈ ∆n
n+1 for 0 ≤ i ≤ n. We recall that a simplicial object X• in some

category C is a contravariant functor X• : ∆ → C, in particular the standard
maps act by morphisms di : Xn → Xn−1 and si : Xn → Xn+1. Clearly, any
covariant automorphism α : ∆→ ∆ yields a simplicial object Xα

• := X• ◦ α.

1 Proposition. There is exactly one non-trivial covariant automorphisms
τ of the category ∆ which is given by τ [n] = [n] and τ(φ) = τnφτm, where
τm : [m] → [m] denotes the antitonic bijection τm(k) := m − k. In particular,
τ2 = I.

Proof. As the objects [n] are pairwise non-isomorphic in ∆, they have
to be fixed by any automorphism τ . Now, τ permutes ∆n

m and we will show
that τ is fixed by its action on ∆1

0 = { d0, d1 }: By the simplicial identities, the
composition sidj cancels to the identity exactly in the cases sidi = sidi+1 = I.
Thus for τ(di) = dj, it follows that either τ(di+1) = dj+1 (and τ(si) = sj) or
τ(di+1) = dj−1 (and τ(si) = sj−1). Hence, either τ fixes the string d0, d1, . . . , dn,
or reverses the order (and the same with s0, s1, . . . sn−1). The simplicial identities
for didj show that either τ fixes these strings in all dimensions n or reverses them
all. With τ(φ) := τnφτm, we see that the second possibility is realized which by
τ2
k = I is an involutive automorphism of ∆. QED

2 Definition. We call the non-trivial automorphism τ : ∆ → ∆ the re-
flection automorphism. For a simplicial object X•, the simplicial object Xτ

• is
called its reflection object. As an object in C, it is given by the sequence Xn,
again, but the action of di and si on Xτ

n = Xn is given by dn−i and sn−i on
Xn, respectively. Clearly, a simplicial morphism f : X• → Y• also is a simplicial
morphism f τ : Xτ

• → Y τ
• . A reflection simplicial morphism between simplicial

objects X• and Y• is a simplicial morphism g : X• → Y τ
• . Equivalently, g is a

sequence of morphisms gn : Xn → Yn such that

gn−1di = dn−ign and gn+1si = sn−ign
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for all i.

Clearly, there is an equality (Xτ
• )τ = X• and (f τ )τ = f .

As an example, we consider the simplicial sphere Sn
• which is the simplicial

set having exactly two non-degenerate simplicies ∗ and σ in dimensions 0 and
n, respectively. Thus Sn

k = { ∗, sIσ | sI }, where sI is any composition in normal
form of degeneration operators from dimension n to dimension k ≥ n, and
∗ also denotes the degenerate base point in all dimensions. Then there is a
reflection simplicial isomorphism λ : Sn

• → (Sn
• )τ which is given by λ(∗) = ∗

and λ(sIσ) = τ(sI)σ. In fact, λ is fixed because (Sn
• )τ again has exactly two

non-degenerate simplicies ∗ and σ. It holds λλτ = I = λτλ.

As an example of a simplicial set X• with Xτ
• not being isomorphic to X•

as a simplicial set, we consider the horns Λn,k
• [9]. It is straight forward to see

that (Λn,k
• )τ is isomorphic to Λn,n−k

• , which for k 6= n − k is not isomorphic to

Λn,k
• .

We recall that the geometric realization of a simplicial set X• is defined as
the topological quotient space

|X•| =
∐

n≥0

Xn ×∆n/(φ∗x, t) ∼ (x, φ∗t),

where ∆n ⊂ Rn+1 denotes the geometric standard n-simplex, t = (t0, t1, . . . , tn)
∈ ∆n is a point, and φ∗, φ∗ denote the action of morphisms φ in ∆. |X•| is a
CW-complex with n-cells corresponding to the non-degenerate n-simplicies in
X• [9].

3 Definition. Let the reflection τ∗ : ∆n → ∆n of the geometric n-simplex
be given by the linear map (t0, t1, . . . , tn)→ (tn, tn−1, . . . , t0) in Rn+1.

4 Lemma. Reflection induces a cellular homeomorphism τ∗ : |X•| → |Xτ
• |

by (x, t) 7→ (x, τ∗(t)). For any simplicial map f : X• → Y•, it holds |f τ |τ∗ =
τ∗|f | : |X•| → |Y τ

• |.
Proof. By

|Xτ
• | =

∐

n≥0

Xn ×∆n/(τ(φ)∗x, t) ∼ (x, φ∗t)

=
∐

n≥0

Xn ×∆n/(φ∗x, t) ∼ (x, τ(φ)∗t)

and by τ∗φ∗τ∗ = τ(φ)∗ : ∆n → ∆m, τ∗ induces a continuous map. As τ∗ ◦ τ∗ = I

it follows that τ∗ is a homeomorphism. Clearly, τ∗ is cellular, and |f τ |τ∗ = τ∗|f |
holds by definition. QED
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5 Lemma. Let X• be a fibrant simplicial set. Then also Xτ
• is fibrant and

there exists a reflection homotopy equivalence f : X• → Xτ
• . If X• is fibrant and

minimal, there exists a reflection simplicial isomorphism f : X• → Xτ
• .

Proof. As X• satisfies the extension condition with respect to all maps
from horns Λn,k

• ⊂ ∆n
• , the reflection set Xτ

• satisfies the extension condition
with respect to all maps from horns Λn,n−k

• ⊂ ∆n
• , hence also is fibrant. Thus

the homeomorphism τ∗ can be realized simplicially up to homotopy. Using the
definition of minimality [9], it is straightforward to see that Xτ

• is also minimal.
The claim follows as any homotopy equivalence between minimal simplicial sets
is an isomorphism. QED

We recall the definition of the normalized cochain complex C∗(X•;A) of X•
with values in some abelian group A. In dimension n, it consists of the functions
c : Xn → A which vanish on degenerate simplicies. The coboundary d : Cn →
Cn+1 is given by dc(x) :=

∑n+1
i=0 (−1)ic(dix), where x ∈ Xn+1. The normalized

cochain complex of X• is canonically isomorphic to the cellular cochain complex
of |X•|, where the n-cells of |X•| carry the canonical orientation given by ∆n.

6 Lemma. The normalized cochain complex of Xτ
• is given by that of X•

with multiplying the coboundary d : Cn → Cn+1 by (−1)n+1. The cellular home-
omorphism τ∗ induces an isomorphism of the cellular cochain complex of |Xτ

• |
with that of |X•| which is given by multiplication with ǫ(n) := (−1)

1
2
n(n+1) in

dimension n.

Proof. We can identify Cn(Xτ
• ;A) = Cn(X•;A) as groups. Let d′ denote

the coboundary of Cn(Xτ
• ;A), then d′ =

∑n+1
i=0 (−1)idn+1−i = (−1)n+1d because

di acts by dn+1−i on Xτ
n+1 = Xn+1. As the reflection τ∗ : ∆n → ∆n changes the

orientation by ǫ(n) = det(τ∗), this also gives the induced isomorphism of the
cellular homeomorphism τ∗. QED

3 Reflection inversion on the classifying space

of a group

Let G be a monoid, then its classifying space BG• is defined as the simplicial
set [1], [9]

BGn := G×G× · · · ×G

(n factors). Here, the n-tuples are denoted by [g1, g2, . . . , gn], with BG0 := {[ ]}
the set consisting of the (empty) 0-tuple.
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Face and degeneracy maps are defined by

d0[g1, . . . , gn] := [g2, . . . , gn],
di[g1, . . . , gn] := [g1, . . . , gi−1, gigi+1, gi+2, . . . , gn] for 0 < i < n,
dn[g1, . . . , gn] := [g1, . . . , gn−1],
sj[g1, . . . , gn] := [g1, . . . , gj , 1, gj+1, . . . , gn] for 0 ≤ j ≤ n

(with s0[ ] = [1] and d0[g] = d1[g] = [ ] for all g). A homomorphism of monoids
f : G → H induces a simplicial map Bf : BG• → BH• by Bf [g1, . . . , gn] :=
[f(g1), . . . , f(gn)]. The following rigidity result is well-known:

7 Lemma. Let G, H be monoids, then B gives a bijection of the set of
homomorphisms G→ H to the set of simplicial maps α : BG• → BH•,

Hom(G,H) ∼= map∆(BG•, BH•), f 7→ Bf.

The inverse is given by α 7→ (α1 : G→ H).

Proof. Let g1, g2 ∈ G and hi := α1[gi] ∈ H. We denote α2[g1, g2] =:
[h, h′] ∈ BH2 = H ×H. Application of d0 shows h′ = h1, and application of d2

shows h = h0. Application of d1 to α2[g1, g2] = [h1, h2] shows that α1[g1g2] =
[h1h2], i.e. α1 is a homomorphism. Clearly Bf1 = f . Furthermore, induction on
n shows that αn[g1, . . . , gn] = [h1, . . . , hn] with hi = α1[gi] by applying d0 and
dn. QED

For groups G and H, the simplicial sets BG• and BH• are fibrant and it
holds for the set of homotopy classes of maps that

Hom(G,H) = map∆(BG•, BH•) = [BG•, BH•].

In particular, for a non-abelian group G it is not possible to realize the inversion
γ : G → G, γ(x) := x−1 by a simplicial map BG• → BG• as γ is not a
homomorphism. But we can construct a reflection simplicial map from γ:

8 Definition. For any group G, define a map

γ : BG• −→ BGτ
•

γ[g1, g2, . . . , gn] := [g−1
n , g−1

n−1, . . . , g
−1
1 ].

It is straightforward to check that γ is a reflection simplicial map, which we
call reflection inversion on BG•. It holds γγτ = I = γτγ and we define the
geometric reflection inversion by the composition

Γ := τ∗ ◦ |γ| : BG −→ BG.

Hence, Γ is the cellular homeomorphism given by

Γ([g1, . . . , gn], (t0, . . . , tn)) = ([g−1
n , . . . , g−1

1 ], (tn, . . . , t0)),

and it holds Γ2 = I.
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9 Theorem. For any group G, geometric reflection inversion Γ is homo-
topic to the identity of BG. An explicit homotopy is given by

h : I ×BG −→ BG,

hs([g1, . . . , gn], (t0, . . . , tn)) :=

([g1, . . . , gn, g
−1
n , . . . , g−1

1 ], (s′t0, s
′t1, . . . , s

′tn−1, tn, stn−1, . . . , st1, st0))

with s′ := 1− s.
Proof. Γ maps the 1-cell [g] to the 1-cell [g−1], but reverses the orientation.

Thus it induces the identity on the fundamental group π1(BG) = G and by
Hom(G,G) = [BG,BG], it follows Γ ≃ I. Now we will show that hs is well-
defined for all s, with h0 = I and h1 = Γ. The gluing maps of the cells in
BG are given by the identification (φ∗x, t) ∼ (x, φ∗t) which is generated by the
relations

(d0) : ([g2, . . . , gn], (t0, . . . , tn−1))
∼ ([g1, . . . , gn], (0, t0, . . . , tn−1))

(di) : ([g1, . . . , gigi+1, . . . , gn], (t0, . . . , tn−1))
∼ ([g1, . . . , gn], (t0, . . . , 0, . . . , tn−1))

(dn) : ([g1, . . . , gn−1], (t0, . . . , tn−1))
∼ ([g1, . . . , gn], (t0, . . . , tn−1, 0))

(sj) : ([g1, . . . , 1, . . . , gn], (t0, . . . , tn+1))
∼ ([g1, . . . , gn], (t0, . . . , tj + tj+1, . . . , tn+1))

with 0 < i < n and 0 ≤ j ≤ n. In particular, it follows h0 = I by n-fold
application of dmax and h1 = Γ by n-fold application of d0. We also have to
check that the relations (dj), (sj) are respected by hs for 0 < s < 1. For hs

respecting (d0),

([g2, . . . , gn, g
−1
n , . . . , g−1

2 ], (s′t0, . . . , s
′tn−2, tn−1, stn−2, . . . , st0))

∼ ([g1, . . . , gn, g
−1
n , . . . , g−1

1 ], (0, s′t0, . . . , s
′tn−2, tn−1, stn−2, . . . , st0, 0))

holds by application of relations (d0) and (d2n). For hs respecting (di),

([g1, . . . , gigi+1, . . . , gn, g
−1
n , . . . , g−1

i+1g
−1
i , . . . , g−1

1 ],

(s′t0, . . . , s
′tn−2, tn−1, stn−2, . . . , st0))

∼ ([g1, . . . , gn, g
−1
n , . . . , g−1

1 ],

(s′t0, . . . , 0, . . . , s
′tn−2, tn−1, stn−2, . . . , 0, . . . , st0))
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holds by application of (di) and (d2n−i). For hs respecting (dn),

([g1, . . . , gn−1, g
−1
n−1, . . . , g

−1
1 ], (s′t0, . . . , s

′tn−2, tn−1, stn−2, . . . , st0))

∼ ([g1, . . . , gn, g
−1
n , . . . , g−1

1 ], (s′t0, . . . , s
′tn−1, 0, stn−1, . . . , st0))

holds by application of (dn) and then (sn) as s′tn−1 + stn−1 = tn−1. For hs

respecting (sj),

([g1, . . . , 1, . . . , gn, g
−1
n , . . . , 1, . . . , g−1

1 ], (s′t0, . . . , s
′tn, tn+1, stn, . . . , st0))

∼ ([g1, . . . , gn, g
−1
n , . . . , g−1

1 ],

(s′t0, . . . , s
′(tj + tj+1), . . . , s

′tn, tn+1, stn, . . . , s(tj + tj+1), . . . , st0))

holds by application of (sj) and (s2n−j). QED

We remark that the homotopy h is not a cellular map as h 1
2

maps an n-cell

into a 2n-cell.

In the cellular cochain complex C∗(BG;A) of BG, geometric reflection in-
version Γ induces the chain homomorphism

Γ∗(c)[g1, . . . , gn] = ǫ(n)c[g−1
n , . . . , g−1

1 ]

which is chain homotopic to the identity. Here, ǫ(n) = (−1)
1
2
n(n+1) was defined

as the orientation character of τ∗.

10 Definition. Define the invariant cochain complex C∗
Γ(BG;A) with re-

spect to the reflection inversion Γ as the subcomplex

C∗
Γ(BG;A) = { c ∈ C∗(BG;A) | Γ∗c = c }

and let C∗
Γ̄
(BG;A) = { c ∈ C∗(BG;A) | Γ∗c = −c } be the subcomplex of

anti-invariant cochains. The homology of these subcomplexes is denoted by
H∗

Γ(BG;A) and H∗
Γ̄
(BG;A) and is called inversion (anti-)invariant cohomol-

ogy.

11 Theorem. Let the coefficient group A be local away from 2 (i.e., multi-
plication by 2 is an isomorphism). Then the inclusion C∗

Γ(BG;A) ⊂ C∗(BG;A)
is a chain equivalence. The inversion invariant cohomology is isomorphic to the
usual group cohomology

H∗
Γ(BG;A) ∼= H∗(BG;A),

and the inversion anti-invariant cohomology H∗
Γ̄
(BG;A) vanishes.
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Proof. As Γ∗ ≃ I, the chain map c 7→ 1
2(c + Γ∗c) gives a deformation

retraction of C∗(BG;A) to the subcomplex C∗
Γ(BG;A). As C∗

Γ̄
(BG;A) can be

identified with the factor complex, the long exact sequence shows that its ho-
mology vanishes. QED

We recall that the product structure in cohomology can be defined explicitly
by the Alexander-Whitney product [9]. For normalized m- and n-cochains c, c′

on BG• with values in a commutative ring A, it is given by

(c ∪ c′)[g1, g2, . . . , gm+n] := c[g1, . . . , gm] · c′[gm+1, . . . , gm+n].

By the coboundary formula

d(c ∪ c′) = dc ∪ c′ + (−1)mc ∪ dc′,

the product of cocycles is a cocycle, which gives the cup product on cohomology.
We recall that this gives a graded commutative product on cohomology level
(not on cochain level):

x ∪ y = (−1)mny ∪ x
for two cohomology classes x, y in dimensions m and n.

For two Γ-invariant cocycles c, c′ in dimensions m and n, we have

(c ∪ c′)[g1, . . . , gm+n] = c[g1, . . . , gm]c′[gm+1, . . . , gm+n]

= ǫ(m)ǫ(n)c[g−1
m , . . . , g−1

1 ]c′[g−1
m+n, . . . , g

−1
m+1]

= ǫ(m)ǫ(n)(c′ ∪ c)[g−1
m+n, . . . , g

−1
1 ].

By graded commutativity, this is in the same cohomology class as

ǫ(m)ǫ(n)(−1)mn(c ∪ c′)[g−1
m+n, . . . , g

−1
1 ].

As ǫ(m)ǫ(n)(−1)mn = ǫ(m + n), it follows that c ∪ c′ and Γ∗(c ∪ c′) are in the
same cohomology class. Thus we have showed:

12 Proposition. Let the coefficients A be a commutative ring which is local
away from 2. The bilinear Γ-invariant pairing on C∗

Γ(BG;A)

c ◦ c′ :=
1

2
(c ∪ c′ + Γ∗(c ∪ c′))

defines a product structure in H∗
Γ(BG;A) which coincides with the cup product in

group cohomology under the isomorphism induced by the inclusion C∗
Γ(BG;A) ⊂

C∗(BG;A).
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Now we consider the fixed point sets of γ and Γ. We have γ(a) = a for
a ∈ G×G× · · · ×G if and only if

a = [g1, . . . , gn, g
−1
n , . . . , g−1

1 ]

in even dimensions 2n, and

a = [g1, . . . , gn, g, g
−1
n , . . . , g−1

1 ]

with g2 = 1 in odd dimensions 2n + 1. The fixed point set of the reflection τ∗
on ∆m is given by the set of points

(t0, t1, . . . , tn−1, tn, tn−1, . . . , t1, t0)

if m = 2n, and by

(t0, t1, . . . , tn, tn, . . . , t1, t0)

if m = 2n + 1. In both cases, the fixed point set is linearly homeomorphic to
∆n, where the linear homeomorphism is given by

(s0, s1, . . . , sn−1, sn) 7→ 1

2
(s0, s1, . . . , sn−1, 2sn, sn−1, . . . , s1, s0)

for m = 2n and by

(s0, s1, . . . , sn) 7→ 1

2
(s0, s1, . . . , sn, sn, . . . , s1, s0)

for m = 2n+ 1. Thus the geometric fixed point set BGΓ is the union of points

([g1, . . . , gn, g
−1
n , . . . , g−1

1 ],
1

2
(s0, . . . , sn−1, 2sn, sn−1, . . . , s0))

and

([g1, . . . , gn, g, g
−1
n , . . . , g−1

1 ],
1

2
(s0, . . . , sn, sn, . . . , s0))

with (s0, . . . , sn) ∈ ∆n and g2 = 1. Here, all gi and g have to be non-trivial
because otherwise the tuple in BG• is degenerate.

13 Theorem. Let the group G be without 2-torsion. Then the fixed point
set BGΓ is homeomorphic to BG. In fact, the homotopy h above gives a homeo-
morphism h 1

2
from BG onto BGΓ, which also shows that BGΓ is a deformation

retract of BG.
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Proof. As the condition g2 = 1 is only satisfied by g = 1 and thus leads
to a degenerate simplex, the fixed point set is located in cells of even dimension
m = 2n:

BGΓ = { ([g1, . . . , gn, g
−1
n , . . . , g−1

1 ],
1

2
(s0, . . . , sn−1, 2sn, sn−1, . . . , s0)) }.

This set of points is equal to the image of h 1
2

which is an injective map. As each

n-cell of BG is mapped to a linear sub-n-cell within a 2n-cell of BG, h 1
2

is a

homeomorphism onto its image. QED

In general, one can prove that BGΓ consists of the disjoint union of one
homeomorphic copy of BG for each g with g2 = 1.

Last, we consider the quotient set BG/Γ of Γ. As Γ is a cellular involution,
the projection p : BG → BG/Γ and the transfer map tr : H∗(BG;A) →
H∗(BG/Γ;A) in singular cohomology are related by [2]

tr ◦ p∗ = 2, p∗ ◦ tr = 1 + Γ∗ = 2.

In particular, p∗ and tr are isomorphisms of singular cohomology if the coeffi-
cients A are local away from 2.

In order to give the quotient a CW structure, we have to subdivide the cells
of BG that contain fixed points. The finer cell decomposition of BG has to have
the property that Γ either fixes a cell pointwise or maps it homeomorphically
to another cell, in order to get an induced cell decomposition of BG/Γ. We call
this property strong invariance.

To this end we first look for such a cell decomposition for the action of the
reflection involution τ∗ on ∆m. Let sign : R → {−, 0,+ } be the sign function,
then we define in ∆2n and ∆2n−1

δa0...an−1 := { (t0, . . . , t2n) ∈ ∆2n | sign(ti − t2n−i) = ai for 0 ≤ i ≤ n− 1 },

δ′a0...an−1
:= { (t0, . . . , t2n−1) ∈ ∆2n−1 | sign(ti−t2n−1−i) = ai for 0 ≤ i ≤ n−1 },

where ai ∈ {−, 0,+ }. This gives a cell decomposition of ∆m into 3n cells with
dim(δa0...an−1) = 2n − d and dim(δ′a0...an−1

) = 2n − 1 − d, where d denotes the
number of ai with ai = 0. The fixed point set in ∆m is given by the case where
all ai = 0. The map τ∗ maps the cells in the following way:

τ∗(δa0...an−1) = δ−a0...−an−1

and the same for δ′. Thus τ∗ permutes all cells in pairs with the exception of
the fixed point cell. It follows that ∆m/τ∗, m = 2n (m = 2n − 1, respectively)
has a cell decomposition into 1 + 1

2(3n − 1) cells, starting with the fixed point
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cell in dimension n (n − 1, respectively) and ending with 2n−1 cells in the top
dimension m.

Now we accordingly subdivide the m-cells of BG that contain fixed points.
The new CW-structure of BG is strongly invariant under Γ and hence induces
a CW-structure on BG/Γ.

14 Theorem. If G contains no 2-torsion, then p : BG → BG/Γ induces
an isomorphism of the fundamental groups.

Proof. As g2 = 1 only has the trivial solution, the fixed points are con-
tained in the cells [g1, . . . , gn, g

−1
n , . . . , g−1

1 ] of even dimension 2n. The refined
cell decomposition of these cells contributes with cells of dimension n, n+1, . . .,
2n to BG/Γ. Hence the 2-skeleton of BG/Γ, which we need to know in order
to compute π1, can be read of the refined 4-skeleton of BG which we denote by
Sk4. Sk4 has exactly one 0-cell [ ].

The 1-cells of Sk4 are the 1-cells [g], g 6= 1 of BG and the fixed point sets
[g, g−1]Γ of the 2-cells [g, g−1], g 6= 1. We denote the 1-cell [g, g−1]Γ by δ0(g).

The 2-cells of Sk4 are the 2-cells [g, h] of BG, where g, h, and gh 6= 1, the
subdivided 2-cells of [g, g−1], g 6= 1 which we denote by δ+(g) and δ−(g), and
the fixed point sets [g, h, h−1, g−1]Γ of the 4-cells [g, h, h−1, g−1], g, h 6= 1, which
we denote by δ00(g, h).

The 2-cells are glued to the 1-cells in the following way. The boundary of
x := [g, h] is the closed path ∂x := d2xd0xd1x

−1:

∂[g, h] = [g][h][gh]−1 .

0 1

2

[gh] [h]

[g]

[g, h]

-�
�
�
�
�
�
�
���

A
A

A
A

A
A

A
AAK

In particular, [g, g−1] has boundary [g][g−1] as [1] is the constant path in [ ].
Furthermore, [g, g−1] is divided into two 2-cells δ+(g) and δ−(g) that have the
1-cell δ0(g) = [g, g−1]Γ as common boundary. Thus we have

∂(δ+(g)) = [g]δ0(g)
−1,
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∂(δ−(g)) = δ0(g)[g
−1].

0 1

2

[ ] [g−1]

[g]

δ0
δ+

δ−

-�
�
�
�
�
�
�
���

A
A

A
A

A
A

A
AAK

Q
Q

Q
Q

Q
QQs

The fixed point set in [g, h, h−1, g−1] consists of the points

([g, h, h−1, g−1], (t0, t1, t2, t1, t0))

and thus has d0-boundary [h, h−1]Γ (set t0 = 0), d1-boundary [gh, h−1g−1]Γ (set
t1 = 0), and d2-boundary [g, g−1]Γ (set t2 = 0). Hence, the boundary of the
2-cell δ00(g, h) = [g, h, h−1, g−1]Γ is the closed path

∂(δ00(g, h)) = δ0(g)δ0(h)δ0(gh)
−1.

In particular, we have changed the canonical representation

π1BG =
〈
[g] | [g][h][gh]−1

〉
= G

with g, h ∈ G− { 1 } to the ‘refined’ representation

π1Sk
4 =

〈
[g], δ0(g) | [g][h][gh]−1 , [g]δ0(g)

−1, δ0(g)[g
−1], δ0(g)δ0(h)δ0(gh)

−1
〉

(with gh 6= 1) which gives G, again, as the second relation replaces δ0(g) by [g].
Now we consider the induced cell structure on BG/Γ, in particular its 2-

skeleton, which we read from Sk4/Γ. As each non-trivial element g ∈ G is dif-
ferent from its inverse g−1, we can choose a transversal set P for the equivalence
relation g ∼ g−1 on G− { 1 }. In particular, G is a disjoint union

G = { 1 } ⊔ P ⊔ P−1.

Each pair of 1-cells [g], [g−1] is identified by Γ with orientation being reversed
(because of ǫ(1) = −1). This contributes one 1-cell to BG/Γ for each g ∈ P ,
which we denote by < g >. We put on < g > the orientation given by [g].
If g ∈ P−1, we define < g >:=< g−1 >−1 (reverse orientation). The 1-cells
δ0(g) = [g, g−1]Γ are pointwise fixed and thus also give 1-cells in BG/Γ.
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Each 2-cell [g, h] with g, h, gh 6= 1 is identified by Γ with [h−1, g−1], orien-
tation being reversed again (because of ǫ(2) = −1). We denote these 2-cells by
< g, h >. Their boundary is given by the closed path

∂ < g, h >=< g >< h >< gh >−1 .

We remark that we cannot restrict to g, h ∈ P , here, because of

(G− { 1 }) × (G− { 1 }) = P × P ⊔ P ×N ⊔N × P ⊔N ×N.

The involution Γ interchanges P × P and N ×N , but maps P ×N and N × P
to themselves. Furthermore, Γ maps the 2-cell δ+(g) to the 2-cell δ−(g) and vice
versa (orientation reversing). We denote the identified 2-cell by δ±(g) and get

∂(δ±(g)) =< g > δ0(g).

The 2-cell ∂(δ00(g, h)) consists of fixed points and hence also gives a 2-cell in
BG/Γ with

∂(δ00(g, h)) = δ0(g)δ0(h)δ0(gh)
−1.

Thus we have

π1(BG/Γ) =
〈
< g >, δ0(g) | < g >< g−1 >,< g >< h >< gh >−1,

< g > δ0(g), δ0(g)δ0(h)δ0(gh)
−1
〉

with g, h, gh 6= 1, which proves our claim. QED

4 Reflection involutions on Eilenberg-MacLane

spaces and simplicial loops

We recall [5] that the minimal Eilenberg-MacLane complex K(A,n)• for an
abelian group A can be defined as

K(A,n)• = A[Sn
• ]/A[0•],

i.e. the free reducedA-’module’ generated by the simplicial n-sphere. Thus the k-
simplices are the elements of the finite direct sum ⊕sI

A·sIσ where summation is
over all degeneracy operators sI in normal form from dimension n to dimension k
(in particular, 0 for k < n). Geometric realization gives a topological Eilenberg-
MacLane space K(A,n) := |K(A,n)•| which is a CW-complex with cellular
abelian group structure.



14 S. Klaus

As we already defined a reflection isomorphism λ : Sn
• → (Sn

• )τ , linear
extension gives a reflection isomorphism

λ : K(A,n)• −→ K(A,n)τ• ,

λ

(
∑

sI

aI · sIσ

)
=
∑

sI

aI · τ(sI)σ.

Clearly, λ(x+ y) = λ(x) + λ(y) and λλτ = I = λτλ. We remark that γ = −λ in
the special case K(A, 1)• = BA•.

15 Definition. Define the geometric reflection involution on K(A,n) as

Λ := τ∗ ◦ |λ| : K(A,n) −→ K(A,n).

Clearly, Λ is a cellular isomorphism of CW abelian groups and Λ2 = I.

16 Lemma. The homotopy class of geometric reflection involution is given
by

Λ ≃ ǫ(n)I.

Proof. There holds the following well-known rigidity results for maps be-
tween simplicial Eilenberg-MacLane spaces of equal dimension [9]

map∆(K(A,n)•,K(B,n)•) ∼= [K(A,n)•,K(B,n)•] ∼= Hom(A,B)

where the isomorphism is given by the induced map in πn(−). Hence also

[K(A,n),K(B,n)] = Hom(A,B)

in the topological category. Now, λ is the identity on K(A,n)n = A · σ, but Λ
changes the orientation of each n-cell in K(A,n) which is associated to a non-
trivial a ∈ A · σ, by the factor ǫ(n). As these n-cells are spheres and represent
the corresponding element a ∈ πn(K(A,n)) = A, the induced map of Λ in πn is
given by a 7→ ǫ(n)a. QED

Now we can recover our isomorphism result on inversion invariant cohomol-
ogy in the following way.

In the simplicial category, there holds the following representability for nor-
malized cocycles:

Zn(X•;A) ∼= map∆(X•,K(A,n)•)

where the isomorphism is given by pull back of the universal cocycle [9]

z ∈ Zn(K(A,n)•;A).
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Thus we may represent a cocycle in Zn(BG•;A) by its map

c : BG• −→ K(A;n)•

and for A local away from 2 we may form the new cocycle

c′ :=
1

2
(c+ ǫ(n)λτcτγ)

which is equivariant in the sense that λc′ = ǫ(n)(c′)τγ. By |ǫ(n)λτcτγ| =
ǫ(n)Λ|c|Γ ≃ |c|, it follows that c′ ≃ 1

2(c + c) = c, hence every cocycle c has
an equivariant representative c′.

Now we consider the problem how this result can be generalized to other co-
homology theories. To this end we recall the following simplicial representability
result concerning generalized cohomology theories which we proved in [7]:

17 Theorem. Let E∗(−) be a generalized cohomology theory given by a
topological spectrum E. Then, on the category of simplicial sets, E∗(| − |) can
be represented as the homology of a loop-valued cochain functor C∗

E(−). If the
coefficients π∗(E) are local away from 2, then the cochain functor can be chosen
with values in commutative loops.

We recall that a loop is a group without associativity, i.e. a set L with a
distinguished element 1 ∈ L and a binary operation ∗ : L×L→ L, such that 1
is a two-sided unit, and the equation x ∗ y := z in L has to be uniquely solvable
for any given x and z (or y and z) [3], [4]. Of course, L is called commutative if
x ∗ y = y ∗ x for all x, y.

We showed the above result by representing E∗(−) for simplicial sets X• as
E∗(|X•|) = Z∗

E(X•)/B∗
E(X•) with loop-valued cocycles ZE and coboundaries

BE in a loop-valued chain complex given by

Ck
E(X•) = map∆(X•, PL

k+1
• ).

Here, Ln
• , n ∈ Z, are simplicial loops which we constructed from E∗(−), and P

denotes the simplicial path space functor. Moreover, the cocycles are given by

Zk
E(X•) = map∆(X•,ΩL

k+1
• )

with Ω denoting the simplicial loop space functor, and there are isomorphisms
of simplicial loops ΩLk+1

• = Lk
•. Hence Ln

• is a minimal fibrant simplicial set
which generalizes the simplicial Eilenberg-MacLane complex K(A,n)•.

Now, we consider the problem if there is a reflection involution on the sim-
plicial loop Ln

• generalizing λ on K(A,n)•. The assumption that L• is local
away from 2 will enable us to prove existence of a similar strong symmetry as
in [7], where we proved existence of a strict commutative loop space structure,
strengthening a theorem of Irye and Kono [6].
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18 Theorem. Let (L•, ∗) be a simplicial loop which is connected, minimal
and local away from 2 (i.e. all homotopy groups πk(L•) are local away from 2).
Then there exists a reflection isomorphism

ρ : L• → Lτ
•

such that ρρτ = I = ρτρ. The geometric realization τ∗|ρ| is homotopic to the
identity.

We remark that we do not assume that ∗ has to be commutative. Before
we give the proof of this theorem, we need the following lemma concerning
central loop extensions (see [3], [4], [7] for the notion of a central extension
of loops). For a simplicial abelian group Z•, we denote by BZ• its classifying
‘space’ (simplicial set). BZ• is a simplicial abelian group, again, and there is a
canonical isomorphism Z• = ΩBZ• (see [9]).

19 Lemma. Let
Z• →֒ M̃•

p−→M•

be a central extension of simplicial loops. We denote the loop multiplication in
Z• by +, and in M̃•, M• by ∗.

• There exist simplicial maps k : M• → BZ• (the classifying map) and

k̃ : M̃• → PBZ• such that the following holds: Let Z• →֒ E(k)•
pr1−→ M•

with E(k)• := { (x, v) ∈ M• × PBZ• | k(x) = dv } be the pullback of

the universal principal fibre bundle Z• → PBZ•
d→ BZ• by k. Then the

central extension Z• → M̃• →M• is as a principal fibre bundle isomorphic
to Z• → E(k)• → M• with isomorphism given by (p, k̃) : M̃• → E(k)•. It
holds dk̃ = kp and k̃(a ∗ x) = a+ k̃(x) for a ∈ Z• and x ∈ L•.

• The classifying map k is determined up to homotopy. The bundle map k̃
is for fixed k determined up to bundle automorphism.

• Let x, y ∈M• and define l(x, y) := k̃(x̃ ∗ ỹ)− k̃(x̃)− k̃(ỹ) where p(x̃) = x
and p(ỹ) = y. Then l is a well-defined simplicial map l : M•×M• → PBZ•
and it holds dl(x, y) = k(x ∗ y)− k(x)− k(y).

• The definition (x, v) ∗ (y,w) := (x ∗ y, v+w+ l(x, y)) gives a well-defined
simplicial loop structure ∗ : E(k)• × E(k)• → E(k)• on E(k)•. The prin-
cipal fibre bundle Z• → E(k)• →M• is a simplicial central loop extension
and (p, k̃) : M̃• → E(k)• is a simplicial isomorphism of central loop ex-
tensions.

Proof. We showed in [7] that a simplicial loop extension is a fibration. As
the extension is central, Z• is a simplicial abelian group and we have a free
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and transitive action of the fibre Z• on M̃•. Hence the extension is a simplicial
principal fibre bundle [9]. Classification by homotopy classes of maps from the
basis M• to the classifying space BZ• is a standard fact [9]. (We remark that the
universal principle fibre bundle Z• → EZ• → BZ• can be canonically identified
with the bundle ΩBZ• → PBZ• → BZ•.) This proves the first two statements.
The map (x̃, ỹ) 7→ k̃(x̃ ∗ ỹ) − k̃(x̃) − k̃(ỹ) from M̃• × M̃• to PBZ• is invariant
with respect to the replacement (x̃, ỹ) 7→ (a ∗ x̃, b ∗ ỹ) for any a, b ∈ Z•. Here we
use that Z• is central: (a∗ x̃)∗(b∗ ỹ) = (a+b)∗(x̃∗ ỹ). This proves that l is well-
defined, and the formula for dl follows with dk̃ = kp. The last statement follows
from (p, k̃)(x̃ ∗ ỹ) = (x ∗ y, v +w + l(x, y)) where we have set (p, k̃)(x̃) =: (x, v)
and (p, k̃)(ỹ) =: (y,w). QED

Now we give the proof of the above theorem.

Proof. In [7] we have proved that the canonical Postnikov decomposition
of a connected minimal simplicial loop L• consists of simplicial central loop
extensions

K(πn(L•), n)• →֒ L
(n)
• −→ L

(n−1)
• .

Now, our proof works by inductive construction of the reflection isomor-

phism ρ(n) : L
(n)
• → (L

(n)
• )τ from ρ(n−1) : L

(n−1)
• → (L

(n−1)
• )τ . Moreover, we will

show that there is a commutative diagram

K(πn, n)• →֒ L
(n)
• −→ L

(n−1)
•

K(πn, n)τ• →֒ (L
(n)
• )τ −→ (L

(n−1)
• )τ

6 6 6
ǫ(n)λ ρ(n) ρ(n−1)

Then the limit n→∞ gives a well-defined reflection isomorphism ρ : L• →
Lτ
• as L(n) and ρ(n) coincide with L(n−1) and ρ(n−1) below dimension n.

In order to carry out the inductive construction, we use the preceding lemma

with Z• := K(πn, n)•, M̃• := L
(n)
• and M• := L

(n−1)
• . We assume that ρ : M• →

M τ
• is already constructed and satisfies τ∗|ρ| ≃ I and ρρτ = I = ρτρ. We take a

classifying map k : M• → BZ• and form

k0 :=
1

2
(k + ǫ(n)λτkτρ)

which is a map k0 : M• → BZ•. As the realizations of ǫ(n)λ and ρ are homotopic
to the identity, k0 ≃ k also serves as a classifying map. Taking a bundle map
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k̃0 over k0 gives us an isomorphism (p, k̃0) : M̃• → E(k0)•. On E(k0)• ⊂ M• ×
PBZ•, there is the reflection isomorphism (ρ, ǫ(n)λ) which maps E(k0)• to
itself because of ǫ(n)λk0 = kτ

0ρ. By construction, (ρ, ǫ(n)λ) is involutive and
homotopic to the identity. Pull back to M̃• by (p, k̃0) defines the reflection
isomorphism ρ̃. QED

It is a tempting question if ρ on L• can be chosen such that ρ(x ∗ y) =
ρ(x) ∗ ρ(y). If this is possible and ∗ is commutative, any generalized cocycle
c : BG• → L• can be deformed to an equivariant cocycle c0 := 1

2(c ∗ ρτcτγ) :
BG• → L•, i.e. c0 ≃ c and ρc0 = cτ0γ.

Unfortunately, an attempt to prove inductively existence of such ρ as above
runs against the following obstruction: If ρ on M• satisfies ρ(x∗y) = ρ(x)∗ρ(y),
then (ρ, λ′) on E(k0)• (with λ′ := ǫ(n)λ) satisfies

(ρ, λ′)((x, v) ∗ (y,w)) = (ρ(x ∗ y), λ′(v + w + l(x, y)))

but

(ρ, λ′)(x, v) ∗ (ρ, λ′)(y,w) = (ρ(x) ∗ ρ(y), λ′v + λ′w + l(ρ(x), ρ(y))).

Thus there is the obstruction λ′l(x, y) − l(ρ(x), ρ(y)) for ρ̃ to be homomorphic
with respect to ∗. Here, l depends on the choice of the bundle map k̃0 over
k0. A different choice is given by applying an element of the gauge group of
bundle automorphisms Aut(M̃• →M•). As Z• is abelian, this group is given by
map∆(M•, Z•). If one changes k̃0 to k̃0+fp with f : M• → Z•, a straightforward
calculation shows that the obstruction changes by

λ′(f(x ∗ y)− f(x)− f(y))− (f(ρx ∗ ρy)− f(ρx)− f(ρy)).

In general, it seems not to be possible to find some f such that the ob-
struction vanishes. It would be interesting to know which simplicial loops or
generalized cohomology theories admit a reflection involution ρ that is homo-
topic with respect to multiplication ∗.

Furthermore, it would be interesting to know if there is some generalization
of our theorem to the case of simplicial loops L• which are local away from p
with p some odd prime. The corresponding generalization of the existence of a
strict commutative loop structure was done in [8].
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