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Abstract. Let K be a non empty compact subset of R".

In [3], J. Chaumat and A.-M. Chollet introduce certain sequences of moderate growth,
consider the corresponding intersections of non quasi-analytic classes of jets on K and of
functions on R” and give a Whitney type extension theorem in this situation. These results
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1 Introduction

For the definition of the spaces we refer to the paragraphs 2 and 7.

In [3], J. Chaumat and A.-M. Chollet consider a normalized and increasing
sequence m = (mp)pen, such that lim, M;/ P = 0. For every open subset § and
compact subset K of R", they introduce the spaces 53\1(9) and J§J\T(K ) as the
projective limits of the spaces (p!My;1)q and {p!M; 1}k for a > 0 respectively.
They prove in Théoreme 8 that every jet ¢ € J ﬁ(K ) comes from an element of
/E)ﬁ(]R") if the sequence is strongly non quasi-analytic (i.e. >°72, 1/(pmj) < oo
for every a > 0) and of moderate growth (i.e. there is A > 0 such that M, <
APM;M,,_; for every p € N and j € {0,...,p}).

In [1], P. Beaugendre generalizes this result as follows. He starts with a
convex and increasing real function ® on [0, +oo[ such that lim; o, ®(t)/t = 0o

(@)

and considers for every a > 0 the sequence m, ' = (mé‘ﬁ?)peNo defined by
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mgi)) = 1 and m((f;,) = exp (®(ap) — ®(a(p — 1))) for every p € N. He then

introduces the spaces CTD(Q) and J &D(K ) and proves in Théoréme 4.1 that every
jet ¢ € JO(K) comes from an element of ®(R") if ® is non quasi-analytic (i.e.
> e 1/(pm£ﬁ,)) < oo for every a > 0).

We consider a matrix m = (m; ) jen pen, such that for every j € N, the se-
quence m; = (M p)peN, is normalized, increasing to +oo and such that m;, >
mjy1,p for every p € Ng. We then introduce the spaces B\(gn) (©) and g(gﬁ) (K) and
investigate their relations with the spaces ﬁ(Q), EI;(Q) and Jﬁ(K), JEI;(K) In
the Borel case, this leads to the result of Chaumat and Chollet without assum-
ing the moderate growth condition (Theorem 7). The general cases are treated
as consequences of the key Theorem 13 which provides conditions under which
every jet ¢ € g(gm) (K) comes from an element of B\(gﬁ) (R™). Indeed we obtain
an extension result (Theorem 14) with the moderate condition of Chaumat and
Chollet replaced by “there are A > 1 and s € N such that M1 < APM;
for every p € Ny”. We also get the extension result of Beaugendre as a corol-
lary to the Theorem 13 (cf. Theorem 21). Further we investigate the inclu-
sion g(gq) (R™) C B\(m’t) (R™) as well as the equality, obtain that the vector space
g(sm) (R™) never coincides with Bygy(R") nor with B(gy(R") and prove that the
class of the Bgy)(R") spaces is strictly larger than the one of the ®(R") spaces.

Finally we obtain ultraholomorphic extensions, in particular analytic extensions
on R"\ K.

2 Main notations

Whenever m is a sequence (mp)pen, of real numbers, the notation M des-
ignates as usual the sequence (M,)pen, Where M, = my ... m, for every p € Np.
Such a sequence m is
(a) normalized if mp =1 and m, > 1 for every p € N;

(b) non quasi-analytic if 37724 1/m;, < oo;
(c) verifying the condition (x) if m,/p < mpy1/(p + 1) for every p € N; in
particular the sequence m then is strictly increasing.

Throughout the paper m designates a matrix

m = (mj,p) jeN
pENo
of real numbers submitted to the following two conditions designated later on
as the main requirement:
(a) for every j € N, the sequence m; = (m;p)pen, is normalized and increasing
to +o0;
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(b) mjp, > mjy1, for every j € N and p € Ny.
Then of course, M; designates the sequence (M;y)pen, for every j € N and
M the matrix (M;p)jenpen,. Of course we say that m is non quasi-analytic
(resp. verifying the condition (x)) if, for every j € N, the sequence m; is non
quasi-analytic (resp. verifying the condition (x)).

If K is a non empty compact subset of R”, we consider the following notions.
A jet ¢ on K is a family (gpa)aeNs of continuous functions on K. Given a jet ¢
on K, m € Ny, o € Njj such that |a] < m and z, y € K, we set as usual

)8
(B 0a)(e.0) = alt) Y oarsl@) L5

o
|B]<m—|af &

~

The Fréchet space Egyy(K) is then defined as follows. Its elements are the jets
¢ on K such that, for every h > 0 and j € N,

’(‘DOC('Z')‘
© ji= sup sup ————— <0
el ns weNy vek IOTM; o

and

R"pq)(@,y)| (m + 1)!
19l s = sup sup  sup e m+)1—|a\ =%
meNy aeNj z,yeK hm+1 ‘a“Mj,m-i-l ‘y - ‘T‘
la|<m TFY

Its topology is defined by the system of norms

{lrayiy+ Wllgays 17 €NT

In fact it is the projective limit of the sequence of the Fréchet spaces & Mj)(K ).

Finally, given a non empty open subset {2 of R", the Fréchet space Boy)(£2)
is the following space: its elements are the C°°-functions f on € verifying

D*f(x
| llon,; = sup sup 1)

< oo, Vh>0,5€N,
aENp z€Q h‘ale,\od

and it is endowed with the system of norms {|-lq;/;; | 7 € N}. It is the
projective limit of the Fréchet spaces Bpz;)(€2).

In the particular case n = 1 and K = {0}, i.e. in the Borel case, we replace
the notation g(gﬁ)({O}) by K(gﬁ) and note that the elements of this space simply
are the sequences a = (a)pen, of complex numbers such that

a
|a|h7j::sup 25 < oo, Vh>0,7€N,

pENp hpMj,p
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and that its system of norms is equivalent to {|[-[;,;, | j € N}. Of course

23(9;,{)([—1, 1]) is the subspace of B\(m) (R) whose elements have their support
contained in [—1, 1], a Fréchet space indeed.

If moreover we have m;, = mj;i1, for every j € N and p € Ny, we set
my := mq, and of course M, := M, for every p € Ny. Then K(gﬁ) coincides
with A(pg), ie. the vector space of the sequences a = (ap)pen, of complex
numbers such that

la|;, ;= sup 2| < o0, Vh>D0,

pENo hpMp

endowed with the system of norms { ||, | j € N}.

3 Surjectivity of the restriction map
R: Dny([—1,1]) — Amy

It is clear that the restriction map
R: Digyy ([-1,1]) — Agmy; f > (DPF(0))pen,

is linear and continuous. Let us establish a surjectivity condition.

1 Lemma. Let m be non quasi-analytic and verify the condition (x). Then
for every element w = (up)pen, of K(gﬁ), there is a normalized and non quasi-
analytic sequence m' of real numbers verifying the condition (x) and such that
u < A(M’) C A(gm)

Moreover for every j € N, there is a positive constant C(j) such that m;, <
C(j)m;p for every p € Ny.

ProoF. For every j € N, as u belongs to A(Mj), we may set

2297 |y
kj := sup 2 Jup| < 00
peNo  Mip
Then an easy recursion leads to two sequences (hq)qen, and (ng)qen, of integers

such that
O=ng=ho<ni <h <---<ng<hyg<--;

=1
> <277 VgeN;
p=ng Ttatlp

kg+127"1 < ki, VgeN;
mf]+17p S mqvnq < mq+17hq’
p Nq hq

Vp < hg,q € N.
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[It suffices to set ng = hg = 0 and if ng, ..., ng—1 and ho, ..., hg—; verify these
requirements, to first choose n, € N verifying the first three requirements and
then to choose as hy the first integer such that mg ., /ng < mgq1.n,/he; since
Mgt1p < Mg,p holds for every p € N and limy, mgy1,/p = 400, it is clear that
hg > ng.]

Let us now establish that the sequence m’ defined by

/ Mgp for p=hy_1,...,n4 and ¢ € N,
My = nﬂmqmqforp:nq—l—l,...,hq—landqu

q

suits our purpose.
It clearly is normalized and verifies the condition (x). As mj, > m;, holds
for every p < mn; and j € N, it also is non quasi-analytic since

Mg+1,p

Moreover u belongs to A( M) since for every k € N and integer p > ny, there is
a unique integer j > k such that p € {n;_1 +1,...,n;} hence

k .

27 lup) ;4’1,‘1" < 2"Pf;27 2] —M];p < 2Pk <27k < Ky
P P

Finally the inclusion Ay C K(m) is a direct consequence of the fact that
m;, < m;p holds for every p > n; and j € N which also implies the existence of
the constants C(j). QED

2 Theorem. Let m be non quasi-analytic and verify the condition (x). If
moreover for every j € N, there is A(j) > 0 such that

]+1p < pA(j)mjp, VYp€EN,

then every element of A(m) comes from an element of ﬁ(m([—l, 1]).

PROOF. For every u € K(gﬁ), the previous Lemma provides a normalized
and non quasi-analytic sequence m/’ of real numbers verifying the condition (*)
and such that u € Appy C K(gﬁ).

Let us now consider the sequence m” = (m;)pen, defined by mg = 1 and
m! = (m;,)2 /p for every p € N. As the sequence m’ is normalized and verifies

P
the condition (x), it is an easy matter to check that m/ is a normalized and

increasing sequence such that m; < m; and
! o ! o0 ! o0 o0
m 1 m k1 m 1 1
_PZ_/ _ _pz__ < _Pzi_ :Z_
P m D ~p ml m) m
k=p k k=p k=p P 'k k=p K
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for every p € N hence m” is non quasi-analytic and even verifies

my o= 1

sup — E —; < 0.
m

peN P —p Tk

So we may apply the Theorem 4.2 of [6] and obtain the existence of a function
f € Dy ([1,1]) such that DPf(0) = u,, for every p € No.

Now to conclude, let us remark that the previous Lemma provides for every
J € Na constant C(j +1) > 0 such that m;, < C(j+1)mj1, for every p € No.
Therefore we get

(mp)* _ 1, . . _
my = = < SCG+ 1P, < O+ D AG)myy, VipeN,
hence Dpry([—1,1]) C ﬁ(gn)([—l, 1]) and we conclude. QED

4 Surjectivity of the restriction map
R: M(R) — JM

Condition (A). Under condition (A), m = (mp)pen, is a normalized and
increasing sequence of real numbers such that lim,(my . .. mp)l/ P = +00. There-
fore the sequence M is normalized, logarithmically convex and such that M;,} /p T
+o00 and M, /M,_; T +oo. Moreover (a;);en is a sequence of positive numbers

strictly decreasing to 0. Finally for every j € N, we set m;o =1 and

_ MY
a; p-Mp
mjp=pmy = ————%—, VpeN.
(b — DI,

For every j € N, it is then clear that the sequence m; is normalized and
increasing to +oo. It is also clear that we have m;, > m;1, for every j € N and
p € Ny. Therefore the corresponding matrix m satisfies the main requirement.
More can be said.

3 Proposition. If the condition (A) holds, then for every j € N, the se-
quence mj verifies the condition (x) and is such that mj,/p — 400; in partic-
ular the matriz m verifies the condition (x). Moreover M, = p!M,’ holds for
every j € N and p € Ng.

4 Definition. Let the condition (A) hold. As in [3], we consider the follow-
ing spaces.

Given a non empty open subset  of R” and a > 0, the Banach space
(p!Mg;1)q is the vector space whose elements are the functions f € C*(Q)
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verifying

DOC
1fllg,q := sup sup D f(2)]

— 7 < 0,
aeN; zeQ ]a\!M“fx'

endowed with the norm |||, ,- The Fréchet space 53\1(9) is then the projective
limit of the Banach spaces (p!M;}; 1)q for a > 0; of course it also is the projective
limit of the Banach spaces (p!M,’;1)q for j € N.

Given a non empty compact subset K of R" and a > 0, the Banach space
{p!M; 1}k is the vector space whose elements are the Whitney jets ¢ on K
such that

lpall g [(R™pa)(@,y)]
lell g, := sup sup max{ ——
Koo eNo aeN; ! ME o yer |o|tME | |y — 2™l
la|<m z#y

is finite, endowed with the norm ||| ,. The Fréchet space J/E)ﬁ(K) is then the
projective limit of the Banach spaces {p!M;; 1}k for a > 0; of course it also is
the projective limit of the Banach spaces {p!M,”; 1} for j € N.

In the Borel case (i.e. r = 1 and K = {0}), we write JM instead of Jﬁ({O})
and note that the elements of JMN are the sequences ¢ = (¢p)pen, of complex
numbers such that

[
lell, :== sup —=— < o0, Va >0,

pENp p'M;)l

with [|[[, = [0 a-

5 Proposition. If the condition (A) holds, then the Fréchet spaces ﬁ(Q)
and B () coincide for every non empty open subset {2 of R”.

PROOF. We first prove that ﬁ(Q) is a vector subspace of g(sm) (Q), endowed

~

with a finer topology. Indeed given any continuous norm |[|-[|q, , ; on Bgy) (£2) and

fe D/fI\Z(Q), we first note that we successively have

D fllg < 1 lleua,., leltg M,

a;
@

+1—aj — HfHQ,ajH Mj,|a|M|(2‘+1_aj'

Then from
lim M @ti—a)/lel _ 0,

o =00 1o

we deduce the existence of an integer py € N such that M‘Zf'“_aj < hlel if

~

la] > po. This clearly implies that f belongs to Bgy)(€2) as well as the exis-
tence of a positive constant C(j,h) (independent from f) such that | f|lq ) ; <

C(], h) Hf||Q,aj+1 :
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Conversely we first note that {HHQ% | 7 € N} clearly is a fundamental

system of continuous norms on 53\1(9) To conclude it suffices then to check that

~

: < .- holds on bgy which directly comes from the inequalities
Q.0 0,1/4 hold B( ) Q) which di 1 f he i liti

ID%llg < Hg||Q,1/j7jj_|a‘Mj,|a| < llgllg,1/5 |a|!M|(Z\

~

valid for every g € Bgp) (2) and o € N, QED
6 Proposition. If the condition (A) holds, then the Fréchet spaces J/E)ﬁ(K)

~

and Eon) (K) coincide for every non empty compact subset of R".
In particular the Fréchet spaces J9M and K(gﬁ) coincide.

PrROOF. We first prove that J§J\T(K ) is a vector subspace of g’(m)(K ), en-
dowed with a finer topology. On one hand, for every h > 0 and j € N, acting as
in the previous proof, we obtain immediately the existence of a positive constant
A(j, h) such that

[Plin; < AG) elka,,, » Ve € JMEK).
On the other hand, for every h > 0 and j € N, acting in the same way, we

obtain .
[(R™¢a)(,y)]

aq a; —a;
sup il = el ka, .y ! My My ™
syek ly — |
Ty

for every a € Njj such that |o| < m. As there is a positive integer py such that
M7H ™% < hm*! for every m > pg, we obtain immediately the existence of a
positive constant B(j, h) such that

H‘PHK,h,j < B(j,h) ”‘PHK,%+1 , Ve e IM(K),
hence the conclusion.
Conversely we first note that { ||| K.a, | 7 € N} clearly is a fundamental

system of continuous norms on Jﬁ(K ). To conclude it suffices then to check
that we have

”1Z’|’K,aj < W"K,l/j,j + H‘pHKJ/j,jv VY € g(m)(K),
for every j € N: one has just to proceed as previously starting with

[(B"a)(2, y)|

P and sup
|| aHK - ‘y_x‘m_,_l_w

TFY

separately. QED
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7 Theorem. If the condition (A) holds and if m is non quasi-analytic (i.e.
z;ozl(pmg)_l < 0o for every a > 0), then every element of JI comes from an
element of ﬁ(R) having a compact support.

PROOF. The use of the sequence (a; := 277);en to define the topologies of
the spaces JO and M(R) leads to

2*(]’+1))2_ 2 9-J

m?+17p = (pmp =p'm, =~ =pmjp, Vp,jEN

~

As JON coincides with K(gﬁ) and ﬁ(R) with By (R) and as m is non quasi-
analytic and verifies the condition (x), the conclusion follows at once from the
Theorem 2. QED

5 Suriectivity ofAthe restriction map
R: Bon)(R") — Egny(K)

For the sake of completeness, let us recall the following two results.

8 Result. [2, Lemme 14] If (ap)pen is a sequence of non negative numbers
and (by)pen a sequence of positive numbers, the following three conditions are
equivalent:

(a) for every h > 0, there is a positive constant C(h) such that a, < C(h)hPb,
for every p € N;

(b) limpﬁw(%/bp)l/p =0;

(c) there is a sequence (ep)pen of positive numbers decreasing to 0 and such that
ap < €1...€pby for every p € N.

9 Result. [2, Lemme 16|, Let (ap)pen be a sequence of non negative numbers
such that 372 ap < oo and let (By)pen and (vp)pen be sequences of positive
numbers such that B, — 0 and v, | 0. Then there is a sequence (Ap)pen of real
numbers such that 1 < A, Ay T 0o, Apyp |, ApBp — 0 and

i)\kak < SApiak, Vp € N.

k=p k=p

10 Proposition. Let the sequence (by)pen, be normalized, non quasi-analy-
tic and verify the condition (). Let moreover (up)pen, be a sequence of positive
numbers such that, for every h > 0, there is a positive constant C'(h) such that
up < C(h)hPbg ... by, for every p € Ny.

Then there are a normalized and non quasi-analytic sequence (cp)peN, veri-
fying the condition (x), a positive number C' such that u, < Ccy...c, for every
p € Ng and a sequence (0p)pen of positive numbers, decreasing to 0 and such
that [Th_gce < 01...0,Th_o bk for every p € N.
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PRrROOF. A direct application of the Result 8 to the sequences (up)pen and
(ITh—o br)pen instead of (ap)pen and (by)pen respectively, leads to the existence
of a sequence (gp)pen of positive numbers decreasing to 0 and such that u, <
€1...€p][R_qbi for every p € N.

Then we set oy, = 1/by, B, = € and vy, = p/b, for every p € N and apply
the Result 9: we get the existence of a sequence (\,)pen of real numbers such
that 0 < Ay < by, A\p T 00, Apyp |, ApfBp — 0 and

> ar <80 Y o, VpeN
k=p k=p

Now we set ¢g = 1, 8, = 1/X, and ¢, = 6pb, for every p € N. From p/c, =
App with ¢; > 1, we deduce that the sequence (¢p)pen, is normalized and verifies
the condition (*). It also is non quasi-analytic since

1 1 1 1
ZC—:C—+Z)\pap§C—+8)\12b—<OO.
p=0 P 0 p=1 0 p=1 7P

From

P P
up < 51...sprk = (e1A1) ... (gpAp) Hck, Vp € N,
k=0 k=0
and A\, = A3, — 0, we get the existence of a positive constant C' such that
up < Coy. .. cp for every p € Ny. To conclude, we note that (6,)pen is a sequence
of positive numbers decreasing to 0 and such that [[}_sck = 61...60, [[h_, bx
for every p € N.

11 Proposition. Let K be a non empty compact subset of R" and let m be

non quasi-analytic and verify the condition (x).
If, for every j € N, there is a positive constant A(j) such that

Mji1pMjs1pi1 < A(GPTM;,,  Vp € Ny,

then, for every f € g(gﬁ) (R7), the jet (9o = D*f|K)acny belongs to g(;m) (K).
PROOF. Let us consider any h > 0 and j € N.
On one hand it is clear that ||, ; is finite since it certainly is < || f[[gr j, ;-
On the other hand, if we fix m € N, o € Njj such that || < m as well as
two distinct points z and y of K, the limited Taylor formula applied to g = Rf
or g = &f provides the existence of some 6 €]0, 1[ such that

— )P — )8
Dly) = > Dawg(x)%Jr > D°‘+ﬁg(:n+9(y—:r))%

|Bl<m—]al |8l=m+1-]af
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hence
pmtl— ||

(m+1—|a)!

h

m m+1
(B 6a) @ )| < 21 F e sjegn ()" Myt

for every t > 0 since we have E\ﬁ\:k 1/8! = 7k /k! for every k € N. So if we
use the inequality mentioned in the statement and if we note that lim,,(m +
)!V/Mji1,m+2 = 0 implies the existence of a constant B(j) > 0 such that (m +
D/Mj11,m42 < B(j) for every m € N, we successively get
[(R™po) (@, y)| (m + 1! _ |(R™pa)(x,y)| A)B())
WL ol My ly — ol ™ (b AG)) ™ [al!Mi g1 |y — T
< 2A0)B0U) [ fllrr pyragy),jer -

Hence the conclusion. QED

In the proof of the following key theorem (a kind of converse to the Propo-
sition 11), we will use the following Result which is a direct consequence of the
Théoréme 3.1 of [1].

12 Result ( [1], Théoreme 3.1). Let K be a non empty compact subset of R
and let also m be a normalized and increasing sequence such that Z;il(pmp)_l
< o00. Then every ¢ € {p!Mp;1}k comes from a function f € C>®(R") with
compact support for which there are positive constants A and B such that

D fllgr < AB' ! M| M 11, Vo€ N

13 Theorem. Let K be a non empty compact subset of R" and let m be
non quasi-analytic and verify the condition ().
If, for every j € N, there is a positive constant A(j) such that

Mjp1pMjs1p < AG)PT (p+1)1M;,,  Vp € Ny,

then every jet @ € g(m)(K) comes from an element of B\(m) (R™) with compact
Support.

PROOF. Let us first obtain an extension f of ¢.
Let us first remark that, for every j € N, there is a constant B(j) > 0 such
that
Mji1pe1 < BGIAGP T My, ¥p € No.

Indeed as the sequence m;; is normalized, increasing and non quasi-analytic,
the sequence ((p+1)/mj41p)pen, converges to 0 and this implies the existence
of a constant B(j) > 0 such that (p+1)!/M;;1, < B(j) for every p € Ng, which
leads to

M1 pMjs1p1 < AG)PT(p+ 1)IM;, < B(G)AG)PT M M1,



170 J. Schmets, M. Valdivia

for every p € Ny.
For every p € Ny, let us now set

[(RPpa)(z,y)| (p+ 1)!
x|p+1—\a|

Up = sup ||¢allx and w, := sup sup
a€EN aeNyzyeK ol ly —
|o=p la|<p 7Y

For every h > 0 and j € N, we then have
vp < “P’K,h,j hP M,
and

wy < ”‘P”K,h,jH thrl]\4]'+1,p+1 < H‘P”K,h,jH hp+lB(j)A(j)p+1Mj,p-

Therefore the sequence u = (up = v, + wp)pen, belongs to K(gﬁ) and the
Lemma 1 provides a normalized and non quasi-analytic sequence m/ verifying
the condition () and such that w € Aipzy C Agapy.

As u belongs to A(ppy, an application of the Proposition 10 with the se-
quence (bp)pen, replaced by m' provides a normalized and non quasi-analytic
sequence (cp)pen, verifying the condition (x), a positive constant C' such that
up < Ceg...cp for every p € Ny and a sequence (6,)pcn,, decreasing to 0 and
such that [[¥_q ek < 61...6,T[8_om] for every p € N.

Let us set Cp :=¢q...cp and P, := C,/p! for every p € Ng. We then have

H‘:DOCHK < Vla| < Ul <C ’a“P\ab Vo e NS?

as well as, for every p € Ny,

RP 1)!
sup sup ’( goa)(a:,y)!(p—k ) :wpﬁup§0plpp§0(p+1)!Pp+1

aeNy zyek ol |y — z|PHi1e
la|<p 27y

hence ¢ belongs to {p!P,; 1} k.
The Result 12 then provides a function f € C°>°(R") with compact support
and constants A > 1 and B > 0 such that ¢ comes from f and

D fllgr < AB la|'P o Paj+1, VYo € Ng.

To conclude, let us prove that f belongs to B\(gﬁ) (R™).
Let us fix any j € N.
By the Lemma 1, there also is a constant C'(j + 1) > 0 such that

MM < O+ 1) My My pyn < C(5 + 1) TAGP™ (p + 1)IM; .
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Therefore for every a € Njj, we successively get

1
« ‘a‘i 2 2 / !
ID% fller = AB® g3yt -+ OlaBlors1 Mia Mol

< ABC(f + 1)HH Al 192 9\2a|9\a\+1Mj,|a|
hence we get the existence of a constant D(j) > 0 such that

ap := sup |D*f|lgr < AD(j)P03 ... 912,Mj,p
a€eNg
|lal=p

for every p € Np.
So everything is in order to apply the Result 8 to the sequences (ap)pen,
and (AD(j)P M, p)pen,: for every h > 0, there is a positive constant F(h) such

that

h P .
ay < E(h)(m) AD(jPM;, < E(h)hPM;,, Vp e N.

Hence the conclusion. QED

6 Surjectivity of the restriction map
R: MR") — JM(K)

14 Theorem. Let K be a non empty compact subset of R".
If the condition (A) holds, if m is non quasi-analytic and if there are A > 1
and s € N such that My1 < APM,; for every p € No, then every jet p € JM(K)

comes from an element of /E)ﬁ(]RT) with compact support.

PROOF. The use of the sequence (a; := 277%) ey to define the topologies of
the spaces JO(K) and M(R") leads to

Aj4+1q r8541 pa; (s+1)aj41 pa; 2-ds P
My"™ M, < APYHI M, L APYTIME T < APMY

hence to

Mj1pMji1pe1 = pPIMy" (p+ 1D)IMTE < APpl(p+1)!Mp7 < AP (p+1)1M;

for every p € N. As ﬁ(RT’) coincides with g(gﬁ) (R™) and Jﬁ(K) with g(gﬁ) (K),
the conclusion follows at once from the Theorem 13.
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7 Surjectivity of the restriction map
R: ®(R") — JO(K)
15 Proposition. If ®: [0,00[— R is a convex and increasing function such

that ®(0) = 0 and limy_o, ®(t)/t = +o00, then, for every a > 0, the sequence
Mg = (Map)peN, defined by mqo :=1 and

Map = pexp(®(ap) — ®(alp —1))), VpeN,

is normalized, verifies the condition (x) and is such that lim,m, p/p = +o0.
Moreover the inequality my,, < myg, holds for every 0 < b < a and p € Ny.

PROOF. It is clear that the sequence m, is normalized. Moreover for every
p € N, the convexity of ® leads to

®(ap) — ®(a(p — 1)) < @(a(p + 1)) — ®(ap)
which implies of course the condition (x). It also provides

®(ap) — ®(alp — 1)) > ®(ap)

a ap

hence lim, mq p,/p = +00. If 0 < b < a, it finally gives

O(bp) — @(b(p — 1)) _ P(ap) — (a(p — 1))
b - a

hence ®(bp) — ®(b(p — 1)) < ®(ap) — P(a(p — 1)) and therefore myp, < myp.

16 Definition. Let ®: [0,4+00[— R be a convex and increasing function
such that limy_,o ®(t)/t = +00. For every a > 0 and p € Ny, set also Mg) =
exp(®(ap)).

Then, as in [1], let us consider the following notions.

Let 2 be a non empty open subset of R". For every a > 0, the Banach space
{p!M(gg)), 1,2} is the following space: its elements are the C*°-functions f on 2

such that
D¢
HfHQ,a = sup sup m <

[}
aeNG zeQ ‘a"Mi‘a)|

and it is endowed with the norm |[|-|| ,. The Fréchet space ®(9) is then the
projective limit of the Banach spaces {p!Mg), 1,0} for a > 0.



Extension properties 173

Let now K be a non empty compact subset of R". For every a > 0, the

)

Banach space {p!Mg , 1, K'} is the vector space of the jets ¢ on K such that

xr
ol o o= sup sup 22D o

) (]
aeNp zeK \a]!MC(L‘a)‘

and .
[(R™pa)(2,y)]
’m+l—|o¢\

el = sup sup sup
) . r | (¢) _
meNg IZ\EEO xxy;yK ‘a“‘zwa(m—l—l) ly—=

endowed with the norm ||y , + ||l ,- The Fréchet space J®(K) is then the

projective limit of the Banach spaces {p!Mg), 1, K} for a > 0.

If we set U(t) = ®(t)—P@(0) for every t > 0, ¥ also is a convex and increasing
function on [0, +-00[ such that limy—, oo U(¢)/t = +00 and it is a direct matter
to check that the Fréchet spaces ®(2) and ¥(2) as well as J®(K) and JU(K)

coincide.

Condition (B). Condition (B) means that ® is a real, convex and increasing
function on [0, +-00[ such that ®(0) = 0. It also means that (a;),en is a sequence
of positive numbers strictly decreasing to 0 and that, for every j € N, we set
mjo = 1 and

(®)
p!Ma,
Mmjp = g = pexp(®(a;p) — ®(aj(p — 1)), VpEN,

(@)
(- 1)!Maj (r—1)

as well as of course Mj, = mjg...m;, = p!M,g;bp) for every p € Np.

If the condition (B) holds, the Proposition 15 tells us that, for every j € N,
the sequence m; is normalized, verifies the condition (x) (hence is increasing)
and verifies lim, m;,/p = oo (hence lim,m;, = o0o). It also tells us that the
inequality m 41, < mj, holds for every j € N and p € Ny. Therefore the matrix
m = (m;,)jeNpeN, verifies the main requirement and the condition (x).

If the condition (B) holds, it is also clear that the Fréchet space ®(€) is
the projective limit of the Banach spaces {p!Mé;Dp), 1,9} and the Fréchet space
J®(K) the one of the Banach spaces {p!Mé;Dp), 1,K}.

17 Lemma. If the condition (B) holds, then, for every h > 0 and j € N,
there is pg € N such that
(@) ol
aj41 | a .
W §h‘ | if |a| > po.

ajlal
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ProOF. It suffices to note that we even have

lim (M) ) yHlel — g

i (M, /Mo
since the convexity of ® provides
®(aj |of) = Plajiaal) o Playlal)
(aj —ajp1)lel = ajlal
for every 7 € N and o € NJ. QED

18 Proposition. If the condition (B) holds, then the Fréchet spaces CTD(Q)
and B(gﬁ)(Q) coincide for every non empty open subset ) of R".

PROOF. We first prove that CTD(Q) is a vector subspace of B\(m)(Q), endowed
with a finer topology. Indeed given any continuous norm |||l ; on g(m)(Q)
and f € EI;(Q), we certainly have

M@ o
c1> a; a
1D £lle, < I fllgay., My = Fllaa,., ! Miﬂa\ﬁ
ajlal
for every a € Nj. To conclude, it suffices then to note that the Lemma 17
provides a constant C(j,h) > 0 (independent from f) such that [|f|lq,; <

C) o,

Conversely since { |[|q ; | 7 € N} is a fundamental system of continuous
norms on ®(0), it suffices to check that the inequality ||||Qaj < | llg,1/5,; holds
on By (£2), which is immediate. QED

19 Proposition. If the condition (B) holds, then the Fréchet spaces JEI;(K)
and Egpy (K) coincide for every non empty compact subset K of R".

PROOF. We first prove that J®(K) is a vector subspace of g(gm)(K), en-
dowed with a finer topology. Given any continuous norm |- 5, ; + [|*[| 5 ; on

é\’(im)(K) and ¢ € JEI;(K), we have

(®)
@  _ (®) ajilol
Iallic < lelica, o 1017 o) = 1elica, o lol Moo — 5

ajlal
for every a € Njj and the Lemma 17 provides a constant A(j,h) > 0 (indepen-
dent from f) such that |p|x ), ; < A(j, h) |<p|K7aj+1. For every m € N and a € Nj
such that || < m, we also have

(B 00) @) _ o

@ Mo

S g S < el agpn My Gy — G5
;E7éy Y- aj(m+1)
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and again the Lemma 17 provides a constant B(j, h) > 0 (independent from f)

such that [|¢|| g, ; < B(j, 1) |l q,. -
Conversely since { ||, + |llxq, | 7 € N} is a fundamental system of

continuous norms on J &D(K ), it suffices to check that we have

ke, < gy and lixe, < Ik,

~

on &gy (K), which is a direct matter.
20 Definition. If the condition (B) holds, let us say as in [1] that ® is non
quasi-analytic if the matrix m is non quasi-analytic.

21 Theorem. If the condition (B) holds with ® non quasi-analytic and if
K is a non empty compact subset of R", then every jet o € JO(K) comes from
an element of ®(R") with compact support.

PROOF. The use of the sequence (a; := 377);en to define the topologies of
the spaces J®(K) and ®(R") leads to

P
Mjr1pMjy1p41 = p!Méi)lp(p + 1)!M(£j421(17+1)

=pl(p+ 1)!eq’(ajﬂp)-i-‘l)(ajﬂ(:n-l-l))

with ®(aj41p) + ®(aj+1(p + 1)) < ®(aj41(2p + 1)) for every p € Ny by use of
the properties of ®. Therefore we have

Mjy10Mj11 < e2(@it1) < 64’(1)(0 +1)!M;
as well as for every p € N

Mji1,pMji1pp1 < pl(p + 1)) = pl(p + 1)) = (p 4 1)1M,,
P(1
< e®W(p + 1)IM;,.

As ®(R") coincides with g(sm) (R™) and J®(K) with é\’(m) (K), the conclusion
now follows at once from the Theorem 13.

8 Mixed problem

In this paragraph, we consider a second matrix t = (7);jenpen, verifying
the main requirement, i.e. for every j € N, the sequence r; = (7} ,)pen, is
normalized and increasing to +o0o and the inequality 7, > 741, holds for
every p € Nyg. Moreover we of course set R;, = r;o...7;, for every j € N and
p € Np.
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22 Proposition. If the matrix v verifies

R
liminf —22 — >1, VjeN,
P PR

then the inclusion K(m) C K(gﬁ) implies for every j € N the existence of an
integer c(j) > j such that Ry, < Mj, for every p > c(j).

ProOF. If it is not the case, there is an integer jo € N such that for every
integer ¢ > jo, there is an integer s, > ¢ such that R, s, > Mj, s,

Since replacing m and v by use of the same subsequence of their lines does
not modify the hypothesis, we may very well suppose the existence of a strictly
increasing sequence (s,)qen of positive integers such that R, s, > M, for every
q € N.

Let us now prove that the sequence u = (up)pen, defined by us, = My s,
for every ¢ € N and u;, := 0 otherwise belongs to A(g,) for every k € N hence
to K(m). Indeed let £ > 2 be an integer and fix any A > 0. Then we let [ be the
first integer such that [ > k and 2¥~! < h. On one hand, from

Us, = Ml,sq < Rq,sq < Rl,sqa VQ > l,

we get that u, < R, holds for every p > s;. On the other hand, by hypothesis,
there is a positive integer pg such that

R;, .
e V]E{k‘,...,l_l}vpzp(]v
2pRjJrl,p
hence such that
h? Ry p, S 2p(k—l)Rk7p _ Brp i1y >1, Vp>po.
Ry, Rip  2PRpy1p 2Ry p B

These two informations put together provide clearly the existence of a positive
constant A(h) such that u, < A(h)hP Ry, for every p € Ny.

Now as u belongs to K(m), it also belong to K(gﬁ) hence to A(pz,) and there
is a constant A > 0 such that u, < A27PM; ), for every p € Ny. But there also
is ¢ € N such that A27% < 1. This leads to the contradiction us, = M, <
M s,

23 Proposition. Let m and v be non quasi-analytic and verify the condition
(x). Suppose moreover that, for every j € N, there is a constant A(j) > 0 such
that

{ Mj1pMjapi1 < AGP (0 +1)!1Mj
Rjt1pRit1p11 < AGPTH(p+ 1DIR;y
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for every p € Ny.
Then the equality of the vector spaces B\(m) (R™) and g(m) (R™) for somer € N
implies that
(a) the vector spaces K(gﬁ) and K(m) coincide;
(b) for every j € N, there are positive integers a(j), b(j) and c(j) such that

{ J <a(j) <a(j) +1<b(j),
Rjp > Ma(j)p = Ma)+1p = Bojyp, 7P 2 c(j).

PROOF. (a) By the Theorem 13, every element u of IAX(gm) comes from an
element f of B\(gﬁ) (R). Setting = = (x1,...,x,) for the generic points of R",
it is immediate that the function g(x) = f(x1) belongs to B\(gn) (R™) hence to

B (R"). For every a € Nj such that az = ... = a, = 0, we obviously have
D%g(0) = uq, hence u belongs to K(m). Hence the conclusion since the conditions
imposed on m and v are identical.
(b) On one hand, the hypothesis implies the inequalities
M p > Mjt1p11

22 M1, — 22PLA()PT(p + 1Y
On the other hand, for every j € N, the sequence m; is normalized, increasing
and non quasi-analytic; it is well known that this implies p/m;1, — 0 hence

1\ V/+1)
lim <M> —0, VjeN.
P\ Mjt1p1

VjieN,pe Np.

Putting these two informations together leads to

lim inf D

—=r— >1 VjelN
P 2PMjpp ’

Since m and v satisfy identical conditions, analogous inequalities hold for t.
As part (a) provides the equality Aon) = A(s), we conclude at once by use
of the Proposition 22. QED

9 Autonomy of the spaces B\(gﬁ)(RT)

24 Proposition. Let m be non quasi-analytic and verify the condition (x)
and let 7 = (rp)pen, be a normalized sequence increasing to +00. Suppose more-
over that, for every j € N, there is A(j) > 0 such that

M1 pMjiqpi1 < AP (p + 1)!IM;,, Vp € Ny,

then, for every r € N, the vector space g(gﬁ) (R™) does not coincide with the
vector space Bygy(R") nor with the vector space B g)(R").
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-~

PRrROOF. (a) If the vector spaces By (R") and Byg)(R") coincide, it is clear

~

that the vector spaces By (R) and Bigy(R) coincide too. It also is an easy

~

matter to check that the Fréchet space A(gy) is not isomorphic to a Banach
space. By the Theorem 13, we know that every element of A(gy) comes from an
element of Bgy)(R). As a direct consequence of the closed graph theorem, we
obtain that A(gy) is a Hausdorff quotient of the (LB)-space Big)(R) hence is a
(LB)-space, which is contradictory.

~

(b) If the vector spaces By (R") and B(g)(R") coincide, it is clear that the

~

vector spaces B(gy)(R) and B(g)(R) coincide too. By the Theorem 13, we know

that every element of A(gy) comes from an element of g(gm) (R) hence from an
element of B(g)(R). If we define the matrix t = (7;,)jenpen, by 7jp = 7p for
every j € N and p € Ny, t verifies the main requirement and what precedes
leads to K(gﬁ) CAg C K(m). Now proceeding as at the beginning of the proof
of the part (b) of the Proposition 23, we get

M
liminf —2 > 1, VjeN.
P 2PMjtp

Therefore we may apply the Proposition 22 and get the existence of an integer
¢ > 1 such that M., < R, = R, for every integer p > c.
Using the hypothesis provides

MeiopMepopi1 < Alc+ 1P (p+ 1)IMegr,,  Vp € Ny,

hence

M, 1/ M, 1/
lim (ﬂ) "> lim Alc+ 1)—(p+1)/p<ﬂ> P s
p c+2,p p (p + 1)!

Hence by the result ( [4], 6.7.111), there is a function g belonging to Byay, ;3 (R)

and not to By, ,,1(R), hence not belonging to g(gm) (R).
However the hypothesis also provides

1 1
lim (*Mc’p ) & > lim A(C)_(p+1)/p (7Mc+l’p+l> & = 0

Therefore, for every h > 0, there is pg € N such that
MC-i-Lp < hpMc,py Vp > po.

This implies that g belongs to B(az,)(R) hence to Bigy(R) = B(on) (R).
Hence a contradiction. QED
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10 About the equality

~ ~

D(R") = Bany(R")

25 Proposition. Let m be non-quasi-analytic and verify the condition (x).
Suppose moreover that, for every j € N, there is A(j) > 0 such that

Mj1pMip1pe1 < AGPH (0 +1)!Mjp,  ¥p € No.

Let finally the condition (B) hold with ® non quasi-analytic and set

®
p!Méﬂz

(@)
(p— 1)!Maj (r—1)

= pe®(@iP)=2(@;(P-1)  yi c N p e Ny,

Tip =

to avoid any confusion in the notations.
If the vector spaces ®(R") and Bgn) (R") coincide for some r € N, then, for
every j € N, there are positive integers a(j) > j, c¢(j) and r(j) such that

Maiyp o MaG)i1,rGip
T Gp)!

Vp > ¢(j).

PROOF. Let us use the sequence (a; := 377) ey to define the topologies of
the spaces ®(R") and Bgy)(R"). The beginning of the proof of the Theorem 21
gives then the existence of a constant A > 0 such that

Rit1pRjt1pr1 < A(p + 'R, ,, VjeN,peN.

As we know by the Proposition 18 that the Fréchet spaces @(RT) and B\(m) (R")
coincide, we are in position to apply the part (b) of the Proposition 23: for every
J € N, there are positive integers a(j), b(j) and ¢(j) such that

{ J <a(f) <a(f) +1 <),
Rjp 2 Magj)p = May+1p 2 By 9P 2 €(0)-

Therefore if we choose a positive integer 7(j) such that r(j)ay;) > a(j), we
successively have

' .
Ma(j),p S Rj7p = p!ecb(lljp) < p (T(j)p)!eq?'(r(])ab(j)p)

= rG)p)!
p! M(j)+1,0G)p
<7R 1).r(7 é !.7,
= rGp)! e =P Gyl

Hence the conclusion.

Vp > c(j).
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Construction Let us obtain the sequences a; = (a; p)pen, by the following
recursion on j € N.

As starting point we take the sequence a1 = (a1, = 2P),cn, and observe
that, replacing a1, by b; ), for every p € Ny, the sequence a; verifies the following
five conditions for every p € Ny:

(a) bjp < bjpt1,

(b) bjp is of the type q(4,p)2"9P) with q(4,p), r(j,p) € Ny such that ¢(j,p) is
odd and limy, r(j, p) = oo;

(c) there is s(j, p) € Ng such that bj 41 — bj,, = 250P);

(d) bjpt2 = bjpt1 = bjpr1 = bjp;

(e) limp(bjpt1 — bjp) = 0.

Now if the sequences ai, ..., a; are obtained, we construct the sequence
a;11 by use of the following recursion which leads to the fact that the sequences
ai, ..., ajq; verify the conditions (a) to (e) here above when setting ay , = by,
for each k € {1,...,7+ 1} and all p € Ny.

As starting point we define the sequence ag

p € Np. Then if the sequences a(-o), ey alt)

J J
sequence ag-kﬂ) by use of the following construction which also leads to the fact

that the sequences ag-o), cee ag-kﬂ)

ag»l’l)) = bjp for some | € {0,...,k+ 1} and all p € Nyg. We let ny, be the first

integer fulfilling the following two conditions:

(k)

0) 0) _

P
are obtained, we construct the

by setting a a; p for every

verify the conditions (a) to (e) when setting

(1) considering the r(j,p)’s coming from a;, = bjp for every p € Ny, we have
r(j,p) > k + 1 for every p > ny;

(k) (k) (k) (k)
(2) @jinpr2 = Gngr1 > Ginrr = Gy
Then ordering the set

(k) (k)
as —a:
{a}kg:peNo}U{ij’p+1 j’p:p>nk}
’ 2

: (k+1) 1 : oo g (k).

provides the sequence a;" " . Finally ordering the set U k:l{aj,p :p € No} pro-

vides the sequence a ;1.

Here is the aim of the choice of the starting sequence a; and of this con-
struction: for every j, r € N, it is a direct matter to check that there is a
positive integer b(j,r) such that for every integer n > b(j,r), there are at least
2" elements of the sequence a1 belonging to |a;,, ajnt1]-

Condition (C'). Condition (C') means that the sequences a; of the previous
construction are at our disposal. It also means that m is a normalized, strictly
increasing and non quasi-analytic sequence and that we set MO(] ) .= 1 and
M,SJ) := M, , for every j € N and p € Np.
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Let us immediately note that, if condition (C') holds, then we certainly have

00 ) ()
1 M;”
Z ) Z p(j)l < oo, VjeN,
p=1 mp p=1 MID
(M) < MY M), Vj € N,p € Ny,

(for the last inequalities just recall that we have a;,12 — ajpr1 > ajpr1 —
for every j € N and p € Ny).

26 Proposition. If the condition (C) holds, then, for every j € N, there is
A(j) > 0 such that

aj,p

MIHIMUED < AGIMY),  vp e N,.

PRrROOF. By the construction, there is pg € N such that, for every n > py,
the number of the elements of a; 1 belonging to |a; n,ajny1[ is > 22 For every

integer p > 2pg, Mlgj ) is then the element p+ 1 of the sequence M) and also

the element Mq(j D of the sequence M G+ for some integer ¢ > 4(p — po). We
therefore get

MG MUY < MPTD) < MU = MO, vp > 2pp,

since p > 2pg implies 4(p — pg) > 2p + 1. QED

27 Proposition. If the condition (C) holds, then, for every j, v, pg € N,
there is an integer p > po such that M,gj) > Mr(gﬂ).

PRrROOF. By the construction, there is an integer p; > pg such that, for every
integer n > p1, the number of the elements of a; ;1 belonging to |a;,, a;n41[ is
> 2". Now let po be an integer such that ps > p; and 2" (p — p1) > rp for every
integer p > po. Then, for every integer p > po, Mlgj ) is the element p—+ 1 of the
sequence M) and also the element Mq(j T of the sequence MU+ for some
integer ¢ > 2"(p — p1) > rp hence M,Sj) = Mq(jH) > M%H). QED

28 Theorem. If the condition (C) holds, then there is no non quasi-analytic
function ® for which the condition (B) holds and such that ®(R) = B(gﬁ) (R).

PROOF. For every j € N, let us set m;o:= 1 and

mjp = P Vp e N.
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It is clear that, for every j € N, the sequence m; = (m;,)pen, is normalized
and non quasi-analytic and verifies the condition (x). Moreover by the Proposi-
tion 26, we also have

Mjs1pMji1p1 = p! MY (p + 1)!MI§Z:{1)
< pl(p+ AQG)MF = AQG)(p + 1)1M;,

for every p € Ny and some A(j) > 0. Therefore by the Theorem 13, every
element of JO comes from an element of Bgy) (R).
For every j, r, po € N, the Proposition 27 provides an integer p > pg such

that Mlgj ) > M%H) which implies

Mivp _ pp) 5 api+n) = Misir,
T )
Hence the conclusion by the Proposition 25. QED

11 Ultraholomorphic extensions

Let m be a normalized, increasing and non quasi-analytic sequence. In [5],
given a proper open subset Q2 of R", the Fréchet space C(M ) is defined as the
vector space of the C°°-functions f on €2 such that

9(p+1)le IDf||
11, = sup ————2
a€eNg |c|

< oo, VpeN,

endowed with the system of norms {|[|-[|, [ p € N}. In fact, the Fréchet spaces
C(M, Q) and B(pz)(€2) coincide. Given a proper open subset U of C", the Fréchet
space Hoo (M ,U) is the vector space of the holomorphic functions g on U such
that

2(p+Dlel | Dag|
gl := sup =
P a€eNg M|o¢\
endowed with the system of norms {||-[|, | p € N}. This leads to the Fréchet

space ﬁoo(i)ﬁ, U), the projective limit of the spaces Hoo(M j,U). Moreover an
open subset Dq of C” is constructed such that, in particular, Do NR" = and
u belongs to Q if u + iv € Dgq. This leads to the following key result.

< oo, VpeN,

29 Result. [5, Theorem 4.3] Let m be a normalized, increasing and non
quasi-analytic sequence. For every proper open subset Q) of R", there is a con-
tinuous linear mapTq from C(M, Q) into Hoo{ (M, Dq)} such that for everyf €
C(M,Q),e >0 ands € N, there is a compact subset K of Q such that

[D*(Taf)(u+iv) — D* f(u)| < e
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for every w+iv € Dq and o € Njverifying u € Q\ K and |af < s.

With these elements at our disposal, we can obtain the following enhance-
ment of the Theorem 2.

30 Theorem. Let m be non quasi-analytic and verify the condition (x). If
moreover for every j € N, there is A(j) > 0 such that

mi, 1, < PAG)Mp,  VpEN,

then every u € K(gﬁ) comes from an element of g(gﬁ) (R) N Hoo (M, Dgy0y); in
particular, it comes from an element of g(gﬁ) (R) which is analytic on R\ {0}.

PrROOF. In the proof of the Theorem 2, we obtain that every u € K(gﬁ)

comes from an element f of ﬁ(m//)([_l, 1]), m” being a normalized, increasing
and non quasi-analytic sequence. As f certainly belongs to C*°(M" R\ {0}),
we may apply the Result 29 and get that the function g defined on R U Dg\ (03
by g(0) = ug and g(z) = T\ 03 (f|r\{0})(2) for every z € Dp\ 0y is an extension
of u belonging to B(pgr)(R) N'Heo(M", Dgy(03)- The conclusion then follows as
in the proof of the Theorem 2. QED

A look at the proof of the Theorem 7 provides then immediately the following
enhancement of it.

31 Theorem. If the condition (A) holds and if m is non quasi-analytic (i.e.
Z;‘;l(pmg)_l < 0o for every a > 0), then every element of JI comes from an
element of ﬁ(R) N Hoo (9, Dg\ {0y )-

In order to enhance the Theorem 13, we need the following information
coming from [5] as well.

Let m be a normalized, increasing and non quasi-analytic sequence. For
every proper open subset 2 of R" and p € N, the Banach space C,{ M, 2} is the
vector space of the C*°-functions f on {2 such that

< o0,

a€eNg p|a|M|0c\
endowed with the norm ||, and the Hausdorff (LB)-space C{M,} is the in-
ductive limit of these spaces. It is a direct matter, for every proper open subset
U of C", to introduce in a similar way the Hausdorff (LB)-space Hoo{ M ,U}.
This leads to the following key result.

32 Theorem. Let m be a normalized, increasing and non quasi-analytic
sequence. For every proper open subset ) of R", there is a continuous linear
mapTq from C{M,Q} into Heo{M, Dq} such that for everyf € C{M,Q},e >0
ands € N, there is a compact subset K of Qsuch that

|DP (Taf)(u + iv) — DP f(u)| < e



184 J. Schmets, M. Valdivia

for every u+iv € D and o € Njverifying u € Q\ K and |a| < s.In fact, for
every p € N, Tq is a continuous linear map fromC,{ M, 2} into Hap{M, Dq}.

33 Theorem. Let K be a non empty compact subset of R" and let m be
non quasi-analytic and verify the condition (x).
If, for every j € N, there is a positive constant A(j) such that

Mj1pMip1pe1 < AGPH (0 +1)!Mjp,  ¥p € No,

then every ¢ € g(gm) (K) comes from an element of B\(gﬁ) (R™) N ﬁm(sm, Dr\k);
in particular, ¢ comes from an element Ofg(gﬁ) (R"™) which is analytic on R™\ K.

PROOF. In the proof of the Theorem 13, we obtain an extension f € C*°(R")
of ¢, with compact support and for which there are constants A > 1 and B > 0
such that
D fllgr < AB'al!Pg Pajs1, Ve € N.

As c is a normalized and non quasi-analytic sequence verifying the condition
(%), it is a direct matter to check that the sequence q = (qi)ren, defined by
qo := 1 and qj := kpipr+1 for every k € N is normalized, increasing and non
quasi-analytic hence f belongs to the space Cg{Q,R"}. So the function g defined
on R" U Dgr\ g by g(z) := f(x) for every v € K and g(2) := Trr\ g (flrr\x)
for every z € Dgr\ g belongs to C4p{@Q,R"} N'H4p{Q, Drr\k }. The conclusion
then follows as in the proof of the Theorem 13. QED

This leads immediately to the following enhancements of the Theorems 14
and 21.

34 Theorem. Let K be a non empty compact subset of R".

If the condition (A) holds, if m is non quasi-analytic and if there are A > 1
and s € N such that M1 < APM, for every p € Ny, then every jet ¢ € JM(K)
comes from an element of ﬁ(R’") N ﬁm(ﬁﬁ, Drg\); in particular, the extension
is analytic on R"\ K.

35 Theorem. If the condition (B) holds with ® non quasi-analytic and if
K is a non empty compact subset of R", then every jet ¢ € JO(K) comes from
an element of ®(R") N Heo(M, Dr\r); in particular, the extension is analytic
on R"\ K.
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